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Abstract— We are interested in the relationship
between the stability properties of a singularly per-
turbed switched system and those of the correspond-
ing limiting switched system. In some recent work,
it has been shown that for a large class of singularly
perturbed systems the worst case exponential growth
rate for sufficiently small perturbation parameters is
lower bounded by the growth rate of the limiting
switched system. However, examples show that there
could be a positive gap between these bounds. Here
we want to investigate this gap further by first ob-
serving that the limiting switching system is in fact
a switched differential-algebraic equation (switched
DAE) for which numerous stability results are already
available. Based on the underlying geometric struc-
ture of the switched DAE we introduce the concept of
structurally aligned singular perturbations and show
for the commuting case that indeed there is no gap.
We also provide an example which has a commuting
limiting switched DAE, but for which the singular
perturbations are not structurally aligned and there
is indeed a gap between the growth bounds.

I. INTRODUCTION

We consider singularly perturbed switched systems of
the form
. Eiz=A,x (1)

where € > 0 is a small parameter corresponding to the
presence of two time-scales (fast and slow dynamics),
o :[0,00) = M is a piecewise-constant switching signal
with values in the finite mode-set M and having only
finitely many discontinuities in each finite time-interval
(excluding so called Zeno behavior). We assume that
for each p € M and € > 0 the matrix E; € R"*" is
invertible, consequently for each g € R”, ¢ > 0, and
switching signal o there exists a unique (Carathéodory)
solution ¢ of (1) with 25 (0) = xo. Stability issues of
singularly perturbed hybrid or switched systems have
been extensively studied in the literature, especially in
recent years, see e.g. [1], [10], [13], [14], [15], [16], [17],
[18], [21], [22]. We are here interested in the question on
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how stability properties of (1) are related to those of the
switched differential-algebraic equation (DAE)

0. Eyi=A,x (2)

which is obtained from (1) by letting € — 0, i.e. for each
p € M we have

E, := lim E
p e—0 P’

assuming, in particular, that such limit exists. Here we
consider stability in the sense of the so-called Lyapunov
exponent which is the worst case exponential growth
rate under all possible switching signals. In the recent
contribution [4] a sub-class of (1) was considered where
Ap = A for some mode-independent A € R"*" and Ej
are diagonal matrices with diagonal entries either one
or €. Under some further standard assumptions it was
shown there that the limit of the Lyapunov exponent of
(1) for e — 0 is always lower bounded by the Lyapunov
exponent of the corresponding switched DAE (2). In the
recently submitted manuscript [8], the system class of
switched singularly perturbed systems was significantly
extended, allowing for state jumps and dropping the
assumption that A, is mode-independent.

In this note we want to understand better when there
is no gap between the two Lyapunov exponents, i.e. when
the worst case growth rate of the singularly perturbed
system (as e — 0) is equal to the worst case growth
rate of the limiting switched DAE. In general there
is a positive gap, which is illustrated by the example
in [6, Section 6], which has a uniformly exponentially
stable limit switched DAE (i.e. the Lyapunov exponent
is negative), whereas for each ¢ > 0 the singularly
perturbed switched system has unbounded solutions (i.e.
the Lyapunov exponent is non-negative).

In [12] a similar setup was considered with the goal
of understanding when stabilizability of the switched
DAE (2) can be concluded from the stabilizability of a
specific relaxed singular pertubation based on the quasi-
Weierstrass form. Since this relaxation preserves the
already existing fast (i.e. jumping) and slow dynamics
of the DAE, we conjecture that in general this choice of
singular perturbation will result in a zero gap between
the corresponding Lyapunov exponents. While at the
present stage, we have not been able to prove this
conjecture in general, we will highlight a special case
where equality is guaranteed.



