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Abstract— We offer a way to construct an ISS type
bound for a PWA system. Starting from an ISS
Lyapunov function in each region of the state space
(called regional ISS Lyapunov function), and under
suitable assumptions, we patch these functions and
obtain initially a practical ISS type bound. After that,
depending on the input size, we have to consider a
distinction between large and small inputs. The large
inputs dominate the dynamics and may induce region
transitions, while the small inputs are sufficiently
attenuated to direct and keep the trajectory within
the region containing the equilibrium. The threshold
between these regimes plays a key role in determining
the point at which the system decays towards the equi-
librium. By unifying the analysis across these input
regimes, we provide a complete ISS-type bound valid
for all admissible inputs. Consequently, the global ISS
property is ensured, and further refined analysis can
be applied.

I. INTRODUCTION

Stability in the context of nonlinear systems has been
a topic that has always received attention, mainly due
to the presence of numerous real life situations requiring
such a modeling framework. The study of this property
becomes necessary in applications where increasing the
complexity of the system can lead to unpredictable re-
sults, thus the unreliability of the model.

For this paper, the focus will be on a category of
nonlinear systems, that belongs to the class of hybrid
system, namely piecewise affine (PWA) systems, con-
ceptually expounded in [1] and [2]. These systems are
characterized by the existence of several regions where
the dynamics have affine behavior and switching between
these regions is caused either by a certain piecewise linear
characteristic or as a consequence of the approximation
of complex nonlinear dynamics [3]. Stability for PWA
has been studied in numerous formats [4], [5], [6], [7],
[8], [9], [10], [11], in this paper, we will investigate
stability results within the input-to-state stability (ISS)
framework. Since the introduction of the ISS concept in
[12], there has been a lot of research done within this
framework [12], [13], [14], [15]. Some work covers ISS for
hybrid systems [16], [17], for switched systems [15], [18],
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[19]; and for PWA systems there are papers covering the
discrete case [20], [21], [22] and continuous ones [23]. We
emphasize that, in contrast to [23], the role of ISS in
our framework is fundamentally different. In [23], ISS is
used primarily as an underlying robustness concept that
supports the convergence guarantees, rather than serving
as the explicit focus of the analysis. In our work, by
comparison, the ISS property constitutes the central an-
alytical objective, while the PWA structure provides the
essential framework through which regional Lyapunov
functions are constructed and patched to establish global
stability. The advantage of ISS systems is that it provides
a way to asses and certify global attractivity when inputs
are being fed to the system and once they are not, it
reverts to global asymptotic stability (0-GAS, where the
input is zero). Moreover, similarly to the implication
that finding a global Lyapunov function means that the
system is GAS, there is also a link between the existence
of an ISS Lyapunov function and the system being ISS
[24]. Moreover, obtaining the Lyapunov candidate can be
achieved in several ways, out of which the cone copositive
method [6], [4] was of particular interest for previous
work [25] and hence elements of it were adapted to fit
the ISS Lyapunov function requirements. Furthermore,
the switching logic for the system constitutes a relevant
feature for this paper. Some prominent cases found in
literature use dwell time (DT [26], [27], [22], [28], persis-
tent dwell time (PDT) [29], [30] and of particular interest
for this paper, the average dwell time (ADT) [15], [31],
[32], [33]. The aim of this paper is to offer the necessary
ingredients to combine ISS Lyapunov functions defined
over regions of piecewise affine (PWA) systems and to
obtain a global ISS type result. To achieve this outcome,
we address two key notions: practical ISS (ISpS) and
average dwell time (ADT). ISpS extends the classical
ISS framework by incorporating a constant offset term
that captures the influence of persistent disturbances
or modeling uncertainties [34], [35]. The ADT property
ensures that the system spends a finite (possibly brief)
duration in each region and prevents Zeno behavior, i.e.,
infinitely many switches in finite time [15], [36].

The structure of the paper is as follows. Section II
introduces the necessary preliminaries on PWA systems,
the ISS framework and the ADT definition. In addition,
it establishes the concept of regional ISS Lyapunov func-
tions. Section III, outlines the problem statement with
five key assumptions and research questions. Section IV
contains the main results, split into two parts: IV.A
in which an ISpS type bound is obtained by patching



regional ISS Lyapunov functions and IV.B where the
ISpS formulation is analyzed from the input perspective
and reduced with suitable reasoning to a global ISS.
Finally, conclusions about the current contribution are
being offered, together with potential extensions.

