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Lyapunov Characterization for ISS of Impulsive
Switched Systems

Saeed Ahmed, Patrick Bachmann, and Stephan Trenn

Abstract— In this study, we investigate input-to-state sta-
bility (ISS) of impulsive switched systems that have modes
with both stable and unstable flows. We assume that the
switching signal satisfies mode-dependent average dwell
and leave time conditions. To establish ISS conditions, we
propose two types of time-varying ISS-Lyapunov functions:
one that is not necessarily decreasing along trajectories,
which we call generalized, and another one that is decreas-
ing. Our research proves that the existence of either of
these ISS-Lyapunov functions is a necessary and sufficient
condition for ISS. We also present a strictification tech-
nique for constructing a decreasing ISS-Lyapunov function
from a large class of generalized ones, which is useful for
its own sake. Our findings also have added value to previ-
ous research that only studied sufficient conditions for ISS,
as our results apply to a broader class of systems. This
is because we impose less restrictive dwell and leave time
constraints on the switching signal and our ISS-Lyapunov
functions are time-varying with general nonlinear condi-
tions imposed on them. Moreover, we provide a method to
guarantee ISS of a particular class of impulsive switched
systems when the switching signal is unknown.

Index Terms— ISS, switched systems, impulsive systems,
Lyapunov methods, dwell time, leave time.

I. INTRODUCTION

Impulsive and switched systems are two important classes
of hybrid dynamical systems. Impulsive systems consist of
a continuous behavior referred to as a flow and abrupt state
changes referred to as jumps [1]. Switched systems, on the
other hand, consist of a family of flows and a switching
signal that determines which flow is active at any given
time [2]. Systems involving impulsive and switching dynamics
are ubiquitous in robotics, aircraft, the automotive industry,
and network control [3].
When dealing with dynamical systems, it is vital to consider
their sensitivity to external inputs or perturbations. Input-to-
state stability (ISS) is a useful concept that ensures tolerance
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to these inputs and helps analyze the system’s behavior. The
ISS concept can also be applied to analyze the stability and
synthesize controllers for dynamical systems with disturbance
inputs and complex structures; see, e.g., [4], [5], and [6]. How-
ever, analyzing ISS of systems with impulsive and switching
dynamics is a challenging problem due to the hybrid nature of
these systems. This paper aims to focus on this problem and
explore potential solutions.
The stability of switched systems can be categorized based
on arbitrary and constrained switching. For a system with
arbitrary switching, it is necessary to require that all of its
flows are stable. However, even if all of its flows are stable, it
is not true in general that the overall switched system is stable.
Motivated by this, [7] and [8] provided several sufficient (and
necessary) conditions for the stability of switched systems
with arbitrary switching. To ensure the stability of switched
systems, whose stability cannot be guaranteed under arbitrary
switching, a constraint is imposed on the number of switches
via a suitable bound referred to as a dwell time constraint.
An interesting example of this is in switched systems with
stable and unstable flows, whose stability can be guaranteed
by quantifying stable and unstable flows in terms of dwell time
conditions (cf. [9], [10]). A similar dwell time approach is used
to guarantee the stability of impulsive systems, quantifying
stable flow and unstable jumps, or unstable flow and stable
jumps (cf. [11], [12]). Moreover, time-varying Lyapunov func-
tions are proposed for a broad class of impulsive systems with
simultaneous instability of flow and jumps in [13] and [14].
In this paper, we aim at deriving ISS conditions for impulsive
switched systems having modes1 with stable and unstable
flows. Our approach is based on distinguishing between modes
with stable and unstable flows and quantifying them to ensure
ISS of the overall impulsive switched system. To accomplish
this, we require the switching signal to satisfy two less
restrictive constraints as compared to uniform dwell-time as
established in [16]. These conditions are, namely, mode-
dependent average dwell time (MDADT) and mode-dependent
average leave time2 (MDALT). MDADT indicates that less
frequent jumps can stabilize modes with stable flows, while
MDALT suggests that frequent jumps can stabilize modes with

1It is worth noting that in this paper, the term mode has a different definition
compared to most switched systems’ literature. In switched systems, modes
refer to the flows. Here, we expand the definition of the mode to include the
succeeding jump as well. Alternatively, one could also consider a flow and
its preceding jump as a mode, which is standard in, for example, switched
DAEs [15]. Our results can be easily modified to cover this scenario as well.

2The mode-dependent average leave time is also referred to as mode-
dependent reverse-average dwell time in the literature.
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unstable flows.
To establish the ISS conditions, we introduce two classes
of Lyapunov functions: (i) generalized time-varying ISS-
Lyapunov functions by which we mean “ISS-Lyapunov func-
tion with a non-strictly decreasing dissipation rate”; (ii) de-
creasing time-varying ISS-Lyapunov functions, which are a
subclass of the generalized ones. Then, we show that the
existence of the generalized ones gives a sufficient condition
for ISS and the decreasing ones provide a necessary condition.
Therefore, it implies that the existence of both generalized and
decreasing ISS Lyapunov functions is equivalent to ISS. Since
a necessary condition for ISS implies existence of a Lyapunov
function, this makes our definition of Lyapunov functions a
preferable choice for verifying ISS of impulsive switched sys-
tems as compared to other formulation of Lyapunov functions
[17]–[20]. Moreover, the necessary condition for ISS establish
minimum requirements and offer theoretical boundaries for
ISS.
To the best of the authors’ knowledge, a converse ISS-
Lyapunov theorem has not been provided before for impulsive
switched systems. Nevertheless, the results [21] and [22] study
converse Lyapunov functions for exponential stabilizability
and practical stability of impulsive switched systems without
inputs, respectively. Moreover, for a broad class of systems,
we provide a technique for constructing a decreasing ISS-
Lyapunov function from a generalized one referred to as
strictification [23, Ch. 6], [24], which is important and useful
in its own right. This construction is motivated by the facts
that (i) the relation between decreasing and generalized ISS-
Lyapunov functions is important because every decreasing
Lyapunov function is also generalized but the converse does
not hold true in general, and (ii) the level sets of a decreasing
ISS-Lyapunov function directly indicate the reachable sets.
Our results are summarized in the Fig. 1.

ISS

∃ a generalized ISS-
Lyapunov function

∃ a decreasing ISS-
Lyapunov function

Thm. 14

Def. 12

Thm. 17

Thm. 10

Fig. 1. Summary of our results. Note that Theorem 17 requires an
additional restriction.

The results available in the literature for ISS of impulsive
switched systems [17]–[20] only provide a sufficient condition
of ISS. We even have added value to these results, which are
summarized below (see Section VII below):

• Our results apply to systems in which some modes
have stable flows, while others may have unstable flows.
However, the results of [17] and [20] are limited to
systems in which all modes have either stable or unstable
flows.

• Our approach utilizes time-varying ISS-Lyapunov func-
tions and thus can provide ISS conclusions for impulsive
switched systems with simultaneous instability of flow

and jumps, while results of [18] and [19] cannot be used
to conclude ISS of this class of systems.

• Our dwell and leave time constraints are mode-dependent
and we do not require them to be the same as in [18].
This allows us to consider a broader class of systems as
compared to [18].

• We provide an approach to achieve robustness of our
ISS results with respect to unknown switching signals
for a class of impulsive switched systems with time-
independent flow and jump maps.

• Our approach restricted to linear systems is constructive
in the sense that a set of LMIs can be defined, whose
feasibility guarantees ISS for a class of unknown switch-
ings.

• We complement the approach in [25] by providing ISS
and including impulsive dynamics and infinitely many
modes.

This work presents several significant contributions to the
study of ISS of impulse switched systems. Firstly, it introduces
a framework that allows for an infinite number of modes.
Moreover, it presents a method to construct a decreasing ISS-
Lyapunov function from a generalized one. Finally, it provides
a method to guarantee ISS of a class of impulsive switched
systems with time-independent jump and flow maps when
the switching signal is unknown. We additionally apply the
aforementioned result to linear systems to obtain a set of LMIs
guaranteeing ISS.
The rest of the paper is organized as follows. In Section II,
we will introduce notation, system description, necessary
definitions, and problem formulation. In Section III, we will
provide a sufficient condition for ISS of the considered class
of systems via a generalized ISS-Lyapunov function. In Sec-
tion IV, we will provide a necessary and sufficient condition
of ISS via a decreasing ISS-Lyapunov function. In Section V,
we will suggest a method for constructing a decreasing ISS-
Lyapunov function from the generalized ISS-Lyapunov func-
tion proposed in Section III for a large class of systems. Our
theoretical results are illustrated in Section VII. In Section VI,
we will provide a method to guarantee ISS for impulsive
switched systems with time-independent flow and jump maps
when the switching signal is unknown. We will then apply
this robustness result to find sufficient conditions of ISS for
linear systems in terms of LMIs in the special case when the
ISS-Lyapunov functions are quadratic and time-independent.
Finally, we will conclude the paper by summarizing our work
in Section VIII.

II. PRELIMINARIES AND PROBLEM FORMULATION

We denote the set of positive integers by N, the set of
nonnegative integers by N0, the set of real numbers by R,
the set of nonnegative real numbers by R+

0 , the space of
continuous functions from normed spaces X to Y by C(X,Y ),
the space of locally bounded piecewise continuous functions
from X to Y by PC(X,Y ), the identity function id : X → X ,
x 7→ x, and the ball of radius r > 0 around 0 in X by BX(r).
Let X ⊆ Rn with norm ∥ · ∥X and U ⊆ Rm with norm ∥ · ∥U
represent the state space and input space, respectively. Let Uc
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be the space of bounded functions from [0,∞) to U with norm
∥u∥∞ := supt∈[0,∞){∥u(t)∥U}. For a function f : X → Y ,
we denote the image by im(f). We denote the left (right) limit
of a function f at t as f(t−) (f(t+)), and implicitly assume
that the limit is well-defined when using this notation. For
a continuous function V : C → R, C ⊆ R, we denote the
(upper) Dini-derivative by

d
dtV (t) = lim sup

s↘0

1
s (V (t+ s)− V (t)).