II. PRELIMINARIES
A. Regularity and impulse-freeness of matriz pairs
Definition 1: A matrix pair (E, A) € R™*"™ x R"*" ig
called regular if the polynomial det(sE — A) € R[s] is not
identically zero.
It is well known (see e.g. [2], [3]) that (E, A) is regular

if, and only if, there exists coordinate transformations
S, T € R™™™ such that

(SET,SAT)—(B J(HB ?D 3)

where J € R 0 < ¢ < n is some matrix and N €
R(n=Ox(n=0) jg o nilpotent matrix (i.e. there is 1 < v <
n — ¢ such that N” = 0). Following [3] we call (3) a
quasi-Weierstrass form (QWF) of (E, A), in particular,
we do not assume that J and N are in Jordan canonical
form. Furthermore, the indexr of a regular matrix pair
(E, A) with QWF (3) is defined as the minimal number
v such that N¥ = 0 (if £ = 0, then the index is defined to
be zero). The index-one case is of special importance and
from the QWF it can easily be seen that being index-one
is characterized by the condition

degdet(sE — A) = rank E.

The index-one property is also called impulse-freeness in
the literature.

B. Solution theory for switched DAEs

It can be shown that the switched DAE (2) has unique
solutions for all switching signals and all initial values,
if each matrix pair (E,, A4,), p € M, is regular [19].
In general, the solution space has to be extended to
allow for jumps as well as Dirac impulses in the solution.
However, if each matrix pair (E,, A,) is index-one, then
solutions exists in the space of piecewise-smooth func-
tions (with possible jumps at the switching instants!). In
that case, for any switching signal ¢ with switching times
t1,ta,. .., with corresponding mode sequence o; := o (t;),
1 = 0,1,2,..., the unique solution of (2) with initial
condition z(ty ) = xo is given by, for t € [ty, tx41),

AdiH Adiff

x(t) = o =t e 0k71(tk*tk—1)H
Ok

Ok—1

. eAiioﬂ(tlftO)Haomo’ (4)

where Agiﬁ and II, are defined in terms of the corre-
sponding QWF for mode p € M as

i J, 0 Iy, 0O
diff __ —1 _ l —1
A, —Tp[op O]Tp , Hp—Tp{OP O}Tp .
The matrices Agiﬂ are called flow matrices and 11, are
called consistency projectors. For later use let

P = {(AST 11,) [p e M}.

1For a piecewise-continuous function f with possible jumps, we
let f(t7) :=limyo f(t—¢)) and f(tT) := limeyg f(t+¢)). Further-
more, we usually assume that such functions are right continuous,

ie. f(t4) = (1)

It can be shown that for each mode p, the matrices Agiﬁ
and IT, can be defined independently of the (non-unique)
QWF (3); in fact, each regular matrix pair (E,, A,)
induces a unique decomposition R” =V, ®W,,, where V),
and W, are characteristic subspaces of the pair (E,, A;)
and are called Wong limits in [3] after [23]; then the linear
maps Agiﬂ and II,, can be defined solely geometrically in
terms of these subspaces and the linear maps F, and A,.

Note that for the solution x given by (4) for all non-
switching times ¢ > to it holds that z(t") = z(t7) =
x(t) = Hypa(t) and for switching times ¢ = t; it holds
that x(t;) = z(tx) = I, 2(t; ). The solution formula (4)
is given for one specific switching signal; however, it is
possible to characterize the solution set of the switched
DAE (2) by the following family of sets {S;}¢>0, cf. [20],

k i

S? — H eA?iHTJHj ke N \ {0;[;, (A;i H, H]‘) S P,
=1 7; >0, ijlTj:t

and S) := {I}. Note that we have to exclude zero
duration mode-lengths (i.e. 7; = 0 for some j), because
that would allow double jumps II;;;II;, which cannot
be produced by the switched DAE (2). Taking this
limitation into account, it is now easy to see that x is
a solution of the (regular and index-1) switched DAE
(2) for some o and with z(t;) = zo if, and only if, for
all t > to there is ®;_, € S, such that

l‘(t_) = (bt,to.’l,‘o.

Furthermore, {SP},>0 satisfies the semi-group property
St01+t2 = 8528191 = {q)tzq)tl ’(I)tl S Sglﬂq)tz S 8?2} for
all t1,t5 > 0. Note that for a fixed ¢ > 0, there is no
upper limit & on the number of switches, i.e. we consider
arbitrarily fast switchings and we do not consider dwell-
time constrained switching signals.