Notation

We denote by |z| the Euclidian norm of a vector = €
R"™. For a bounded (measurable) function w : [tg,00) —
R™ we let ||ulloo := esssup;>¢, [u(t)]. We use the well
established function classes IC,KL,Ky, for details see
e.g. [37, Def. 3.3, Def. 3.4, Lem. 3.2].

II. PRELIMINARIES

Definition 1. A piecewise affine (PWA) system is of the
form

t=Asx+Bsu+bs v X,, s=0,1,...N, (1)

where Ag € R"™*", B, € R"*™ b, € R" and X =
Uivzo X CR™ is a polyhedral partition of the state space
X, i.e. each region X is a finite intersection of closed
half-spaces and each intersection X; N.X; is either empty
or equal to a common boundary.

Note that in the above definition there is some non-
uniqueness for the derivative of z on the boundaries of
the regions. This can be resolved by either assuming that
the dynamics are continuous on the boundaries (which
we will do here) or by considering solutions in the sense
of Filipov (cf. [4]).

Definition 2 (see e.g. [24]). Systems of the form

&= f(z,u) w(to) = o, (2)
with f:R™ xR™ — R™ being locally Lipschitz are called
input to state stable (ISS), if (2) for all bounded w :
[to,00) = R™ (with bound ||ul|s) and all zg € R™ there
exists a unique solution x : [tg,00) — R™ of (2) and for
all t >ty the following holds

[z(t)] < B(lzol t —to) +(llulloo)- (3)

Note that PWA systems (1) which are continuously
defined across boundaries can also be written in the form
(2), where f(z,u) is defined piecewise, hence ISS is also
well defined for those PWA systems.

For checking ISS, the notion of an ISS Lyapunov
function plays an important role:
Definition 3. A differentiable function V : R"™ — R is
called an ISS Lyapunov function for (2) if there exist
a1, € Koo, € Koo, and £ € K such that

ar(|z]) <V(x) < az(lz]), VzeR", (4)
and for any x € R™, u € R™, the following inequality
holds:

. Vi(z,u) < —a(V(z))+£(|ul),

where V(x,u) := VV (2) f(z,u).
We call V' a regional ISS Lyapunov function on R CR"™
if (4) and (5) only hold for all x € R instead of all x € R™.
According to [24, Th. 2.12], the existence of an ISS
Lyapunov function is equivalent to the system being ISS.

(5)

Note that such an equivalence is not true anymore for the
regional ISS Lyapunov function, in fact, it is not even
required that the region R is positively invariant.

Next, we cover the definition of practical ISS, as in [13]
and then subsequently in [34].
Definition 4. System (2) is said to be input-to-state
practically stable (ISpS) if there exist a function 8 € KL,
a function v € K, and a nonnegative constant ¢ > 0 such
that all solutions satisfy

|[z(8)] < B(lzol,t —to) +(ulloc) + ¢ for all ¢ >1o. (6)

Lastly, we recall the definition of the concept of average

dwell time as in [15].
Definition 5. Let o : [tg,00) — {0,1,...,N} be a
piecewise-constant switching signal, and let ¢ > t > to.
Denote by Ny (¢,t) the number of discontinuities of o in
the interval [¢,t).

If there exist constants Ng > 1, 7, > 0 such that for all
t>1t>to,

=, 7)
Ta
then 7, is called the average dwell time (ADT), and Ny
is called the chatter bound.

Note that the above definition is usually considered
for time-dependent switching signals, whereas a PWA
induces a state-dependent switched system. By inserting
one specific solution one arrives in a canonical way at a
time-dependent switching signal and the above definition
can be applied. Consequently, the property of having a
certain average dwell time becomes a property of the
specific solution of the considered PWA. We will say that
a PWA has an average dwell time, if all solutions induce
switching signals which have a common average dwell
time (and a common chatter bound).