To introduce the notion of ISS-Lyapunov functions and cor-
responding ISS results later, we recall the definition of the
comparison function classes from [26] as follows: Class K
is the set of all continuous functions γ : [0,∞) → [0,∞),
which are strictly increasing and γ(0) = 0. Class K∞ is
the subset of class K for which additionally γ(s) → ∞ as
s → ∞. Class KL is the set of all continuous functions
β : [0,∞) × [0,∞) → [0,∞) for which β( · , r) is class
K for every fixed r ≥ 0, and for each fixed s > 0, the
mapping r 7→ β(s, r) is strictly decreasing and converges
to zero as r → ∞. Moreover, we define Class P as the
set of all continuous functions γ : [0,∞) → [0,∞), which
satisfy γ(0) = 0 and γ(r) > 0 for all r > 0. For a function
γ : [0,∞) → R, we use the notation γ ∈ P ∪ −P to indicate
that either γ ∈ P or −γ ∈ P holds true. We denote the disjoint
union of two sets S and U by S ∪̇ U .
Definition 1: Let t0 ∈ R. A switching signal is a piecewise-
constant, left-continuous function σ : [t0,∞) → M, where M
is some (finite or infinite) index set which we call the set of
modes. The set S = {ti}i∈N ⊂ (t0,∞) of discontinuities of σ
is called the set of switching instants and it is assumed that the
sequence (ti)i∈N is strictly increasing and unbounded, i.e., no
accumulation towards a finite time (so-called Zeno behavior)
is considered. The sequence (pi)i∈N0 such that σ(t) = pi on
[ti, ti+1) is called mode sequence of σ. For the interval I :=
[t0,∞) and p ∈ M, we denote by Iσp the subset of I , on
which mode p of a given switching signal σ is active, i.e.
Iσp := {t ∈ I | σ(t) = p}.
In this paper, we consider impulsive switched systems of the
form:

Σ:

{
ẋ(t) = fσ(t)(t, x(t), u(t)) , t ∈ I \ S,

x(t+i ) = gσ(t−i )

(
t−i , x(t

−
i ), u(t

−
i )

)
, ti ∈ S,

where I = [t0,∞), σ is a switching signal with corresponding
set of switching instants S, x : I → X , and u ∈ Uc. We
assume that for every D > 0, functions fp, gp : I ×X ×U →
X are locally Lipschitz continuous in the second argument,
uniformly for all t ∈ I , p ∈ M and u ∈ BU (D). We call
x : I → X a solution of Σ for some given σ and some
input u ∈ Uc, if x is locally absolutely continuous on I \ S
with well defined left- and right-limits at all ti ∈ S such
that the equations of Σ hold for almost all t ∈ I \ S and
all ti ∈ S. Without loss of generality, we assume that every
solution x is right continuous and hence x(ti) = x(t+i ). We
furthermore assume that fp and gp are such that Σ has bounded
reachability sets. That is, for every (t, x0, u) ∈ I × X × U
such that t ∈ [t0, t0 + τ ], ∥x0∥X ≤ C and ∥u∥U ≤ D for

all parameters τ, C,D > 0, the trajectory remains uniformly
bounded [27, Def. 4]. This implies that

K(C,D, τ, σ)

:= sup
x0∈BX(C), u∈BUc (D), t∈[t0,t0+τ ]

∥x(t; t0, x0, u, σ)∥X (1)

is finite for each initial state bound C > 0, input bound
D > 0, time duration τ > 0 and switching signal σ; here
x(t; t0, x0, u, σ) denotes the (unique) solution of Σ. Note that
by our definition, a mode of Σ consists of a flow between two
consecutive switching instants and the succeeding jump.
In this work, we want to study input-to-state stability (ISS) of
Σ, which is formally defined as follows.
Definition 2: For a given set of switching signals Ω, we call
the system Σ input-to-state stable (ISS) if there exist functions
β ∈ KL and γ ∈ K∞ such that for all switching signals
σ ∈ Ω, all initial conditions x0 ∈ X and every input function
u ∈ Uc, the system has a global solution, which satisfies for
all t ∈ [t0,∞),

∥x(t; t0, x0, u, σ)∥X ≤ β(∥x0∥X , t− t0) + γ(∥u∥∞) .
For a given switching signal σ, let Nσ

p (s1, s2) denote the
number of times that mode p is deactivated in the interval
(s1, s2] and T σp (s1, s2) denote the overall time duration that
mode p is active in interval (s1, s2]. Note that the impulse
associated to mode p is, by the definition of Σ, at the end of
its respective interval. Therefore, we count deactivations.
We conclude this section by defining MDADT and MDALT
for a switching signal; for this we assume that the mode set M
is composed of two disjoint subsets S,U ⊆ M and we define
MDADT only for modes in S and MDALT for modes in U .
For the definition of MDADT and MDALT, the decomposition
of M can be arbitrary, but based on the stability of the flows;
see Definition 7.
Definition 3: Consider a subset of modes S ⊆ M and let
{τp}p∈S , τp ≥ τ > 0. If for the switching signal σ : I → M,
there exists a constant TS ≥ 0, such that for all s1, s2 ∈ I ,
s1 ≤ s2, the inequality

∑
p∈S

(
Nσ
p (s1, s2)τp − T σp (s1, s2)

)
≤ TS (2)

holds true, then we say that σ has MDADT {τp}p∈S (for all
modes in S), or short, σ satisfies the MDADT condition (2).
Definition 4: Consider a subset of modes U ⊆ M and let
{τp}p∈U , τp ≥ τ > 0. If for the switching signal σ : I → M,
there exists a constant TU ≥ 0, such that for all s1, s2 ∈ I ,
s1 ≤ s2, the inequality∑

p∈U

(
Nσ
p (s1, s2)τp − T σp (s1, s2)

)
≥ −TU (3)

holds true, then we say that σ has the MDALT {τp}p∈U (for
all modes in U ), or short, σ satisfies the MDALT condition (3).
Remark 5: We highlight here that Definitions 3 and 4 are
formulated to allow switched systems with an infinite number
of modes, which is one of our contributions. For switched sys-
tems with finitely many modes and without impulsive effects,
these definitions reduce to the classical dwell time/leave time
conditions as introduced in Definitions 4.1 and 4.2 of [25].
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III. SUFFICIENT CONDITION FOR ISS

In this section, we provide one of our main results on ISS of
system Σ. But before we proceed, we provide the notion of a
candidate ISS-Lyapunov functions as follows:
Definition 6: Consider the system Σ with some given switch-
ing signal σ and let Ṽp ∈ C(Iσp × X,R+

0 ) for p ∈ M. We
call Vσ ∈ PC(I × X,R+

0 ) given by Vσ(t, x) := Ṽσ(t)(t, x)
a candidate ISS-Lyapunov function (in implication form) for
the system Σ with switching signal σ, if it fulfills all of the
following conditions:

1) There exist functions α1, α2 ∈ K∞ such that

α1(∥x∥X) ≤ Vσ(t, x) ≤ α2(∥x∥X) (4)

holds true for all t ∈ I and all x ∈ X .
2) There exist functions χ ∈ K∞ and φ,φ ∈ P such that

for each p ∈ M, there exist ψp ∈ P and φp ∈ P ∪−P
with φ(s) ≤ |φp(s)| ≤ φ(s) ∀s ∈ R+

0 such that for all
inputs u ∈ Uc and all solutions x(t) = x(t; t0, x0, u, σ)
of Σ, the inequality

d
dtVσ(t, x(t)) ≤ φσ(t)(Vσ(t, x(t))) , (5)

holds for all t ∈ I \S whenever Vσ(t, x(t)) ≥ χ(∥u∥∞),
and

Vσ(ti, x
+
i ) ≤ ψσ(t−i )

(
Vσ(t

−
i , x(t

−
i ))

)
, ti ∈ S, (6)

holds, whenever Vσ(t
−
i , x(t

−
i )) ≥ χ(∥u∥∞), where

x+i = gσ(t−i )(t
−
i , x(t

−
i ), u(t

−
i )).

3) There exists a function α3 ∈ K, such that for all x ∈ X ,
all u ∈ Uc, and all i ∈ N, which satisfy Vσ

(
t−i , x

)
<

χ(∥u∥∞), the jump rule satisfies

Vσ

(
ti, gσ(t−i )

(
t−i , x, u(t

−
i )

))
≤ α3(∥u∥∞) . (7)

Furthermore, we call Vσ a candidate ISS-Lyapunov function
in dissipation form if 2) is replaced by

2’) There exist functions χ ∈ K∞ and φ,φ ∈ P , such that
for each p ∈ M, there exist ψp ∈ P and φp ∈ P ∪−P
with φ(s) ≤ |φp(s)| ≤ φ(s) ∀s ∈ R+

0 , such that for all
inputs u ∈ Uc and all solutions x(t) = x(t; t0, x0, u, σ)
of Σ, the inequalities

d
dtVσ(t, x(t)) ≤ φσ(t)(Vσ(t, x(t))) + χ(∥u∥∞) ,

t ∈ I \ S, (8)

Vσ(ti, x
+
i ) ≤ ψσ(t−i )

(
Vσ(t

−
i , x(t

−
i ))

)
+ χ(∥u∥∞) ,

ti ∈ S, (9)

hold true, where x+i = gσ(t−i )(t
−
i , x(t

−
i ), u(t

−
i )).

Let us define the functions Φp,Φ,Φ: [0,∞) → R ∪ {−∞}
for p ∈ M as

Φp(v) :=

∫ v

1

1

|φp(s)|
ds,

Φ(v) :=

∫ v

1

1

φ(s)
ds,

Φ(v) :=

∫ v

1

1

φ(s)
ds.

Note that the functions Φp,Φ,Φ are all strictly increas-
ing. Therefore, their inverses Φ−1

p : im(Φp) → [0,∞),
Φ−1 : im(Φ) → [0,∞) and Φ

−1
: im(Φ) → [0,∞) exist.

Furthermore, note that if (5) holds with a linear bound, i.e.
d
dtVσ ≤ λσVσ , then Φp(v) =

ln v
|λp| .

Definition 7: Let Σ be a switched system with switching
signal σ. Let Vσ be a candidate ISS-Lyapunov function for
the system Σ with corresponding functions φp, ψp as in
Definition 6 and let there exist a partition M = S ∪̇ U , such
that −φp ∈ P for p ∈ S and φp ∈ P for all p ∈ U .
Furthermore, assume that σ satisfies the MDADT condition
(2) for all modes in S and the MDALT condition (3) for all
modes in U with corresponding dwell/leave times {τp}p∈S
and {τp}p∈U . If there exists δ ∈ (0, 1) such that for all a > 0
and every switching time ti ∈ S, one of the following two
inequalities is satisfied:

Φσ(ti)(ψσ(t−i )(a))− Φσ(t−i )(a) ≤ τσ(t−i )(1− δ), (10)

if σ(t−i ) ∈ S, or

−Φσ(ti)(ψσ(t−i )(a)) + Φσ(t−i )(a) ≥ τσ(t−i )(1 + δ), (11)

if σ(t−i ) ∈ U , then we call Vσ a generalized ISS-Lyapunov
function.
Remark 8: Intuitively, we aim at partitioning M = S ∪̇ U
such that the flow of modes in S is stable and the flow
of modes in U is unstable. Stability here is with respect
to a chosen, possibly time-varying, candidate ISS Lyapunov
function; in particular, for a different choice of candidate ISS
Lyapunov function, the stability classification of modes may
be different.
Remark 9: In constrast to classical ISS Lyapunov functions,
which are assumed to decrease along solutions for a zero
input, the notion of generalized ISS Lyapunov does not
require a decrease along solutions. Therefore an alternative
name could be “non-decreasing” ISS Lyapunov function (cf.
[28]). However, by definition every “classical” decreasing ISS
Lyapunov function would also be a “non-decreasing” one,
which is obviously a confusing a notation and hence we use
“generalized” ISS function instead. The terminology “gener-
alized” ISS-Lyapunov function is different from the one used
in [29], in which the term “generalized” refers to removing
the regularity assumptions on the Lyapunov function.
Now we are ready to provide our result on ISS of the impulsive
switched system Σ.
Theorem 10: Consider the system Σ for a given switching
signal σ. If there exists a generalized ISS-Lyapunov function
as given in Definition 7, then Σ is ISS.

Proof: For an arbitrary but fixed input signal u ∈ Uc,
consider the set

A1(t) := {x ∈ X |Vσ(t, x) < χ(∥u∥∞)} .