C. Lyapunov exponent of a semi-group

For the switched system (1) we can also define a set-
valued semi-group characterizing the solution set of the
switched system as follows: for every ¢ > 0, let

k € £ 45—
HeA;jTj kEN, Apjke.A,j—l,...7]{?7 7
720, =t

j=1

Sy =

where A5 := (E£)7'A, and A° := {4 |pe M}. To
characterize the stability properties of both the singu-
larly perturbed switched system and the corresponding
switched DAE we introduce the (worst-case) exponential
growth bound and the Lyapunov exponent of a general
set-valued semi-group as follows.

Definition 2: For S := J,~, St, with either S; = Sf or
S; = 8Y, let for every t > 0 the exponential growth bound
be defined as

At(Se) == su L ”q)tH
D, e85, 3



The Lyapunov exponent of S is then defined as
A(S) = lim sup A¢(Sh).

t—o00
At this point it is not excluded that A\;(S;) = £oo, but
in any case, it holds by definition that for all &, € S;

1@ ool < |4l laroll = ™ 1% ||zg | < &5 o],

justifying the name “exponential growth bound”.

Note that the exponential growth bound depends on
the specifically chosen norm on R™, whereas, the Lya-
punov exponent does not depend on the norm. Further-
more, it is important to note that the Lyapunov exponent
of a switched linear system can be strictly bigger than the
maximum real part of the eigenvalues of each individual
mode; in particular, the switched system can be unstable
despite each mode being stable.

For a finite mode set M and a fixed € > 0 it is well
known (see e.g. [7] or [9]) that A+(S§) and the correspond-
ing Lyapunov exponent A(S®) are finite. However, for
switched DAEs this is not always the case: \(SP) = —oo0,
if, and only if, all consistency projectors are zero (which
is the case if all E' matrices are zero), because then clearly
the only solution of the switched DAE is the zero solution
for any (non-zero) initial value and every solution can be
bounded by e~°°||zg|| = 0. On the other hand, \;(S}) =
oo if (and only if) the set of consistency projectors is not
product bounded, i.e. there is a sequence of consistency
projectors, whose product grows unbounded, cf. [20], [5].

D. Preliminary results

The following result shows that we can “shift” a (finite)
exponential growth bound (and hence also the Lyapunov
exponent) by an arbitrary amount. To formulate this
result we introduce the shifted versions of (1) and (2)
as follows: given ¢ € R, let

¥5:  Eii= (A, —0ES)x,
¥  E,i= (A, —6E,)x.

It is easily seen that the corresponding shifted matrices in
A and P are given by A7 ; = (E5)~1(Ap—0ES) = A5 —
oI and Agjg =T, g‘” 0] T, !, whereas the consistency
projectors remain unchanged.

Lemma 3: Consider the sets of evolution operators ¢
and S associated with the switched systems ¢ and
%0 together with the corresponding sets Sfs and S5
associated with X and £9. Assume that all exponential
growth bounds A\;(S§) and \(SP) are bounded. Then

M(SEs) = Ae(S5) =6 and  A(SPs) = Ae(SP) — 6.

Consequently, the Lyapunov exponents A\(S¢) and \(S?)
then also satisfy

AS5) = MS%) =0 and A(SP) = M\S°) —o.

Proof: Since A 5 = Aj — 41 it is clear that for any
switching signal o we have that z is a solution of X if,
and only if, 2° given by z°(t) = e %*z(t) is a solution of
5. Consequently, ® € S if, and only if, e 7%'®§ € S5 ;.

From this it immediately follows that A\;(S; 5) = M (SF) —
6. For the switched DAE case, we observe that

eAgfgfth — e(Ag‘ﬂ—af)th — e—ateA;‘i“th_

Consequently, ®9 € S? if, and only if, e ~%*®Y ¢ Sg s and
hence A\ (SP5) = M\e(SP) — 4. ]

Let us call the switched systems X¢ and £° uniformly
exponentially stable if the corresponding Lyapunov expo-
nents A(S¢) and A(S°) are finite and negative. We next
show that asymptotic equality between the Lyapunov
exponents of 3¢ (for ¢ — 0) and the Lyapunov exponent
of the limit switched DAE X° can be reduced to a
suitable stability implication.