III. PROBLEM STATEMENT

Our goal is to provide sufficient conditions to conclude
ISS for a PWA system. Towards this goal we make the
following assumptions:

(A1) Continuity: A;x+b; + Biu = Ajz+b; + Bju for all
reX;NXj,4,j€{0,1,...,N}, and all u € R™.
Average dwell time: For every input bound |ju|cc <
Umax the corresponding solutions of (1) induce
switching signals with an average dwell time 7, > 0
and chatter bound Nj.

Existence of regional quadratic ISS Lyapunov func-
tions: For each region X, there exists regional ISS
Lyapunov functions of the form Vi(z) = 2" Psxg +
2wz 4w, with P, = P] ¢ R"*", v, € R”, ws € R,
Furthermore, the K and KL bounds in (4) and
(5) are also quadratic and/or exponential, i.e. there
exists 0 <e1,s <e2,s and A; >0, 's >0, ©5 > 0 such
that

15|72 < Vi(z) < e (| +1)
and, for all u € R™,
Vi(w,u) < —AVi(z) +Tsul> + 05 Vo€ X,.

(A2)

(A3)

Vr e Xg,



(A4) Crossings: For every solution of the PWA (1) which
leaves region X; and enters region X; at some time
t;j > to the values of the corresponding Lyapunov
functions do not increase, i.e.

Vi(x(tij)) < Vi(a(tis))-

(A5) Origin: 0 € Xp and 0 ¢ X, for all s € {1,...,N}.
Furthermore, the regional ISS Lyapunov function
Vo from Assumption (A3) takes the form Vp(z) =

x " Pyz and satisfies the more strict inequalities, for
all z € Xg and all u € R™,
e1,07)? < Volz) < ez0laf?,
Vo(z,u) < —XoVo(a) +olul?.
Assumption (A1) avoids technicalities concerning exis-
tence and uniqueness of solutions because, in particular,
sliding solutions (see e.g. [4]) cannot occur. Further-
more, our work is motivated to better understand the
stability properties of the Wanner-Friedrich model for
neural networks [25], [38], which satisfies this continuity
assumption. Similiarly, Assumption (A2) avoids Zeno
behavior and chattering; we believe that a large class
of PWA systems satisfy this assumption, but providing
a formal proof is outside the scope of this paper. Note
that in general, the average dwell time 7, and the chatter
bound Ny will depend on Upyax.

Assumption (A3) is the key assumption of our ap-
proach and follows a divide-and-conquer philosophy: We
assume that it is not too difficult to find a regional ISS
Lyapunov function in regions with linear dynamics. In
fact, we have already provided suitable LMIs in [25]
for finding such regional ISS Lyapunov functions. Note
that we allow some additional constant terms in the
inequalities, these constants enlarge the set of feasible
ISS Lyapunov function candidates and at the same time
do not prevent us from concluding overall ISpS. Note
that the upper bounding Vi(z) for s # 0 in terms of
|z|2 + 1 instead of just |z|? is motivated by the presence
of a possible non-zero wg, which allows for Lyapynov
functions with Vs(0) > 0; however, if 0 ¢ X, it would
still be possible to bound Vi(z) in terms of |x|? alone,
but when setting up LMIs within the cone-copositive
approach it is more straightforward to have an upper
bound in terms of |x|? 4+ 1. A similar remark also holds
for the presence of ©4 > 0.

Assumption (A4) is the second key ingredient to con-
clude global ISpS; it allows us to patch together the
regional ISS Lyapunov functions to obtain a global one.
If no further knowledge about the crossing behavior is
available, then we have to assume that solutions can cross
in both directions, so that the two inequality constraints
become one equality constraint. However, if some further
knowledge, e.g. about possible input directions, is avail-
able, then requiring just the inequality provides much
more freedom to find suitable ISS Lyapunov function
candidates (c.f. the discussion in [4, Sec. V]).

Finally, Assumption (A5) is required to sharpen the

ISpS property towards ISS. The assumption that the
origin is contained in the interior of Xy is satisfied for
our motivating example of the Wanner-Friedrich model;
however, in general, most of the interesting stability
properties of PWA arise in cases where the origin is in
the intersection of several regions (e.g. when considering
homogeneous PWA systems); here we exclude these situ-
ations as it would add further technicalities and for now
we want to focus on the broader perspective.