Our proof consists of two steps. At first, we show that for
all initial conditions x0 outside A1(t0), we have a convergent
behavior towards A1(t), i.e., there exists a KL-function β,
such that the inequality

∥x(t; t0, x0, u, σ)∥X ≤ β(∥x0∥X , t− t0) (12)
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holds true for all t ∈ [t0, t∗), where t∗ > t0 is such that x(t) /∈
A1(t) for all t ∈ [t0, t∗). Second, we show that trajectories,
once they have reached the set A1, will stay bounded.
Step 1: Let x0 ∈ X be fixed and consider its trajectory x.
Let t∗ = inf{t ∈ [t0,∞] |x(t) ∈ A1(t)}, i.e., Vσ(t, x(t)) ≥
χ(∥u∥∞) holds for all t ∈ [t0, t∗) and hence (5) and (6) are
satisfied on [t0, t∗). For brevity, define v(t) := Vσ(t, x(t)) and
denote vi := v(ti) and v−i := v(t−i ). Let

t′ :=

{
min{t ∈ [t0, t∗) | v(t) = 0}, if such a t exists.,
t∗, else.

In the following, we will show that (12) holds for all t ∈
[t0, t

′). If t′ < t∗, then it follows from positive definiteness
of Vσ that x(t′) = 0. Furthermore, from 0 = v(t′) =
Vσ(t

′, x(t′)) ≥ ξ(∥u∥∞), it follows that u must be identically
zero, which then implies that x(t) = 0 for all t ≥ t′.
Consequently, any extension of a KL-function β in (12) onto
the interval [t0, t∗) also makes (12) true on the whole interval
[t0, t∗). Now we consider, the behavior on [t0, t

′) on which
v(t) ̸= 0. Then for p ∈ M, the inequality (5) becomes

d
dtv(t)

|φp(v(t))|
≤ φp(v(t))

|φp(v(t))|
=

{
1, if φp(v(t)) > 0,

−1, if φp(v(t)) < 0,
(13)

for all t ∈ Iσp ∩ [t0, t
′).

Now, we will estimate Φσ(t)(v(t)) − Φσ(0)(v0) to conclude
that it is bounded by a class KL function. To this aim, we
first estimate the behavior between the switching instants and
at the switching instants, separately.
Integrating (13) over the interval [ti, t̂], i ∈ N0, for some t̂ ∈
[ti, ti+1) ∩ [t0, t

′), we obtain∫ v(t̂)

vi

1

|φp(s)|
ds =

∫ t̂

ti

d
dtv(t)

|φp(v(t))|
dt

≤

{
−(t̂− ti), if p ∈ S,
t̂− ti, if p ∈ U ,

where we used the integration parameter change s→ v(t). It
follows that

Φp(v(t̂))− Φp(vi) ≤

{
−Tσp (ti, t̂), if p ∈ S,
Tσp (ti, t̂), if p ∈ U .

(14)

For the switching instants ti ∈ [t0, t
′), the inequality

Φσ(ti)(vi)− Φσ(t−i )(v
−
i )

≤ Φσ(ti)(ψσ(t−i )

(
v−i

)
)− Φσ(t−i )(v

−
i ) ≤ τσ(t−i )(1− δ) (15)

holds for σ(t−i ) ∈ S. Here, we used (6) in the first inequality
and (10) in the second. Analogously, from (11), we obtain

Φσ(ti)(vi)− Φσ(t−i )(v
−
i )

≤ Φσ(ti)(ψσ(t−i )

(
v−i

)
)− Φσ(t−i )(v

−
i ) ≤ −τσ(t−i )(1 + δ)

(16)

for σ(t−i ) ∈ U .
Let n = n(t) :=

∑
p∈M Nσ

p (t0, t). With the estimates (14),
(15), and (16) at hand, we obtain

Φσ(t)(v(t))− Φσ(0)(v0)

= Φσ(t)(v(t))− Φσ(tn)(vn)

+

n∑
i=1

(
Φσ(ti)(vi)− Φσ(t−i )(v

−
i )

+Φσ(t−i )(v
−
i )− Φσ(ti−1)(vi−1)

)
≤

∑
p∈S

(
Nσ
p (t0, t)τp(1− δ)− Tσp (t0, t)

)
+

∑
p∈U

(
−Nσ

p (t0, t)τp(1 + δ) + Tσp (t0, t)
)
, (17)

where we separated the stable and the unstable modes, and
took into account that σ(ti−1) = σ(t−i ). The first sum can be
bounded by the MDADT condition given in Definition 3 as∑
p∈S

(
Nσ
p (t0, t)τp(1− δ)− Tσp (t0, t)

)
= (1− δ)

∑
p∈S

(
Nσ
p (t0, t)τp − T σp (t0, t)

)− δ
∑
p∈S

Tσp (t0, t)

≤ (1− δ)TS − δ
∑
p∈S

Tσp (t0, t) (18)

for p ∈ S and a constant TS ≥ 0; and for p ∈ U the MDALT
condition in Definition 4 implies for a constant TU ≥ 0 that∑
p∈U

(
−Nσ

p (t0, t)τp(1 + δ) + Tσp (t0, t)
)

= (1 + δ)

∑
p∈U

(
−Nσ

p (t0, t)τp + T σp (t0, t)
)−δ

∑
p∈U

Tσp (t0, t)

≤ (1 + δ)TU − δ
∑
p∈U

Tσp (t0, t). (19)

From (17), (18), and (19), it follows that

Φσ(t)(v(t))− Φσ(0)(v0)

≤ (1− δ)TS − δ
∑
p∈S

Tσp (t0, t) + (1 + δ)TU − δ
∑
p∈U

Tσp (t0, t)

= −δ(t− t0) + (1− δ)TS + (1 + δ)TU . (20)

This means that Φσ(t)(v(t))−Φσ(0)(v0) is linearly decreasing
in t for t ∈ [t0, t

′).
As φ(x) ≤ |φp(x)| ≤ φ(x), it holds that

Φ(k)− Φ(l) ≥ Φp(k)− Φq(l) ≥ Φ(k)− Φ(l) (21)

for all p, q ∈ M and all k ≥ l, k, l ∈ R+
0 . Then from (20),

we obtain

Φ(v(t))− Φ(v0) ≤ Φσ(t)(v(t))− Φσ(0)(v0)

≤ −δ(t− t0) + C if v(t) ≤ v0 (22)

Φ(v(t))− Φ(v0) ≤ Φσ(t)(v(t))− Φσ(0)(v0)

≤ −δ(t− t0) + C if v(t) ≥ v0, (23)

where C := (1− δ)TS + (1 + δ)TU .
Next, we distinguish between two cases: Case 1: For the case
inf(imΦ) = m > −∞, we set Φ

−1
(s) = 0 if s ≤ inf(imΦ),

and define

β̃(r, s) := max
{
Φ−1(Γ(Φ(r) , δs)),Φ

−1(
Φ(r) + C − δs

)}
,
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where

Γ(u, v) := u+ C − (u+ C −m)

(
1− exp

(
−v

u+ C −m

))
≥ u+ C − v.

Case 2: If inf(imΦ) = −∞, we define

β̃(r, s) := max
{
Φ−1(Φ(r) + C − δs),Φ

−1(
Φ(r) + C − δs

)}
.

We made this case distinction because we want β̃ to be strictly
falling to zero in the second argument. Note that β̃ is strictly
increasing in the first argument.
Thus, from (22) and (23), it follows that

v(t) ≤ β̃(v0, t− t0)

for all t ∈ [t0, t
′).

Obviously, β̃ is continuous and strictly decreasing to zero for
s → ∞ by the definition of Φ and Φ. However, it is a priori
not clear if β̃ is bounded, and therefore, we cannot conclude
that β̃ ∈ KL. Note that for t − t0 ≥ τ := C

δ , it follows
that β̃(r, t − t0) ≤ r. It remains to show that we can bound
v(t) = Vσ(t, x(t)) for t− t0 ≤ τ .
To this end, from Lemma 27, for Vσ(t0)(t0, x(t0)) ≥
χ(∥u∥∞), i.e.,

∥u∥∞ ≤ χ−1(Vσ(t0)(t0, x(t0))) ≤ χ−1(α2(∥x0∥X)),

it follows that

max
t∈[t0,τ ]

∥x(t)∥X ≤ L(∥x0∥X , χ
−1(α2(∥x0∥X)), τ, σ) ∥x0∥X .

Therefore, for t ∈ [t0, t
′) and t − t0 ≤ τ , ∥x(t; t0, x0, u, σ)∥

can be bounded by a K∞-function in x0, uniformly in
t − t0. Hence, there exists β ∈ KL defined by β(r, s) :=

α−1
1

(
β̃(α2(r), s)

)
, such that

∥x(t; t0, x0, u, σ)∥X ≤ β(∥x0∥X , t− t0) (24)

for t ∈ [t0, t
′) and t − t0 ≥ τ (and by the above argument

then also on [t0, t∗]). Note that the constructed β is actually
independent of t0, i.e. the same bound can be used also on
a later time interval [t1, t2) with t2 > t1 > t0, such that
x(t) /∈ A1(t) for all t ∈ [t1, t2).
Step 2: Next, we show that trajectories that reach to A1(t) at
any time t ∈ I , stay bounded for all times. We define the sets

A2(t) := {x ∈ X |Vσ(t, x) ≤ γ2(∥u∥∞)},
A3(t) := {x ∈ X |Vσ(t, x) ≤ γ3(∥u∥∞)} ,

where γ2, γ3 ∈ K∞ and are defined by

γ2(s) = max{α3(s), χ(s)} ,
γ3(s) = max

{
γ2(s), α2

(
β
(
α−1
1 (γ2(s)), 0

))}
.

Obviously, A1(t) ⊆ A2(t) ⊆ A3(t) for all t ∈ [t0,∞),
p ∈ M. Trajectories leaving A1(t) by flow have to cross the
boundary ∂A1(t) and trajectories leaving A1(t) by jump only
reach to A2(t) due to condition (6). In both cases, there exists a
time t̃ ∈ [t,∞), such that x

(
t̃
)
⊆ A2

(
t̃
)
\A1

(
t̃
)
). Therefore,

we can apply (24) combined with (4), where t = t0 = t̃. As a

consequence, all the trajectories that leave A1(t) will stay in
A3(t).
Next, we define γ ∈ K∞, γ := α−1

1 ◦ γ3. Then
∥x(t; t0, x0, u, σ)∥X ≤ γ(∥u∥∞) holds for all t > t∗. From
this equation and (24), we can conclude

∥x(t; t0, x0, u, σ)∥X ≤ β (∥x0∥X , t− t0) + γ(∥u∥∞) ,

just as desired.
Remark 11: Note that in the case of an impulsive system with
only one stable flow and one unstable jump, condition (10)
becomes ∫ ψ(a)

a

1

−φ(s)
ds ≤ τ(1− δ),

where φp = φ, ψp = ψ as there is only one mode p ∈ S.
Conversely, for the case of an impulsive system with only one
unstable flow and one stable jump, i.e., a single mode p ∈ U ,
condition (11) reduces to∫ ψ(a)

a

1

−φ(s)
ds ≥ τ(1 + δ).

Thus, the conditions (10) and (11), for the case of an impulsive
system, boils down to the dwell time conditions in [12].
Finally, let us discuss the case that the rate functions φp(s)
and ψp(s) are linear, i.e., φp(s) = ηp · s, ηp ∈ R \ {0}, and
ψp(s) = µp · s, µp > 0. Then, it follows that

Φp(v) =

∫ v

1

1

|φp(s)|
ds =

∫ v

1

1

|ηp| s
ds =

1

|ηp|
ln v.