Towards this goal, we first recall the following recent
result from [8]:

Lemma 4 ([8, Case 2 of Thm. 5]): For ¥° assume

that there exist invertible S,, 7, such that
I, 0 * %

SpEpT, = [ f)p 751%%} and SpA,T, = [Cp Dp]

with —D,, being Hurwitz; furthermore, for ¥° assume
that the set of consistency projectors is product
bounded?. Then lim inf. o A(S%) > A(S?).

Furthermore, we can utilize Lemma 3 to establish a
characterization of the opposite inequality:

Lemma 5: The inequality limsup._,A(S%) < A(S°)
holds if, and only if, for all 6 € R the following implica-
tion holds

AMSY) <0 = limsup A\(S§) <0, (5)
e—0
or, in other words, uniform exponential stability of the
(shifted) switched DAE implies uniform exponential sta-
bility of the (shifted) singularly perturbed system for
sufficiently small € > 0.
Proof: In view of Lemma 3 we have that A(SJ) <
0 if, and only if, & > A(S°). Hence if ASY) >
lim sup,_,q A(S¢) and § > A\(S?), then

Lem. 3

limsup A(S§) =~ limsup(A\(S®) — 6) < A\(S%) —d <0,
e—0

e—0

which results in the desired implication (5). Conversely,
assume that implication (5) is true for all § € R. Consider
a monotonically decreasing sequence (d,,)neny with 6, >
A(8%) and lim,, o 0, = A(S°). Then, due to Lemma 3,
(S ) = MS8®) — 8, < 0 and hence (5) yields that 0 >
limsup,_,(S5 ) = limsup,_,o A(S%) — 0, for all n € N.
Hence

0 > limsup A(S°) — lim 6, = limsup A(S%) — A(S?).
e—0 n—00 e—0
This is the required inequality. ]

Altogether we arrive at the following corollary:
Corollary 6: Consider ¥° and X° as in Lemma 4.
Then limsup,_,, A(S¥) = A(S°) if, and only if, the

2Note that the matrices Sp and T}, in Lemma 4 in general do

not lead to a QWF (3), but it is easily seen that the consistency
. . I 0 —1. .
projectors are given by T} -p;lc, 0 T, " in agreement with the

jump maps in R in [8].



implication (5) holds. In that case limsup,_,,A(S®) =
liminf. o A(8¢) = lim._,o A(S%).

The interest of Corollary 6 is that it allows to simplify
the problem of comparing Lyapunov exponents (which
are in general quite hard to calculate precisely) to a
standard stability test, which e.g. can be done with suit-
able Lyapunov functions. In particular, the existence of
a gap between the asymptotic Lyapunov exponent of the
singularly perturbed system and the Lyapunov exponent
of the corresponding singular system can be shown with
a simple counterexample which for € > 0 is unstable, but
the singular system is exponentially stable. Conversely,
if for a certain class of systems the implication (5) can
be shown (e.g. with a suitable Lyapunov function) then
it can be concluded that for this system class there is no
structural gap between the two Lyapunov exponents.

III. STRUCTURALLY ALIGNED SINGULAR
PERTURBATION

While for non-switched singularly perturbed systems
the direction of convergence towards the singular mani-
fold usually does not play a big role (as long as it does
not diverge), for switched systems the subspace within
which the fast dynamics evolve plays a significant role for
the overall convergence. At the same time, for switched
DAEs there is a unique jump space in the form of the
second Wong limit (which for the index-one case is simply
the null-space of the corresponding E-matrix), cf. [19].

Inspired by the singular approximation of the jump-
ing behavior in switched DAEs in [12] we consider the
following class of singularly perturbed systems.

Definition 7 (Structurally aligned singular perturbation):
Consider a singularly perturbed (non-switched) system
E¢i = Az and assume that the corresponding DAE
(E°, A) is regular and index-one with corresponding
consistency projector II and flow matrix A4, The
singular perturbation is called structurally aligned if
there exists a scalar function k : (0,+00) — (0,+00)
with lim._,o k(€) = oo such that

A% = (E5) 1A = AT 4 k(e)(TT - 1).