The research question, we now want to answer, is:
Under which further quantitative assumptions (on the
parameters €1 s, €2.5, As, I's and Oj) is it true that the
overall PWA system (1) is ISS? Furthermore, we want to
provide explicit S and 7 functions in the ISS inequality
(3), which in future work allows us then to utilize a
network small-gain approach to conclude stability of a
network of interconnected PWA systems.

IV. MAIN RESULTS
A. From regional 1SS Lyapunov functions to ISpS

Our first main result shows how the existence of re-

gional ISS Lyapunov function with suitable compatibility
conditions on the region boundaries ensures ISpS in the
sense of Definition 4.
Theorem 6. Consider the PWA system (1) satisfying
assumptions (A1l)—(A4) and with inputs bounded by
some Upax > 0. Then there exist positive constants
C1,C2,Cs5 and A such that for all solutions of (1) and
all t > to:

j2(t)] < Cre™ 2o (t0)| + Collulloo + C5. (8)

Proof. Let x: [tg,00) — R™ be a solution of (1) for some
u: [tg,00) = R™ and let ¢ > tg be arbitrary. Furthermore,
let o :[0,t) = {0,...,N} be the corresponding induced
switching signal, i.e. 2(7) € X, (5 for all T € [to,t), with
switching times tg < t1 < t2 <...<t,, <t; for notational
convenience, we define t,,41 :=t, even if t is not a
switching time. Finally, let iy € {0,...,N} denote the
mode on the k-th interval [tx_1,tx) for k=1,...,m—+1,
ie. x(r) € X;, forall 7€ [tp_1,tx).

For each 7 € [tg_1,tx) and each k=1,2,....,m+1 we
have by assumption (A3) that (with ©¢ :=0)

Vik (z(7),u(r)) < _)‘ik Vlk (z(7))+ Fik lu(T) |2 + @lk
From V;, (z(7),u(r)) = %Vi z(7)) we can conclude that

N
Vi ((tr)) < M2V (2(t-)

2%

+/ e i (te=T) (s, lu(T)]? + 0;,)dr, (9)
tp—1

where Ay :=tp —tp_1. From

tr 1

/ e i (=T g1 — —(1-
tp—1 i,

we can conclude that

Vi (@(tr)) < e 55V, (2(t1))

T 5 6
Sk Jull% + Sk (10)

Yy 1
€ )\ZkAk) S N0
Ay,

_|_




Utilizing Assumption (A4) we obtain recursively from
(10) that

Vippy (2 (II At > 1 (z(t0))
+§: ﬁ N

k=1 \j=k+1

I, @i
(S lulZ+32). (1)

Let Apin := ming Ag, Ipax := maxg['s and Opax :=
max O, then we can conclude from (11) that

Vim+1 (z(t)) < e_Amin(t_tO)Vh (z(to))

r 0 G
+ ( max HUHZO + max) Ze—j\mm(tm—tk). (12)
Amin Amin 1
Because of (A2), we can utilize the average dwell time
condition (7) for each interval [tg,ty,):

tm —t
m— k N (tk‘a )<NO+ m k,
Ta
which implies that
0 —k—Np<0
ti — 1 > mEETA=T (1)
Ta(m—k—Ny), otherwise
Therefore, we have
m— NO
Ze_Amln(tm_tk) < Z e~ Amin(m—No— k?)Ta+ Z e
k=m— Nop+1
m—No—l
= Z e_AminZTa +N0
E 0
< mlnTa N - - N
Z + 0 1 —eAminTa + 0

Altogether, we therefore have
Vipaia ((t)) < e Amin 10V, (2(t0)) + CoJull3, +Cs

with
~ I'max 1
Cy:= N,
2 Anin (1 — e~ AminTa " 0) 7
~ (—:)max 1
C3:= Ng |.
’ Amin (1 — e~ AminTa " O)

Using the bounds on the quadratic Lyapunov func-
tion Vi, (2(t0)) < e2,0 (J2(to)? +1) and Vi,,,, (w(t)) >
E1,ipsr |(1)]?, we deduce that

2 , —Amin(t— 2
o (tm) | < S Mmin(t10) (Ja (£ )2 4-1)
2 2 Cs
+——ullse + ——, (14)
1,min 1,min
where €2 max := Maxsez s and €1 min = Mingey s; to-

gether with the subadditivity property of the square root
function we get the desired inequality