Therefore, in the case p ∈ S, (10) reduces to

ln(µ̃σ(t−i ))∣∣∣ησ(t−i )

∣∣∣ =
1∣∣ησ(ti)∣∣ ln(µσ(t−i ) · a)−

1∣∣∣ησ(t−i )

∣∣∣ ln(a)
≤ τσ(t−i )(1− δ) < τσ(t−i ),

where we define µ̃σ(t−i ) := µσ(t−i )e

∣∣∣∣ησ(t
−
i

)

∣∣∣∣−|ησ(ti)|. Con-
versely for p ∈ U , from (11), it follows that

−
ln(µ̃σ(t−i ))∣∣∣ησ(t−i )

∣∣∣ = − 1∣∣ησ(ti)∣∣ ln(µσ(t−i ) · a) +
1∣∣∣ησ(t−i )

∣∣∣ ln(a)
≥ τσ(t−i )(1 + δ) > τσ(t−i ).

Thus, the conditions (10) and (11), for the case of a switched
system and generalized ISS-Lyapunov functions with linear
rates, boils down to the dwell time conditions in [25].

IV. SUFFICIENT AND NECESSARY CONDITION FOR ISS

In this section, we first introduce a more restrictive charac-
terization of ISS-Lyapunov functions, i.e., a decreasing ISS-
Lyapunov function as defined below:
Definition 12: Let Vσ be a candidate ISS-Lyapunov function.
If for each p ∈ M, it holds that φp ∈ −P and ψp ≤ id,
we call Vσ a (decreasing) ISS-Lyapunov function, which we
denote by Wσ .
Then, in the following, we prove that the existence of such a
time-varying decreasing ISS-Lyapunov function is not only a
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sufficient but also a necessary condition for ISS of the system
Σ.
Corollary 13: If there exists an ISS-Lyapunov function for the
system Σ for a given switching signal σ as in Definition 12,
then Σ is ISS.

Proof: By the definition of generalized ISS-Lyapunov
functions in Definition 7, it holds that S = M. Inequality (10)
is trivially fulfilled because ψσ(t−i )(a) ≤ a and Φσ(ti) is
increasing for each ti, and therefore, the left-hand side of (10)
is less than or equal to 0. So, we can choose τp = 0 for each
p ∈ M and as a consequence, (2) is always fulfilled. This
completes the proof.
Next, we will provide a converse Lyapunov theorem as fol-
lows:
Theorem 14: Let the system Σ with a given switching signal σ
be ISS. Then, there exists a decreasing ISS-Lyapunov function
for the system Σ.

Proof: Considering a fixed switching signal σ, we define

f̃(t, x, u) := fσ(t)(t, x, u), t ∈ I \ S,
g̃i(x, u) := gσ(t−i )(t

−
i , x, u), ti ∈ S, i ∈ N

for all (x, u) ∈ X ×U . Note that for every constants C,D >
0, functions f̃ and g̃ are locally Lipschitz continuous with
respect to x for u ∈ BUc

(D), t ∈ I \ S, and locally Lipschitz
continuous with respect to u for x ∈ BX(C), i ∈ N. Then,
we can treat the impulsive switched system Σ as impulsive
system

Σ̃ :

{
ẋ(t) = f̃(t, x(t), u(t)), t ∈ I \ S,

x(t+i ) = g̃i(x(t
−
i ), u(t

−
i )), ti ∈ S, i ∈ N.

Then, we can employ [14, Theorem 2] to conclude that ISS of
Σ implies the existence of a decreasing ISS-Lyapunov function
as given in Definition 12.
Lemma 15: Consider the system Σ for a given switching
signal σ. Then, every decreasing ISS-Lyapunov function as
given in Definition 12 for Σ is also a generalized ISS-
Lyapunov function as in Definition 7.

Proof: Let Vσ be a decreasing Lyapunov function. By
Definition 12, M = S, and we can choose φp = φ for all
p ∈ M. Then, by using Definition 12 and Φp = Φ for all
p ∈ M, where Φ is increasing, it holds that

Φσ(ti)(ψσ(t−i )(a))− Φσ(t−i )(a) ≤ Φ(a)− Φ(a)

= 0 ≤ τσ(t−i )(1− δ),

i.e., (10) is satisfied for each (τp)p∈M and δ ∈ (0, 1). Hence,
Vσ is a generalized ISS-Lyapunov function.
Remark 16: Since ISS implies the existence of a decreasing
ISS-Lyapunov, it follows that ISS implies the existence of a
generalized ISS-Lyapunov.

V. CONSTRUCTION OF ISS-LYAPUNOV FUNCTIONS

Now, let us assume that the generalized ISS-Lyapunov func-
tion as given in Definition 7 is in fact decreasing along
trajectories. We will show that, in contrast to Theorem 10,
it is not necessary to impose the dwell/leave time conditions
(2) and (3) in order to conclude ISS from the existence of

an ISS-Lyapunov function. That is why we will show, in
the following, how to construct a (decreasing) ISS-Lyapunov
function from a large class of generalized ones, provided the
switching signal satisfies the corresponding dwell/leave time
conditions of Theorem 10. This construction is motivated by
the facts that (i) the existence of such a decreasing ISS-
Lyapunov function is a necessary and sufficient condition for
ISS, (ii) the level sets of decreasing ISS-Lyapunov functions
directly indicate the reachable sets, and (iii) it facilitates the
computation of β which, in turn, determines the convergence
rate.
Theorem 17: Let Vσ be a generalized ISS-Lyapunov functions
for the system Σ with switching signal σ and φp, ψp and τp
for p ∈ M defined as in Definition 7. Let im(Φ) = R.
Then, an ISS-Lyapunov function for the system Σ is given by

Wσ(t, x) = exp
(
Φσ(t)(Vσ(t, x)) + hσ(σ(t), t)

)
,

where

hσ(p, t)

= min
j∈{0,...,i}

0,

∑
p∈S

(
Tσp (tj , t)− τpN

σ
p (t

−
j , t)

) (1− δ)

−

∑
p∈U

(
Tσp (tj , t)− τpN

σ
p (tj , t)

) (1 + δ)


for t ∈ [ti, ti+1), i ∈ N0. Even more, Wσ has linear and
mode-independent decay rate φp = −δ · id for all p ∈ M and
some δ > 0.
Before we prove Theorem 17, we analyze the properties of
the function hσ:
Lemma 18: Consider the system Σ with switching signal σ
and let hσ be the function defined in Theorem 17. Then, the
map H : I → R, t 7→ hσ(σ(t), t) has the following properties:

1) Range: For all t ∈ I , it holds that

H(t) ∈ [−TS(1− δ)− TU (1 + δ), 0].

2) Continuity from the right: The map H is continuous on
the time interval [ti, ti+1) for all i ∈ N0.

3) Differentiability: On the interval [ti, ti+1), i ∈ N0, H is
almost everywhere differentiable, i.e.,

d
dtH(t) ∈

{
{0, 1− δ} , if σ(t) ∈ S,
{−(1 + δ)} , if σ(t) ∈ U .

4) Discontinuities: At the time instant ti, i ∈ N, H has a
jump of size

H(ti)−H(t−i ) ∈


{
−τσ(t−i )(1− δ)

}
, if σ(t−i ) ∈ S,[

0, τσ(t−i )(1 + δ)
]
, if σ(t−i ) ∈ U .

Proof: See Appendix IX-B for the proof.
Before providing a formal proof of Theorem 17, we first
highlight that the construction of W is based on the following
three steps: (i) Translate the convergence of V into a linear
growth/decay by applying Φp, (ii) rectifying a potentially
positive growth with a negative linear decay encoded by h, and
(iii) transforming to the exponential growth/decay domain with
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exp. Next, we discuss the intuition behind the construction of
the decreasing Lyapunov function from a generalized one.
To this end, we consider a system with uniform fixed switching
instants (ti)i∈N as given in the example below.
Example 19: Let us consider the following system with two
modes and state space X = R given by ẋ = (−0.5 +
(−0.7)σ(t))x, x(t+i ) = exp

(
−0.35 · (−1)σ(t)

)
for modes

p = 1 ∈ S, p = 2 ∈ U , S = {0.5, 1, 1.5, 2, 2.5, 3, . . . },
σ(t) = 2 on [t0, t2) ∪ [t5, t6) and σ(t) = 1 on [t2, t5). The
trajectory for initial condition x0 = 1, Vσ(t, x) = |x| and
Wσ(t, x) = exp(ln |x|+ hσ(σ(t), t)) with a piecewise linear
function hσ is depicted in Figure 2.

time t

Vσ , Wσ

t1 t2 t3 t4 t5 t6

σ(t) ∈ U σ(t) ∈ S σ(t) ∈ U

0

x0

Vσ(t, x(t))

Wσ(t, x(t))

τ σ(
t
−
4
)
(1
− δ)

τ
σ(t −

2 ) (1 +
δ)

time t

hσ(σ(t), t)

t1 t2 t3 t4 t5 t6

σ(t) ∈ U σ(t) ∈ S σ(t) ∈ U

−TS (1 − δ)

−TU (1 + δ)

0

Fig. 2. Construction of a decreasing ISS-Lyapunov function
Wσ(t, x(t)) from a generalized ISS-Lyapunov function Vσ(t, x(t))
and their relation and according plot of function hσ(p, t) for the system
given in Example 19.

Remark 20: Note that for an unstable mode p ∈ U , the
Lyapunov value of the generalized ISS-Lyapunov function
Vσ might be increasing during the flow, but in general, the
concluding jumps are stabilizing the overall behavior. There-
fore, when the trajectory is a priori known, one can connect
the point at the beginning of the unstable interval with the
point at the next jump instant to obtain a strictly decreasing
ISS-Lyapunov function Wσ . As the trajectory is not a priori
known, this effect is implicitly determined by the MDALT
Condition (3) and Condition (11), which Vσ has to satisfy.
The interpolation is encrypted in hσ falling during the flow
times.
For a stable mode p ∈ S, the scenario is analogous. Note that
the decreasing ISS-Lyapunov function Wσ is always smaller

than the generalized ISS-Lyapunov function Vσ . For a stable
mode p ∈ S, the Lyapunov value of the generalized ISS-
Lyapunov function Vσ is falling faster than the successive
(unstable) jump. Therefore, when the trajectory is a priori
known, one can interpolate the minimum points before the
stable interval with the point directly before the succeeding
jump to obtain a strictly decreasing ISS-Lyapunov function
Wσ . As the trajectory is, in general, not a priori known, the
next jump height has to be estimated, which is implicitly done
by the MDADT Condition (2) and Condition (10), which Vσ
has to satisfy. The balance of the jumps is encrypted in a
function hσ which is falling at the jump instants.
Observe that specifically for Example 19 on the interval
[t5, t6), Wσ is strictly smaller than Vσ . This is due to the
delayed effect that Wσ has to be smaller than the generalized
ISS-Lyapunov function Vσ on interval [t2, t3).
Now, to consider a more general system which satisfies an
average dwell-time condition.
Example 21: Let us consider the following system with
two modes and state space X = R given by ẋ =
(−0.5 + (−1)σ(t))x, x(t+i ) = exp

(
−0.1− 0.3 · (−1)σ(t)

)
for modes p = 1 ∈ S, p = 2 ∈ U , S =
{0.2, 0.3, 0.9, 1.0, 1.2, 1.3, 1.9, 2.0, 2.3, . . . }. The trajectory
for initial condition x0 = 1, Vσ(t, x) = |x| and Wσ(t, x) =
exp(ln |x|+ hσ(σ(t), t)) with hσ is depicted in Figure 3.
As can be seen in Figure 3, additionally to estimating the
jump heights, we also have to estimate the switching times.
For this, a correction term h as depicted in Figure 3 has to
be introduced, which measures if the next jump is already
overdue or already too many jumps have occurred as compared
to the τp in the MDADT and MDALT conditions (2) and
(3), respectively. These terms appear piecewise linearly in Wσ

because Φσ maps the Lyapunov values to sub-linear functions.
Proof of Theorem 17: Let us verify the conditions in

Definition 6 for Wσ to be an ISS-Lyapunov function.
Condition 1: From Lemma 18, 1), it follows for (t, x, u) ∈
(I \ S)×X × U that

Wσ(t, x)

≥ exp
(
Φσ(t)(Vσ(t, x))− TS(1− δ)− TU (1 + δ)

)
≥ exp

(
Φσ(t)(α1(∥x∥X))− TS(1− δ)− TU (1 + δ)

)
≥ exp

(
min

{
Φ,Φ

}
(α1(∥x∥X))− TS(1− δ)− TU (1 + δ)

)
=: α̃1(∥x∥X) .