Note that based on the QWF (3) the matrix A® in [12]
T = AN %(H - 1),
i.e. it is structurally aligned in the sense of Definition 7
with k(g) = 1/e. Furthermore, A* = (E¢)~1A with E¢ =
570 0] 7

Remark 8 (Decoupling of fast and slow dynamics): A
key feature of structurally aligned perturbation is the
fact that the fast and slow dynamics are completely
decoupled:

J 0
was chosen as A* =T | _1;
€

e diff _ _ diff
A%t = ATt R()(TT=1)t _ () (TT=D)t g ATt

which is a consequence of the commutativity property
ASET = TTAYH (= A4T) Furthermore, the dynamics of
& = A®zx are aligned with respect to the decomposition
R*" =V & W :=imIl @ kerll in the sense that

A%|, = ANT| - and A%|), = k(e)(TT—1)|,,

and for z = Hax + (I — )z =: v +w with v € V and
w € W we have

Az = Ay — k(e)w.

The lack of decoupling of the slow and fast dynamics in
a singularly perturbed switched system seems to be one
key reason for the gap between the asymptotic Lyapunov
exponent of the singularly perturbed switched system
3¢ and the Lyapunov exponent of the corresponding
switched DAE X°; this viewpoint is supported by [6,
Section 6], which provides an example with a non-zero
gap in which the singularly perturbed modes are not
structurally aligned.

We believe that having structurally aligned singular
perturbations is strongly related to a sufficient condition
for asymptotic equality of the Lyapunov exponents of %
and X°. In fact, we will show in the following that for a
certain commuting case, this belief is indeed true.

IV. THE COMMUTING CASE

Definition 9 (cf. [11]): We call the switched DAE X°
or the switched singularly perturbed system 3¢ commut-
ing, if the elements of the corresponding semi-group S°
or §¢ are commuting.

While for the switched system ¢ commutativity is
equivalent to commutativity of the matrices A7 =
(E:)~'A,, the commutativity property of X° cannot be
directly read off from the commutativity properties of the
system matrices F, and A,. Instead, the flow matrices
Agiﬁ have to be considered:

Lemma 10 ([11, Thm. 7]): Consider  the regular,
index-one switched DAE ¥ with A, invertible and
corresponding flow matrices Agiﬁ. Then X9 is commuting
if, and only if, the flow matrices Agiﬂ commute with
each other.

Note that the invertibility assumption for A, is not
restrictive: Lemma 3 allows us to shift the system with-
out altering the qualitative relationship between the Lya-
punov exponents. Furthermore, we will focus on utilizing
Corollary 6 and assuming that the switched DAE X°
is exponentially stable implies invertibility of each A,
matrix (the matrices J, in the QWF (3) have to be
Hurwitz, which then implies that A, = S,! [‘{)P (I)] !
are also invertible).

Furthermore, note that from [11, Lem. 9] it also fol-
lows that for a commuting switched DAE X° not only
the A%f_matrices are commuting, but additionally the
consistency projectors are commuting with each other
and also with the other AYf_matrices. Consequently, we
arrive at the following result:

Corollary 11: Consider the switched system 3¢ and
assume that the singular perturbations are structurally
aligned for each mode. Furthermore, assume that the
underlying switched DAE 0 is commutative. Then the
singularly perturbed switched system X° is also commu-
tative.

We now provide the main result of this paper:



Theorem 12: Assume that X° is commutative with a
finite mode set M and that the singular perturbations
leading to ¥ are structurally aligned with?® r(e) = 1.
Then the Lyapunov exponents are asymptotically equal,
i.e. the corresponding semi-groups S° and SY satisfy
lim. 0 A(S%) = A(S?).

Proof: In view of Lemma 3, Corollary 6 and the fact
that shifting does not effect commutativity, it suffices to
show that exponential stability of X implies exponential
stability of ¥°. Denote by @ (t,t0) € Sf_;, the solution
operator for 3¢ with switching signal o, i.e. all solutions
of (1) with initial value zg € R and given o take the form

z(t) =

In view of Corollary 11, we can rearrange the matrix
exponential in the solution operator in such a way that
all modes are grouped, i.e.