[@(tm)| < Cre™ 0 |a(t0)| + Callull oo + Cs,

where A := Apin/2 and

€
Cl — 2,max Z 17
€1,min
Ca
CQ = > 0,
€1, min

Cs+e
Oy = | [ 2122max o g,
€1,min

Some similarities of formulation and assumptions can

be also seen in [18, Th. ITI.1], but the end goal and result,
in the mentioned paper, focus on proving global ISS
under the ADT condition together with the e*-weighted
input-to-state stable (eM-weighted ISS) format, whereas
we focus on patching the regions and obtaining an ISpS
type bound regardless of how many regions we cross.
Remark 7. Note that the proof of Theorem 6 is con-
structive and provides specific formulas for the constants
C1,C5,C3 and A. In particular, the freedom one has in
the choice of regional Lyapunov functions can be utilized
to minimize the constants C,C5,C5 or gives guidance
on the tradeoff between the size of certain constants.
For example, when considering the inequality Vi (z,u) <
—AsVs(z) +Tslul + Osa for s # 0, then Vi(x) is lower
bounded on X and hence we can decrease ©5 (and hence
C3) if we also decrease g (slower exponential decay).
This is particularly useful if the worst case constant
Omax and worst case decay A, are attained for different
modes.
Remark 8. The special role of the region X as required
by Assumption (A5) is actually not needed for the
conclusion of Theorem 6, in particular, ISpS can also be
included if the bounds for V{ take the same form as for
s # 0 (in particular, the upper bound for V() is in terms
of |z|2+1 and the upper bound for Vo (x,u) contains an
extra term ©q > 0.

O

B. From ISpS to global ISS

While ISpS already shows that solutions of the PWA
systems cannot blow up, it is not sufficient to conclude
that solutions come to rest once the input vanishes, in
particular, when C3 in (8) is large. We now want to utilize
Assumption (A3) for region Xo, which guarantees (non-
practical) ISS around the origin. The idea is to utilize
ISpS to ensure that solutions enter Xg when the input is
sufficiently small and then indeed converge to zero if the
input vanishes. For large inputs solutions will in general
not enter region X, but for (non-practical) ISS this is
in fact not required.

Our main result about concluding ISS from ISpS is as
follows.

Theorem 9. Consider a PWA system (1) which is
ISpS and all solutions satisfy (8). Based on Assump-
tion (A5), choose 7rmax > 0 such that B(rmax) :=



{z €R"||z| <rmax} C Xo. If
C3 < Pmax;

then the PWA system (1) is ISS.

Before proving Theorem 9, we would like to provide
some intuition behind condition (15): For very small
inputs, the ISpS property (8) ensures that |z(t)| for
sufficiently large t is basically bounded by Cs and if Cj
is sufficiently small, z(¢) will be in X for all sufficiently
large t. Because the PWA system is ISS in X, we can
now conclude that z(¢) shrinks further for very small
inputs (and actually converges to zero if the input is
zero).

The above argument requires us to distinguish whether
the input is “sufficiently small” or not. Based on the strict
inequality (15) together with (8) we can now quantify
“sufficiently small” by the following input bound

_ Tmax — 03 —-Q

U= o (16)
where € (0,03 —rmax) is a free parameter which can be
used later to optimize the resulting ISS bounds. A visual
representation of this idea can be seen in Figure 1.

(15)

()]

Tma.
 J
Cou+Cj

Cs

Fig. 1. ISpS-type decay bound for small inputs with steady-state
levels reaching Xj.

For the proof of Theorem 9 we will use the following
two lemmas.
Lemma 10. Consider the setup of Theorem 9 and
assume that the input w satisfies ||uljco > . Then all
solutions satisfy for all ¢ > ¢g
j2(t)] < Cre™ M0 g 4 CF [lul oo,
where C§ 1= Cy + &

Proof. This follows straightforwardly from

Collullos +Cs = (Co+ 15 ) fulloo < (Co+ %) oo
O

Lemma 11. Consider the setup of Theorem 9 and

_ In Cilzol
assume ||ul|oc < u. Let to :=to + —42

if |$0‘ > C%

and tq = to otherwise. Then, for all ¢ € [tg,tq), we have
j(t)] < CPe 710 [20] + Cs [Jul| oo,

where C§? := Cy(1+ %), and for all ¢ > tq, there exist

C¥ >0 and C§ > 0.