From (21) together with im(Φ) = R it follows that α̃1 is a
K∞-function. Furthermore, we have

Wσ(t, x) ≤ exp
(
Φσ(t)(Vσ(t, x)) + 0

)
≤ exp

(
max

{
Φ,Φ

}
(Vσ(t, x))

)
≤ exp

(
max

{
Φ,Φ

}
(α2(∥x∥X))

)
=: α̃2(∥x∥X) .

Hence, since h is piecewise continuous by Lemma 18, 2),
Condition 1 is shown if t is not a switching instant.
If t is a switching instant, then we have to consider two cases.
If σ(t−) ∈ S, then we have

Wσ(ti, gσ(t−i )(t
−
i , x, u))

= exp
(
Φσ(ti)

(
Vσ

(
ti, gσ(t−i )

(
t−i , x, u

)))
+ hσ(σ(ti), ti)

)
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time t

Vσ,Wσ

t1 t2 t3 t4 t5 t6 t7 t8 t9

σ(t) ∈ S σ(t) ∈ U

0

x0
Vσ(t, x(t))

Wσ(t, x(t))

τ σ
(t
−
3
)
(1
−
δ)

τ
σ
(t −

7
) (1

+
δ)

time t

hσ(σ(t), t)

t1 t2 t3 t4 t5 t6 t7 t8 t9

σ(t) ∈ S σ(t) ∈ U

−TS (1 − δ)

−TU (1 + δ)

0

Fig. 3. Construction of a decreasing ISS-Lyapunov function
Wσ(t, x(t)) from a generalized ISS-Lyapunov function Vσ(t, x(t))
and their relation for the system given in Example 21.

≤ exp
(
Φσ(ti)

(
ψσ(t−i )

(
Vσ(t

−
i , x)

))
+hσ(σ(t

−
i ), t

−
i )− τσ(t−i )(1− δ)

)
≤ exp

(
Φσ(t−i )

(
Vσ(t

−
i , x)

)
+ hσ(σ(t

−
i ), t

−
i )

)
=Wσ(t

−
i , x), (25)

where we used Lemma 18, 4) in the second step and (10) in
the third step.
Now, if σ(t−) ∈ U , then we have

Wσ(ti, gσ(t−i )(t
−
i , x, u))

= exp
(
Φσ(ti)

(
Vσ

(
ti, gσ(t−i )

(
t−i , x, u

)))
+ hσ(σ(ti), ti)

)
≤ exp

(
Φσ(ti)

(
ψσ(t−i )

(
Vσ(t

−
i , x)

))
+hσ(σ(t

−
i ), t

−
i ) + τσ(t−i )(1 + δ)

)
≤ exp

(
Φσ(t−i )

(
Vσ(t

−
i , x)

)
+ hσ(σ(t

−
i ), t

−
i )

)
=Wσ(t

−
i , x), (26)

where we used Lemma 18, 4) in the second step and the
inequality (11) in the third step.
Condition 2: Let χ̃ = χ and Wσ(t, x) ≥ χ̃(∥u∥∞). Then it
holds that Vσ(t, x) ≥Wσ(t, x) ≥ χ̃(∥u∥∞).
Part a: We bound the flow behavior for t ∈ I \ S.

Let us first consider the case σ(t) ∈ S. It follows

Ẇσ(t, x) ≤ exp
(
Φσ(t)(Vσ(t, x)) + hσ(σ(t), t)

)
×
(

V̇σ(t,x)
−φσ(t)(Vσ(t,x))

+ 1 · (1− δ)
)

≤ −δ · exp
(
Φσ(t)(Vσ(t, x)) + hσ(σ(t), t)

)
= −δ ·Wσ(t, x),

Here, we used Lemma 18, 2) in the first step, and (13), and
σ(t−) = σ(t) in the second step.
In the case σ(t) ∈ U , we obtain with the help of Lemma 18,
2) that

Ẇσ(t, x) ≤ (exp)
′(
Φσ(t)(Vσ(t, x)) + hσ(σ(t), t)

)
×
(

V̇σ(t,x)
φσ(t)(Vσ(t,x))

− 1 · (1 + δ)
)

≤ −δ · exp
(
Φσ(t)(Vσ(t, x)) + hσ(σ(t), t)

)
= −δ ·Wσ(t, x).

Therefore, for φ̃p := −δ · id for p ∈ M , the inequality
Ẇσ(t, x) ≤ φ̃σ(t)(Wσ(t, x)) holds for all t ∈ I \ S, i.e., φ̃p
can even be chosen to be linear.
Part b: Inequalities (25) and (26) verify for all ti ∈ S the
desired jump behavior

Wσ(ti, gσ(t−i )(t
−
i , x, u(t

−
i ))) ≤Wσ(t

−
i , x). (27)

Condition 3: For Wσ(t
−
i , x) < χ̃(∥u∥∞), either Vσ(t−i , x) <

χ(∥u∥∞) or Vσ(t−i , x) ≥ χ(∥u∥∞) holds. In the former case,
we have

Wσ(ti, gσ(t−i )(t
−
i , x, u(t

−
i ))) ≤ Vσ(t

−
i , gσ(t−i )(t

−
i , x, u(t

−
i )))

≤ α3(∥u∥∞) ,

while in the latter case the estimate (27) implies

Wσ(ti, gσ(t−i )(t
−
i , x, u(t

−
i ))) ≤W (t−i , x) ≤ χ̃(∥u∥∞) .

Hence, we can choose α̃3 ∈ K as

α̃3(a) := max{α3(a), χ̃(a)}.

This concludes the proof.

VI. ROBUSTNESS WITH RESPECT TO THE SWITCHING
SIGNAL

The ISS result in Theorem 10 applies to a system Σ un-
der a predefined switching signal, where a generalized ISS-
Lyapunov function tailored to that specific sequence imposes
a sufficient condition for ISS. In practice, however, switching
signals are rarely known in advance but are often uncertain or
subject to perturbations. Consequently, results that rely on a
fixed, predetermined signal have limited practical relevance.
To address this, we aim to establish ISS guarantees that
hold uniformly over an entire class of admissible switching
signals. In particular, we consider sets of switching signals Ω
in which only the allowable mode transitions are prescribed,
while the exact switching instants and the order of modes
remain unspecified. To formalize this, we define Q ⊆ M×M
as the set of pairs (p, q) corresponding to the allowed mode
switchings, i.e., p = σ(ti) and q = σ(t−i ) for any σ ∈ Ω.
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More formally, let a set of mode switchings be given by
Q ⊆ M×M. We define

Ω(Q) :=
{

switching signal σ | ∀t ∈ S : (σ(t), σ(t−)) ∈ Q
}
.

(28)

Using the same notation as for system Σ but with time-
invariant fp and gp, we now restrict the class of switching
signals to σ ∈ Ω(Q) and denote the resulting impulsive
switched system as

Σ̂ :

{
ẋ(t) = fσ(t)(x(t), u(t)) , t ∈ I \ S,

x(t+i ) = gσ(t−i )

(
x(t−i ), u(t

−
i )

)
, ti ∈ S.

Note that to obtain a robust ISS result with respect to sets
of switching signals associated with Q, we cannot rely on
the generalized ISS-Lyapunov functions Vσ from Definition 7.
These functions are tailored to a single switching sequence and
are built from components (Ṽp)p∈M that are only defined on
the intervals Iσp where the corresponding mode p is active.
To overcome this limitation, we now restrict the functions
(Ṽp)p∈M to be time-invariant, ensuring that each Ṽp remains
valid beyond its active interval and can be applied consistently
across all admissible switching signals. This modification is
essential: it allows the construction of Lyapunov functions that
are independent of the precise switching instants or ordering,
thereby enabling ISS conclusions for all signals in Ω(Q). In
this sense, the following corollary provides a robust extension
of Theorem 10 and explicitly captures robustness with respect
to the set of switching signals in Ω(Q).
Corollary 22: Let Q be a set of mode switchings, and con-
sider the impulsive switched system Σ̂. Let M = S ∪̇ U . Let
Ṽp ∈ C(X,R+

0 ) for p ∈ M , such that all of the following
conditions hold true:

1) There exist functions α1, α2 ∈ K∞, such that

α1(∥x∥X) ≤ Ṽp(x) ≤ α2(∥x∥X)

holds true for all t ∈ I , all x ∈ X and for each p ∈ M.
2) There exist functions χ ∈ K∞ and φ,φ ∈ P , such that

for each (p, q) ∈ Q, there exist ψp ∈ P and φp, such
that −φp ∈ P for p ∈ S, and φp ∈ P for all p ∈ U
with φ(s) ≤ |φp(s)| ≤ φ(s) ∀s ∈ R+

0 , such that for all
inputs u ∈ U and all x ∈ X , the inequality(

d
dx Ṽp(x)

)T
· fp(x, u) ≤ φp

(
Ṽp(x)

)
holds true, whenever Ṽp(x) ≥ χ(∥u∥∞), and

Ṽp(x
+) ≤ ψq

(
Ṽp(x)

)
holds true, whenever Ṽq(x) ≥ χ(∥u∥∞), where x+ =
gq(x, u).

3) There exists a function α3 ∈ K, such that for all x ∈ X ,
all u ∈ Uc, which satisfy Ṽq(x) < χ(∥u∥∞), the jump
rule satisfies

Ṽp(x
+) ≤ α3(∥u∥∞) .

Let every switching signal σ ∈ Ω(Q) satisfy the MDADT
condition (2) for all modes in S and the MDALT condition
(3) for all modes in U with corresponding dwell/leave times

{τp}p∈S and {τp}p∈U . Let there exist a δ > 0 such that for
all a > 0, one of the following two inequalities is satisfied:

Φp(ψq(a))− Φq(a) ≤ τq(1− δ),

if q ∈ S, or

−Φp(ψq(a)) + Φq(a) ≥ τq(1 + δ),

if q ∈ U .
Then, Σ̂ is ISS, and the function V : I × X → R+

0 :
Vσ(t, x) := Ṽσ(t)(x) for all (t, x) ∈ I×X defines a candidate
ISS-Lyapunov function.