(I)Z' (ta t0)$0

°(t,to)

H )

peEM

where 77(t) is the total time duration of mode p in

the interval [tg,t] for the switching signal o. Further-
diff

more, based on the QWF (3) we have e® "II =

Ip7 0 -1 AST _ e/pT —
T, [e5 9] T, ! and & —Tp{ 0 ﬂ/EJT

eA;iHTHP — e’T/E(Hp — I). By assumption, X0 is
exponentially stable, hence there exists C, > 0 and
Ap > 0 such that

e T < Cpe T
Consequently, we have

HeA;TH < C«pe—ApT —I—Ppe_T/E

where P, = [[II, — I||. Let Amin := min, A, and choose
Emax — I/Amjn. Then

le57]| < Ce ™™ Ve € (0, Emax),

where C' := max,(C), + P,). Altogether we then have

195 (¢, to)|| < Cre™min(i=to),
where m := | M| is the number of modes and where we
used that >\ 77 (t) =t — to. This shows that X° is
uniformly exponentially stable for sufficiently small ¢ >
0. [ |
In the next section we present an example showing
that just having a commuting switched DAE X0 is
not sufficient for deducing asymptotic equality between
the Lyapunov exponents of ¢ and X° if the singular
perturbation is not structurally aligned.

3The assumption that x(g) = é is only necessary to apply
Lemma 4. Although we suspect this restriction to be not essential,
verifying this remains an open question for future work.

V. CoMMUTING DAE EXAMPLE WITH GAP

Consider the singularly perturbed switched system 3¢
with M = {1,2,3} and

100 [-1 0 0]
Ei:{050}7 A= 0 -1 1|,
00¢ | 0 —w? —1]
€00 ~1 0 —w?]
E;:{ow}, As=1|0 -1 0 |,
00e¢ |1 0 —1 |
c00 [ -1 1 0]
Egz{Oso}, A3 =|-w?-10 |,
001 | 0 o —1]

for some w > 0 to be fixed later. It is easily seen that the
corresponding switched DAE X0 is regular, index-one,
and has flow matrices
A= [ 88] agmo 30 o [898]
000 000 00 —1
and consistency projectors II; = —ANf § = 1,23
In particular, the switched DAE X° is commuting and
exponentially stable (with common quadratic Lyapunov
function V(z) = z"x). Furthermore, it is easily seen
that, for any choice of w, X° satlsﬁes the D-Hurwitz
assumption from [4] (which guarantees the convergence
of the flow of each mode of the e-relaxation to the flow
of the corresponding DAE).
Notice that

lim ez4

e—0t

€ €
3e50 250 A1

Consider w large enough so that e 35 w3 > 1. Then for ¢
small enough the matrix product e 45e%:42e3: 41 has
an eigenvalue of modulus larger than one, which implies
that system ¢ is unstable for the corresponding periodic

switching signal with period ?’25—5 (see Figure 1).

3e2u

VI. CONCLUSION

We have introduced the concept of structurally aligned
singular perturbations which we believe to play an im-
portant role for the stability properties of singularly
perturbed switched systems. We conjecture that the
observed gap between the growth rate of the singu-
larly perturbed switched system and the corresponding
growth rate of the limiting system is partially due to
a lack of structural alignment of the singular pertur-
bations. We show that for the commuting case indeed
the gap disappears for structurally aligned perturbations
and a (commuting) example is provided for which non-
structurally aligned perturbations lead to a gap. How-
ever, it is still an open research question when and
how structural alignment of the singular perturbations
prevents in general a gap in the growth bounds.
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Fig. 1: A divergent trajectory of ¥°, with ¢ = 1072

w = 2.5, and initial condition [1 1 I]T corresponding to
the periodic switching law obtained by applying sequentially
the modes 1, 2, 3, each for a time £=. Subfigure (a) shows
the curve in three-dimensional space, while subfigure (b)
illustrates the time dependency of the first, second, and
third coordinates in blue, orange, and green, respectively.
The dashed vertical lines indicate the switching times. In
contrast with the case € > 0, note that the trajectories of
%0 either never switch or reach the origin after one switch,
independently of the initial condition.
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