j2(t)] < CPe U 2 (tq)| + CFfulloe.  (17)

Proof. Fort € [tg,tq) (and in particular |zo| > 0) we have
that
lelzﬂ?o\ e~ Alt—t0) > Clg\fole—/\(tn—to) =1,

hence we can conclude from (8) that
|.Z’(t)| < Cle_A(t_tO) |l’0| + OQHUHOO + 03%”)‘6—/\@—1‘/0)
= CPe M0 20 + Caul| oo
For t > to we conclude from (8) that
|z(t)| < Cre™ @10 |zo| + Chu+ Cs
Tmax — C'3 -0
=Q+C——————
+C2 Cs
In particular, z(t) € Xo for all ¢ > tq. Utilizing the
existence of an ISS Lyapunov function Vp(z) on Xy and
following similar arguments as in the proof of Theorem 6
leading to (10) we conclude that

+C3 = max-

r
Vo(a(t) < e TV (a(t0)) + 32 ules
0

and with e;ol/z||? < V(2) < e20l|z]|> we can choose
9= /222 and €9 := , /22— such that inequality (17)

€1,0 A0€1,0

holds. O

We actually can combine both cases of Lemma 11 into
one inequality:
Corollary 12. Under the assumptions of Lemma 11, in
particular, ||u|lco < u, we have for all t > ¢

Q — —_
j(8)] < CPem A0 g 4+ OF 5 ] o

where C’?’Q = CYC§ and C?’z = CYCy +CY.

Proof. This just follows by plugging the bound from the
first case for |x(tq)| into the second case and taking into
account that Ag > A = Anin/2 and the fact that C’?’Q >
CY and CY, > Cy. O

Now we can easily proof the main result:

Proof of Theorem 9. Combining Lemma 10 with Corol-
lary 12 we immediately obtain

j2(t)] < CTe M0 20| + O3 ull o
where C} := maX{Cl,C?’Q} and C3 := max{C¥,C{ ,}.
This shows that the PWA system (1) is ISS in the sense of
Definition 2 with (r,7) = Cfe="r and y(r) = C4r. O

V. CONCLUSIONS

In this paper we offered a recipe for obtaining a global
ISS type bound on the trajectory that operates in a PWA
system setting.

We started in [25], where we set up LMIs that lead to
producing regional ISS Lyapunov functions. Now, with



these regional outcomes, we focused in this paper on
properly patching them and concluding global ISS.

To achieve the patching, we have provided assumptions
that highlight the recipe for obtaining an ISpS result
first. Within these assumptions, one pertains to the
behavior within each region (As), two ensure well-posed
and stable transitions across region boundaries (A1,A4),
and one concerns the average dwell time (ADT) condi-
tion that regulates the bounding of trajectories during
successive crossings (Az). Based on these ingredients,
we offered the first key result of the paper, namely
Theorem 6, that patches the regional ISS Lyapunov
functions into the general ISpS bound for the trajectory.
The result is constructive and the obtained constants and
terms that comprise the ISpS bound are independent of
the number of regions crossed; however, they currently
depend on the average dwell time which in general will
depend on the a priori fixed input bound Uyyax.

Next, since the input is explicitly considered, we re-
fined the global analysis by separating it into distinct
regimes. For large inputs, the affine term is absorbed into
the input-dependent part of the bound, leading directly
to the inequality of Lemma 10. For small inputs, we es-
tablished in Lemma 11 that the trajectories first exhibit
exponential decay until they reach a threshold influenced
by Q into the equilibrium region X, after which the
decay continues inside the ball of radius ryax, effectively
entering a regime where decay is stronger than the input
effect. The corresponding bounds were then unified in
Corollary 12, which compactly summarizes both phases
into a single inequality. The above mentioned results
quantify how the ISpS constants (C1,Cs,C3) reorganize
across input regimes, and this reasoning, together with
assumption As, culminates in Theorem 9, which formal-
izes the transition from the regional ISpS framework to
a fully global ISS result.

Future directions include establishing results for more
general cases (e.g. not necessarily continuous vector fields
or other boundary types). Also, we plan to establish the
theoretical framework and then test the results on the
neural network cases using small-gain theory to conclude
stability of such networks.
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