Proof: For fixed σ, Vσ is a generalized ISS-Lyapunov
function. The claim then follows from Theorem 10.
Definition 23: Let Ω be a set of switching signals, and Σ̂ be a
switched system. Let V : Ω×I×X → R+

0 be a function, such
that for each switching signal σ ∈ Ω, we have that Vσ(t, x) :=
V (σ, t, x) = Ṽσ(t)(x) for all (σ, t, x) ∈ Ω× I ×X . Then, we
call {Vσ}σ∈Ω a family of candidate ISS-Lyapunov functions.
Remark 24: Note that, if the constants for forward-
completeness K = K(C,D, τ, σ) and δ are independent of
σ, then β and γ can be chosen independently of σ, i.e., Σ is
ISS uniformly with respect to σ ∈ Ω.
The result in Corollary 22 provides a general sufficient con-
dition for ISS under sets of switching signals. Since these
conditions may be difficult to check directly in practice, we
now specialize them to the case of linear impulsive switched
systems. In this setting, we consider a family of candidate
ISS-Lyapunov functions as in Definition 23, restricted to the
quadratic form Ṽp(x) := xTMpx for some Mp ∈ Rn×n,
p ∈ M. This choice allows the inequalities in Corollary 22 to
be expressed as LMIs, which are computationally tractable and
therefore yield practically verifiable ISS conditions. In order
to verify the LMIs numerically in practice, we only consider
systems with finitely many modes p. We formalize this in the
following theorem.
Theorem 25: Consider a linear impulsive switched system Σ̂:

ẋ(t) = Aσ(t)x(t) +Bσ(t)u(t), t ∈ I \ S,
x(ti) = Jσ(t−i )x(t

−
i ) +Hσ(t−i )u(t

−
i ), ti ∈ S,

where Ap ∈ Rn×n, Bp ∈ Rn×m, Jp ∈ Rn×n and Hp ∈ Rn×m
for p ∈ M and let σ satisfy the mode switchings Q.
If there exist symmetric positive definite matrices Mp ∈
Rn×n, Qp ∈ Rm×m, p ∈ M, and constants ηp ∈ R and
µp > 0, such that the LMIs(

ATpMp +MpAp − ηpMp MpBp
BTpMp −Qp

)
≤ 0, (29)(

JTq MpJq − µqMq JTq MpHq

HT
q MpJq HT

q MpHq −Qq

)
≤ 0 (30)

are satisfied for all (p, q) ∈ Q, then Σ̂ is ISS for each switching
signals σ satisfying the MDADT condition (2) for all modes
in S and the MDALT condition (3) for all modes in U with
corresponding dwell/leave times {τp}p∈S and {τp}p∈U with

ηq < 0 ∧ lnµq
|ηp|

≤ τq(1− δ), ∀q ∈ S. (31)
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ηq ≥ 0 ∧ − lnµq
|ηp|

≥ τq(1 + δ), ∀q ∈ U . (32)

Moreover, a generalized ISS-Lyapunov function for Σ̂ is given
by Ṽσ(x) = xTMσ(t)x.
Remark 26: Note that (29)–(30) becomes (analytically) fea-
sible for large enough ηp’s and large enough µp’s, p ∈ M
and infeasible for small ηp’s and small µp’s, p ∈ M. Now
with intervals for which (29)–(30) turns feasible at hand, one
can then optimize the admissible dwell/leave times (τp)p∈M
in (31)–(32) by approximating the parameters ηp, µp, p ∈ M
with a bisectional approach. For a more systematic approach,
see [30]. Since we are optimizing for multiple dwell/leave-
times (τp)p∈M, it might not be possible to optimize all of
them simultaneously. In general, one might get “better” τp for
some p ∈ M when in turn τq , q ̸= p gets more conservative.

Proof: Let (31) and (32) be satisfied. We show that
Ṽp(x) = xTMpx defines a generalized ISS-Lyapunov function
in dissipation form. Let χ(s) := λs2 for s ∈ R+

0 , where λ is
the maximum eigenvalue of Qp for all p ∈ M. Then, the
time derivative of Ṽp along the solutions of the continuous
dynamics of Σ̂ satisfies

d
dt Ṽp(x) = ẋTMpx+ xTMpẋ

= (Apx+Bpu)
TMpx+ xTMp(Apx+Bpu)

= xTATpMpx+ xTMpApx+ uTBTpMpx+ xTMpBpu

≤ ηpx
TMpx+ uTQpu

≤ ηpṼp(x) + χ(∥u∥∞)

for all x ∈ X , u ∈ U , where we used (29) in the fourth step.
For the jump dynamics of Σ̂, we have

Ṽp(x) = xTMpx

= (Jqx
− +Hqu

−)TMp(Jqx
− +Hqu

−)

= (x−)TJTq MpJqx
− + (u−)THT

q MpJqx
−

+ (x−)TJTq MpHqu
− + (u−)THT

q MpHqu
−

≤ µq(x
−)TMqx

− + (u−)TQqu
−

≤ µqṼq(x
−) + χ(∥u∥∞)

for all x− ∈ X , u− ∈ U , such that x = Jqx
− +Hqu

−. Note
that we applied (30) in the fourth step.
Therefore, Ṽσ defines a generalized Lyapunov function in
dissipation form with rates φp(s) = ηps and ψp(s) = µps
for s ∈ R+

0 . Note that (31) and (32) correspond to (10) and
(11) (cf. Remark 11). Then, by Lemma 28 and Corollary 22,
Σ̂ is ISS.

VII. ILLUSTRATION

This section showcases the effectiveness of our results. The
intuitive and easy-to-follow linear system example compares
our results with the relevant state of the art. The second
example applies our results to a nonlinear system.

A. Comparison with the relevant state of the art

Let us investigate the two-dimensional linear impulsive
switched system on X = U = R2 with Euclidean norm with

two modes p ∈ M = {1, 2},

Σlin :

{
ẋ(t) = Aσ(t)x(t) + u(t), σ(t) = p, t ∈ R+

0 \ S,
x(t) = Jx(t−) + u(t−), t ∈ S,

where Ap :=
( p 0
0 −p

)
, J :=

(
1
2 0

0 3
2

)
.

First, we consider a zero input for comparative analysis of
our results with the literature and later on we add the input
to verify ISS. Let us consider a single mode σ(t) ≡ p ∈ M.
In direction of the first unit vector, the system with u ≡ 0
reduces to

ẋ1(t) = px1(t), t ∈ R+
0 \ S,

x1(t) =
1
2x1(t

−), t ∈ S.
(33)

Obviously, the flow is unstable and the jumps are stable. The
solution of the system is given by

x1(t) =
(
1
2

)Nσ
p (0,t)

eptx0.

By analysis of the limit and considering (11), one can see that
system (33) is stable as long as τp < 1

p ln 2.
Analogously, we investigate the system with zero input in-
duced by the second unit vector

ẋ2(t) = −px2(t), t ∈ R+
0 \ S,

x2(t) =
3
2x2(t

−), t ∈ S.
(34)

The solution here is given by

x2(t) =
(
3
2

)Nσ
p (0,t)

e−ptx0.

Therefore, the jumps are unstable, but the flow stabilizes the
entire system for τp > 1

p ln
3
2 .

This means system Σ1 with zero input is in fact asymptotically
stable for average dwell-time

τp ∈
(

1
p ln

(
3
2

)
, 1p ln 2

)
. (35)

Note that for p ∈ {1, 2}, we obtain the condition τ1 ∈(
ln
(
3
2

)
, ln 2

)
and τ2 ∈

(
1
2 ln

(
3
2

)
, 12 ln 2

)
, respectively, where

1
2 ln 2 < ln

(
3
2

)
. As a consequence, there does not exist

a uniform mode-independent dwell-time condition and the
results of [18] cannot be applied to conclude ISS of system
Σlin for switching signals in which both modes p = 1 and
p = 2 appear. Hence, it is inevitable to consider mode-
dependent average dwell-time/leave-time to conclude stability
of this system.
Note also that the approaches in [18] and [19] are not able to
conclude ISS of system Σlin as both the flow and the jumps
are simultaneously unstable. This is due to the fact that the
approaches therein rely on time-invariant Lyapunov functions,
which is a restriction to conclude ISS of this class of systems.
However, we propose time-varying Lyapunov functions in the
spirit of [13] and [14] to cover impulsive switched systems
with simultaneous instability of flow and jumps.
Let us consider a time-varying candidate Lyapunov function
for system Σlin given by, for p = 1 ∈ S,

V1(t, x) := xTJ4(t−ti)x, t ∈ Iσ1 , (36)

and, for p = 2 ∈ U and some ε > 0,

V2(t, x) = xT (J + εI)
2

t−ti
ti+1−ti x, t ∈ Iσ2 , (37)
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where in both cases ti (and ti+1) are the corresponding
switching times of σ such that t ∈ [ti, ti+1) and (J + εI)θ is
defined for θ ∈ R as exp(ln(J + εI) · θ), where ln(J + εI)
is well defined because J + εI is a diagonal matrix with
positive entries. Here we assume additional dwell and leave
time conditions of the form Tmin

p ≤ ti+1 − ti ≤ Tmax
p ,

p = 1, 2, which are required in order to find uniform bounds
α1, α2, φp, and ψp according to Definition 6. These restrictions
do not follow from the dwell- and leave-time constraints (10)
and (11) but are consequences of our choice of the Lyapunov
function. Furthermore, we conjecture that for system Σlin, Lya-
punov functions with average dwell- and leave-time conditions
require knowledge about the history of the switching signal.
However, this requires further investigation.
It can be shown (for the details see Appendix IX-C) that the
Lyapunov function defined by (36) and (37) indeed satisfies
Definition 6 with

α1(s) = C1s
2, C1 = min

{(
1
2

)4Tmax
1 ,

(
1
2 + ε

)2}
,

α2(s) = C2s
2, C2 = max

{(
3
2

)4Tmax
1 ,

(
3
2 + ε

)2}
,

α3(s) =

(
3
2λ

√
C2

C1
+ 1

)2

s2,

ψ1(s) = µ1s,

µ1 =
(
max

{(
1
2

)−2Tmax
1 +1

,
(
3
2

)−2Tmin
1 +1

}
+ λ

)2

,

φ1(s) = η1s, η1 = 4 ln
(
3
2

)
− 2 + λ,

ψ2(s) = µ2s, µ2 =
(
1 + 2

3 (ε− λ)
)−2

,

φ2(s) = η2s,

η2 = max
{

2
Tmax
2

ln
(
1
2 + ε

)
+ 4, 2

Tmin
2

ln
(
3
2 + ε

)
− 4

}
+ λ,

χ(s) = 1
λ2α2(s).

Choosing Tmin
1 = 0.4, Tmax

1 = 0.55, Tmin
2 = 0.21, Tmax

2 =
0.22 and ε = 0.25, we see (taking Remark 11 into account)
that the dwell-time condition (10) become τ1 > ln(µ1)

|η1| ≈
0.435 and τ2 < − ln(µ2)

|η2| ≈ 0.222.
Note that the results of [17] and [20] can only treat impulsive
switched systems for which either all modes have stable flows,
or all modes have unstable flows. In the present case, we have
a mode with stable flow p = 1 and a mode with unstable flow
p = 2. Therefore, our results cover cases where some modes
can have stable flows, and others can have unstable flows.

B. Application to a nonlinear impulsive switched system
We consider the nonlinear system in X = U = R2 with
Euclidean norm ∥ · ∥:

Σnl :



ẋ(t) = c1(−x41 − x22 + 1) · x(t) + u(t),

σ(t) = 1, t ∈ R+
0 \ S,

ẋ(t) = c2(−∥x∥8 − ∥x∥4 + 1)x+Ax(t) + u(t),

σ(t) = 2, t ∈ R+
0 \ S,

x(t) = x(t−)√
∥x(t−)∥

, σ(t) = 1, t ∈ S,

x(t) = c3

(
x1(t

−) · ∥x(t−)∥
(x2(t

−) · ∥x(t−)∥)4
)
, σ(t) = 2, t ∈ S,

where A =

(
0 −1
1 0

)
and c1, c2, c3 ∈ (0, 1] are constants to

be defined later. Note that none of the flow and jump dynamics
is globally stable.
For simplicity, we consider an alternating mode sequence
(pi)i∈N0

= (1, 2, 1, 2, . . . ) with constant dwell-times τ2 = π
2

and τ1 to be defined later.
A generalized ISS-Lyapunov function is given by

V1(t, x) := (x41 + x22)e
−4c1(t−ti),

V2(t, x) := c4

(
(cos(t− ti)x1 + sin(t− ti)x2)

4 ∥x∥4

+ (− sin(t− ti)x1 + cos(t− ti)x2)
2 ∥x∥2

)2

e−4c2(t−ti),

for t ∈ [ti, ti+1), x ∈ X .
Note that for

α1(s) := min
{
e−4c1τ1 min

{
s, s2

}2
, c4e

−4c2τ2 min
{
s, s2

}8
}
,

α2(s) := max
{
e−4c1τ1max

{
s, s2

}2
, c4e

−4c2τ2max
{
s, s2

}8
}
,

(4) is satisfied.
Next, we define χ ∈ K∞,

χ(s) := α2

(
max

{
2s
λ ,

(
s
2λ

) 1
13

})
(38)

for some sufficiently small λ ∈ (0,min {1, c1, c2}). Then, it
holds that

V̇1(t, x) ≤ −2(c1 − λ)e4c1(t−ti)V 2
1 (t, x),

V̇2(t, x) ≤ −4 c2−λc4
e4c2(t−ti)V 2

2 (t, x),

for t ∈ R+
0 \S, x ∈ X and some c4 > 0, where we denote θ =

t − ti. For the detailed computation of V̇1, V̇2, see Appendix
IX-D. Furthermore, with τ2 = θ = π

2 , we obtain by Appendix
IX-D

V1(ti, x
+) ≤ c23

c4
e2c2πV2(t

−
i , x),

for t = ti ∈ S, x ∈ X , x+1 = 1
2x1(t

−) · ∥x(t−)∥ and x+2 =
1
2 (x2(t

−) · ∥x(t−)∥)4, and

V2(ti, x
+) = c4e

8c1τ1V 2
1 (t

−
i , x)

holds for t = ti ∈ S, x ∈ X and x+ = x(t−)√
∥x(t−)∥

∈ X .

Therefore, the functions φp, ψp as required by Definition 6
can be chosen as

φ1(s) = −2(c1 − λ)s2, φ2(s) = −4 c2−λc4
s2,

ψ1(s) = c4e
8c1τ1s2, ψ2(s) =

c23
c4
e2c2πs,

and

Φ1(s) = −t 1
2c1s

+ 1
2c1
, Φ2(s) = − c4

4c2s
+ c4

4c2
.

We choose c4 = 2 c2−λc1−λ . Then, by (10), the system is stable, if
there exists some δ > 0 such that for all a > 0, it holds that

− 1
2(c1−λ)c4e8c1τ1a2

+ 1
2(c1−λ)a ≤ τ1(1− δ),

1
2(c1−λ)a

(
− c4
c23e

2c2π + 1
)
≤ π

2 (1− δ).

Hence, as

max
a>0

{
− 1

2(c1−λ)c4e8c1τ1a2
+ 1

2(c1−λ)a

}
= c2−λ

4(c1−λ)2 e
8c1τ1



AHMED, BACHMANN, AND TRENN: LYAPUNOV CHARACTERIZATION FOR ISS OF IMPULSIVE SWITCHED SYSTEMS 13

and the second equation can only be satisfied, if the term in
brackets is non-positive, we have

c2 = 4 (c1−λ)2
e8c1τ1

max
a>0

{
− 1

2(c1−λ)c4e8c1τ1a2
+ 1

2(c1−λ)a

}
+ λ

< 4(c1 − λ)2e−8c1τ1τ1 + λ,

c3 ≤
√
2 c2−λc1−λe

−2c2π.

For appropriate parameters c1, c2, c3, τ1 and sufficiently small
λ ∈ (0,min {1, c1, c2}), system Σnl is ISS.

VIII. CONCLUSION

We provided necessary and sufficient ISS conditions for im-
pulsive switched systems that have modes with both stable
and unstable flows. To achieve this, we used time-varying
ISS-Lyapunov functions with nonlinear rate functions, along
with MDADT and MDALT conditions. We also presented a
method for constructing decreasing ISS-Lyapunov functions
from a large class of generalized ones, which is an important
and useful result in its own right. Additionally, we provided
a method to guarantee ISS for a particular class of impulsive
switched systems with unknown switching signals.
One promising direction for future research is the development
of an ISS-Lyapunov function-based control design for impul-
sive switched systems, particularly in the presence of external
disturbances. Moreover, extending the analysis presented in
this work to impulsive switched systems with random time-
varying delays or stochastic noise represents another valuable
research avenue. Furthermore, as parameter δ can be chosen
smaller, it is possible to relax the condition on τp slightly.
Therefore, analogously to [31], it is interesting to investigate
in which cases the system’s asymptotic stability and stability
(in Lyapunov sense) is robust with respect to a violation
of the dwell-time condition. Another important direction for
future work is the application of the proposed theoretical
framework to realistic system models and practical engineering
case studies.

IX. APPENDIX

A. Technical Lemmas
Lemma 27: Consider the system Σ for a given switching
signal σ. Let fp be locally Lipschitz continuous in the second
argument, uniformly for all t ∈ I and p ∈ M, and u ∈
BUc(D) for some constant D > 0. Let the function gp be
locally Lipschitz continuous in the second variable, uniformly
with respect to t ∈ I and p ∈ M, and u, v ∈ BUc

(D).
Then, on compact time intervals, uniform for all switching
sequences, the solutions of Σ are locally Lipschitz continu-
ous with respect to the initial values, i.e., for all C > 0,
x0, y0 ∈ BX(C), and for τ > t0, there exists a constant
L = L(C,D, τ, σ), such that for x(t) = x(t; t0, x0, u, σ) and
y(t) = x(t; t0, y0, v, σ), it holds that

max
t∈[t0,τ ]

∥x(t)− y(t)∥X ≤ L(C,D, τ, σ) ∥x0 − y0∥X .
Proof: Let C > 0, τ > t0, u ∈ BUc(D), and

x0, y0 ∈ BX(C). Let us denote the Lipschitz constant for
fp = fp(t, x, u) and gp = gp(t, x, u), for ∥x∥ ≤ C and
∥u∥ ≤ C, by Lf = Lf (C) and Lg(C), respectively.

Let t ∈ [t0, t1) be such that t ≤ τ . Then, we have

x(t) = x0 +

∫ t

t0

fσ(s)(s, x(s), u(s)) ds.

Let x−i := x(t−i ) and xi := x(ti) = gσ(t−i )(t
−
i , x

−
i , u(t

−
i )) be

such that

x(t) = xi +

∫ t

ti

fσ(s)(s, x(s), u(s)) ds

holds true for all t ∈ [ti, ti+1), t ≤ τ . From this, for any
two solutions x and y of Σ with initial values x0 and y0,
respectively, it follows that

∥x(t)− y(t)∥X

≤ ∥xi − yi∥X +

∫ t

ti

Lf (K(C,D, τ, σ)) ∥x(s)− y(s)∥X ds,

where t ∈ [ti, ti+1), t ≤ τ , y−i := y(t−i ), yi := y(ti) =
gσ(t−i )(t

−
i , y

−
i , v(t

−
i )), and K = K(C,D, τ, σ), as introduced

in (1). Using Gronwall’s inequality, it follows that

∥x(t)− y(t)∥X ≤ ∥xi − yi∥X e
Lf (K)(t−ti)

for all t ∈ [ti, ti+1), t ≤ τ . Moreover,

∥x(ti+1)− y(ti+1)∥X ≤ Lg(K)
∥∥x(t−i+1)− y(t−i+1)

∥∥
X

≤ Lg(K) ∥xi − yi∥Xe
Lf (K)(ti+1−ti),

where Lg is the Lipschitz constant. By induction, we obtain

∥x(t)− y(t)∥X ≤ Lng (K) e(Lf(K))(t−t0) ∥x0 − y0∥X
for t ∈ [tn, tn+1), t ≤ τ and n ∈ N0.
As the switching sequence does not exhibit Zeno behavior, it
follows that

max
t∈[t0,τ ]

∥x(t)− y(t)∥X

≤ ∥x0 − y0∥X max
t∈[t0,τ ]

{
LN(t0,t)
g (K) eLf(K)(t−t0)

}
.

By the extreme value theorem, the bound

L(C,D, τ, σ)

:= max
t∈[t0,τ ]

{
LN(t0,t)
g (K(C,D, τ, σ)) eLf(K(C,D,τ,σ))(t−t0)

}
exists and gives us a Lipschitz constant for the solutions of Σ
with respect to the initial conditions.
Lemma 28: If a system Σ has a generalized ISS-Lyapunov
function in dissipation form with linear rates φ̃p(s) = η̃ps,
ψ̃p(s) = µ̃ps, s ∈ R+

0 and χ̃p ∈ K∞, then it has a generalized
ISS-Lyapunov function (in implication form) with linear rate
function.
We can choose φp(s) := ηps, ψp(s) = µps for s ∈ R+

0 ,
where ηp = 1−δ

1− 3
4 δ
η̃p in case p ∈ S, i.e., η̃p < 0, and

ηp = 1+δ
1+ 3

4 δ
η̃p else, as well as µp = e−

δτpηp
4 µ̃p and χp(s) :=

min
{

1
ηp−η̃p ,

1
µp−µ̃p

}
· χ̃p(s).

Proof: With the choices of φp, ψ, χ, η, and µ from above
follows that Vp(x) ≥ χp(∥u∥∞). Then, it follows for each
p ∈ M that

V̇p(x) ≤ φ̃p(Vp(x)) + χ̃p(∥u∥∞)
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≤ η̃pVp(x) + (ηp − η̃p)Vp(x) = ηpVp(x) = φp(Vp(x)),

Vp(x) ≤ ψ̃p(Vp(x)) + χ̃p(∥u∥∞)

≤ µ̃pVp(x) + (µp − µ̃p)Vp(x) = µpVp(x) = ψp(Vp(x)).

Furthermore, for p ∈ S and ln µ̃p

|η̃p| ≤ τp(1− δ), it holds that

lnµp

|ηp| =
ln

(
e
δτp|ηp|

4 µ̃p

)
|ηp| =

δτp|ηp|
4

|ηp| +
ln µ̃p

1−δ

1− 3
4
δ
|η̃p|

=
δτp
4 + τp

(
1− 3

4δ
)
≤ τp (1− δ′) ,

where δ′ := δ
2 . From this, it follows immediately that Vp is

a generalized ISS-Lyapunov function in implication form. A
similar procedure achieves the result for p ∈ U .

B. Proof of Lemma 18
Property 1): By (2) and (3), it holds that

hσ(σ(t), t) ≥ min
j∈{0,...,i}

{0,−TS(1− δ)− TU (1 + δ)} .

Property 2): Except for σ and Nσ
p , all component functions

of H are continuous. Therefore, on the intervals [ti, ti+1),
i ∈ N0, where Nσ

p is constant, the function H is continuous.
Property 3): We fix i ∈ N0 and t ∈ [ti, ti+1) and assume that
H(t) < 0. Let j = j∗ be such that the minimum in the defini-
tion of hσ(p, t) for p = σ(t) is attained. Then, as Nσ

p (tj∗ , · )
is constant on [ti, ti+1), it holds that d

dtT
σ
σ(t)(tj∗ , t) = 1 and

if σ(t) ∈ S, the equation d
dtH(t) = 1 − δ is true. Moreover,

if σ(t) ∈ U , we have d
dtH(t) = −(1 + δ) < 0 and since

H(t) ≤
(
Tσp (ti, t)− τpN

σ
p (ti, t)

)
(1 + δ) ≤ 0

holds, the case H
(
t̃
)
= 0 for t̃ ∈ [t, t+ ε) for some ε > 0 can

only be attained for σ(t) ∈ S. Hence, d
dtH(t) ∈ {0, 1− δ} if

σ(t) ∈ S.
Property 4): We fix i ∈ N0 and consider H(ti) < 0. Let
j = j∗ be such that the minimum in the definition of hσ(p, t)
for p = σ(t) is attained. Then, for all p ∈ M, Tσp (tj∗ , · ) is
continuous in ti and for all p ∈ M \ {σ(t)}, Nσ

p (tj∗ , · ) is
continuous in ti. Thus, for p = σ(t−j∗), we have

H(ti)−H(t−i ) =

{
−τσ(t−i )(1− δ), if σ(t−i ) ∈ S,
τσ(t−i )(1 + δ), if σ(t−i ) ∈ U .

In the case H(ti) = 0, which can only happen if σ(t−i ) ∈ U
(otherwise H(ti) − H(t−i ) < 0), the jump may be smaller,
i.e., 0 ≤ H(ti)−H(t−i ) ≤ τσ(t−i )(1 + δ). This completes the
proof of the lemma.

C. Supplementary computations for Subsection VII-A
We show that (36) satisfies the requirements of Definition 6.

1) V1(t, x) =
(
1
2

)4(t−ti)
x21 +

(
3
2

)4(t−ti)
x22, and therefore(

1
2

)4Tmax
1 ∥x∥2 ≤ V1(t, x) ≤

(
3
2

)4Tmax
1 ∥x∥2 .

2) We choose λ = 1
1000 and χ as given in Definition 6

such that V1(t, x) ≥ χ(∥u∥∞) = 1
λ2

(
3
2

)4Tmax
1 ∥u∥2∞,

i.e., ∥u∥ ≤ λ ∥x∥. Then, it holds that
d
dtV1(t, x)

= 4xTJ4(t−ti) ln(J)x+ 2xTJ4(t−ti)(Ax+ u)

= xTJ4(t−ti) [4 ln(J) + 2A+ λI]x.

Then, if

4 ln(J) + 2A+ λ =
(−4 ln(2)+2+λ 0

0 4 ln( 3
2 )−2+λ

)
≤ 0

is satisfied, we have
d
dtV1(t, x) = xTJ4(t−ti) [4 ln(J) + 2A+ λI]x

≤
(
4 ln

(
3
2

)
− 2 + λ

)
xTJ4(t−ti)x

= η1V1(t, x) = φ1(V1(t, x))

for all initial conditions x0 ∈ X and all t ∈ I \S, where
η1 = 4 ln

(
3
2

)
− 2 + λ and φ1(s) := η1s. Moreover, we

have to calculate ψ1 as defined in (6). We demonstrate
the case of switching from mode 1 to mode p = 1, 2:
V1, V2 fulfill

Vp(ti, Jx+ u) = (Jx+ u)TJ0(Jx+ u)

≤ xT (J + λI)2x

= xTJ2(t−ti)(J−2(t−ti)+1 + λI)J2(t−ti)x

≤ µ1x
TJ4(t−ti)x = µ1V1

(
t−i , x

)
= ψ1

(
V1

(
t−i , x

))
,

where µ1 =
(
max

{(
1
2

)−2Tmax
1 +1

,
(
3
2

)−2Tmin
1 +1

}
+ λ

)2

and ψ1(s) := µ1s which is exactly (6).
3) V1(t, x) < χ(∥u∥∞) implies

∥x∥ < 1
λα

−1
1 ◦ α2(∥u∥∞) = C3 ∥u∥∞ ,

where C3 := 1
λ

√
C2

C1
. Therefore, it holds that

Vp(ti, Jx+ u) = (Jx+ u)TJ0(Jx+ u)

≤ uT (JC1 + I)2u ≤
(
3C3

2 + 1
)2 ∥u∥2∞ =: α3(∥u∥∞) .

We choose Tmin
1 = 0.4, Tmax

1 = 0.55. Then, with the
considerations from Remark 11, dwell-time condition (10)
become ln(µp)

|ηq| < τp, where p = σ(t−i ), q = σ(ti), i ∈ N.
For switchings from mode p = 1 to itself, we then obtain
τ1 >

ln(µ1)
|η1| ≈ 0.435.

Analogously, it can be verified that (37) fulfills the
requirements of Definition 6 with µ2 :=

(
1 + 2

3 (ε− λ)
)−2

and η2 := max
{

2
Tmax
2

ln
(
1
2 + ε

)
+ 4, 2

Tmin
2

ln
(
3
2 + ε

)
− 4

}
+

λ. Choosing ε = 0.25, Tmin
2 = 0.21 and Tmax

2 = 0.22, we
obtain τ2 < − ln(µ2)

|η2| ≈ 0.222.

The restrictions on τ1 and τ2 in case of a mode change, i.e.
τ1 >

ln(µ1)
|η2| ≈ 0.118, τ2 <

ln(µ2)
|η1| ≈ 0.814 are more relaxed

than the ones calculated above. Therefore, we can conclude
stability of Σ1 via the existence of time-varying candidate
Lyapunov functions (36) and (37) for every switching signal
fulfilling the above restrictions.

D. Supplementary computations for Subsection VII-B
With (38) at hand, Vi(t, x) ≥ χ(∥u∥∞) implies

4x31u1 + 2x2u2 ≤ λ(4x81 + 2x42), (39)

4y31 ∥x∥
4
u1 + 2y2 ∥x∥2u2 ≤ λ(4y41 ∥x∥

12
+ 2y22 ∥x∥

6
), (40)
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where

y1 := cos(θ)x1 + sin(θ)x2,

y2 := − sin(θ)x1 + cos(θ)x2.

Then, by using (39) and (40), it holds that

V̇1(t, x)

=
(
4x31

(
c1(−x41 − x22 + 1)x1 + u1

)
+2x2

(
c1(−x41 − x22 + 1)x2 + u2

)
−4c1x

4
1 − 4c1x

2
2

)
e−4c1(t−ti)

≤ −2(c1 − λ)e4c1(t−ti)V 2
1 (t, x),

V̇2(t, x)

= 2c4

(
(cos(θ)x1 + sin(θ)x2)

4 ∥x∥4

+ (− sin(θ)x1 + cos(θ)x2)
2 ∥x∥2

)
×
(
4(cos(θ)x1 + sin(θ)x2)

3 ∥x∥4

×
(
− sin(θ)x1 + cos(θ)x2

− cos(θ)
(
c2(∥x∥8 + ∥x∥4 − 1)x1 − u1

)
− sin(θ)

(
c2(∥x∥8 + ∥x∥4 − 1)x2 − u2

)
− cos(θ)x2 + sin(θ)x1

)
+ (cos(θ)x1 + sin(θ)x2)

42xTx · 2(−x2, x1)x
+ 2(− sin(θ)x1 + cos(θ)x2) ∥x∥2

×
(
− cos(θ)x1 − sin(θ)x2

+ sin(θ)
(
c2(∥x∥8 + ∥x∥4 − 1)x1 − u1

)
− cos(θ)

(
c2(∥x∥8 + ∥x∥4 − 1)x2 − u2

)
+ sin(θ)x2 + cos(θ)x1

)
+(− sin(θ)x1 + cos(θ)x2)

2 · 2(−x2, x1)× x
)

× e−4c2(t−ti) − 4c2V2(t, x)

= −2(c2 − λ)c4e
−4c2(t−ti)

(
4(cos(θ)x1 + sin(θ)x2)

4 ∥x∥4

+2(− sin(θ)x1 + cos(θ)x2)
2 ∥x∥2

)2 (
∥x∥8 + ∥x∥4

)
≤ −4 c2−λc4

e4c2(t−ti)V 2
2 (t, x),

for t ∈ R+
0 \ S, x ∈ X and some c4 > 0, where we denote

θ = t− ti. Furthermore, with τ2 = θ = π
2 , we obtain

V1(ti, x
+)

= ((x+1 )
4 + (x+2 )

2)e−4c1(ti−ti)

= (c3x1 · ∥x∥)4 + (c3x
4
2 · ∥x∥

4
)2

= c43x
4
1 ∥x∥

4
+ c23x

8
2 ∥x∥

8

≤ c23e
4c2(ti−ti−1)

(
x21 ∥x∥

2
+ x42 ∥x∥

4
)2

e−4c2(ti−ti−1)

=
c23
c4
e2c2πV2(t

−
i , x),

for t = ti ∈ S, x ∈ X , x+1 = 1
2x1(t

−) · ∥x(t−)∥ and x+2 =
1
2 (x2(t

−) · ∥x(t−)∥)4, and

V2(ti, x
+) = c4

(
(x+1

∥∥x+∥∥)4 + (x+2
∥∥x+∥∥)2)2 e−4c2(ti−ti)

= c4
(
x41 + x22

)2
= c4e

8c1(ti−ti−1)
(
x41 + x22

)2
e−8c1(ti−ti−1)

= c4e
8c1τ1V 2

1 (t
−
i , x)

holds for t = ti ∈ S, x ∈ X and x+ = x(t−)√
∥x(t−)∥

∈ X .
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MA, 2003.

[3] Z. Li, Y. Soh, and C. Wen, Switched and Impulsive Systems: Analysis,
Design and Applications. Springer-Verlag Berlin, Heidelberg, 2005.

[4] Z. P. Jiang, A. R. Teel, and L. Praly, “Small-gain theorem for ISS
systems and applications,” Mathematics of Control, Signals and Systems,
vol. 7, pp. 95–120, 1994.

[5] W. Heemels, S. Weiland, and A. L. Juloski, “Input-to-state stability of
discontinuous dynamical systems with an observer-based control appli-
cation,” in International Workshop on Hybrid Systems: Computation and
Control. Springer, 2007, pp. 259–272.

[6] W. Heemels and S. Weiland, “Input-to-state stability and interconnec-
tions of discontinuous dynamical systems,” Automatica, vol. 44, no. 12,
pp. 3079–3086, 2008.

[7] W. P. Dayawansa and C. F. Martin, “A converse Lyapunov theorem
for a class of dynamical systems which undergo switching,” IEEE
Transactions on Automatic control, vol. 44, no. 4, pp. 751–760, 1999.

[8] H. Lin and P. J. Antsaklis, “Stability and stabilizability of switched linear
systems: A survey of recent results,” IEEE Transactions on Automatic
control, vol. 54, no. 2, pp. 308–322, 2009.

[9] S. Ahmed, F. Mazenc, and H. Özbay, “Dynamic output feedback
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