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 A B S T R A C T

We study output tracking for nonlinear impulsive switched systems with global relative 
degree one under prescribed performance requirements. Classical funnel control is not directly 
applicable in this setting, since output jumps can cause violations of funnel constraints. To 
address this, we design an adjusted funnel boundary that contracts prior to jumps and expands 
afterward, computed offline based on the stability of the internal dynamics and bounded jump 
maps. We also derive sufficient conditions ensuring bounded control input. To obtain tighter 
bounds, practical ISS is employed in place of BIBO stability, yielding smaller input requirements. 
Additional refinements include asymmetric jump bounds, level-set adjustments, and real-time 
funnel adaptation, which further improve performance. Numerical examples confirm stability 
and practical tracking under disturbance impulses and switching.

. Introduction

We consider the output tracking problem for a nonlinear single-input single-output (SISO) impulsive switched system with global 
elative degree one. We assume that the system dynamics can be described by: 

𝑦̇(𝑡) = 𝑓𝜎(𝑡)(𝑦(𝑡), 𝑧(𝑡)) + 𝑔𝜎(𝑡)(𝑦(𝑡), 𝑧(𝑡)) ⋅ 𝑢(𝑡), 𝑡 ≠ 𝑡𝑘,

𝑦(𝑡+𝑘 ) = 𝐽𝜎(𝑡+𝑘 )(𝑦(𝑡
−
𝑘 ), 𝑧(𝑡

−
𝑘 )), 𝑡 = 𝑡𝑘,

𝑧̇(𝑡) = 𝑓 z𝜎(𝑡)(𝑦(𝑡), 𝑧(𝑡)), 𝑡 ≠ 𝑡𝑘,

𝑧(𝑡+𝑘 ) = 𝐽 z
𝜎(𝑡+𝑘 )

(𝑦(𝑡−𝑘 ), 𝑧(𝑡
−
𝑘 )), 𝑡 = 𝑡𝑘,

𝑦(𝑡+0 ) = 𝑦0 ∈ R, 𝑧(𝑡+0 ) = 𝑧0 ∈ R𝑛−1.

(1)

• 𝑦 ∶ R≥0 → R denotes the system output.
• 𝑧 ∶ R≥0 → R𝑛−1 represents the internal state.
• 𝑢 ∶ R≥0 → R denotes the control input (to be designed).
•  = {𝑡𝑘 ∣ 𝑘 ∈ N, 𝑡𝑘 ∈ R≥0, 𝑡𝑘 − 𝑡𝑘−1 > 0} is the impulse time sequence, where 𝑡0 ∶= 0 and 𝑡𝑘 → ∞ as 𝑘 → ∞.
• 𝜎 ∶ R≥0 → 𝛴 ∶= {1, 2,… ,M} is the switching signal, specifying the active mode of the system at 𝑡.
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Fig. 1. Schematic of the adjusted funnel 𝜓(𝑡). The gray area represents the jump uncertainty window. The light blue lines at levels 𝜂𝑘 and 𝐸𝑘
represent parallel boundaries that are both reserved throughout the jump window prior to the experiment.

• The functions (𝑓m, 𝑔m) ∶ R × R𝑛−1 → R and 𝑓 zm ∶ R × R𝑛−1 → R𝑛−1, m ∈ 𝛴, describe the system’s behavior during continuous 
evolution, and are assumed to be locally Lipschitz.

• 𝐽m ∶ R×R𝑛−1 → R and 𝐽 zm ∶ R×R𝑛−1 → R𝑛−1 characterize the discrete jump maps in the output and internal states at impulse 
instances.1

The objective is to design a control input 𝑢(𝑡) such that the system output 𝑦(𝑡) tracks a given reference trajectory 𝑦r ∶ R≥0 → R, 
while ensuring that the tracking error ideally remains within a prescribed, time-varying desired boundary. Specifically, we define 
the tracking error as 

𝑒(𝑡) = 𝑦(𝑡) − 𝑦r (𝑡), (2)

and ideally aim to enforce the constraint 
|𝑒(𝑡)| < 𝜓d(𝑡), ∀𝑡 ≥ 0, (3)

where 𝜓d ∶ [0,∞) → R>0 is a smooth function that defines the desired funnel boundary (Fig.  1).
Due to impulsive effects, the tracking error 𝑒(𝑡) cannot be guaranteed to remain within the desired funnel 𝜓d(𝑡) after jumps. 

To address this, we exploit prior knowledge of jump bounds to compute the maximum possible error increase and, based on this, 
construct an extended funnel boundary 𝜓(𝑡) offline, independent of the closed-loop dynamics. After a jump, the error is allowed 
to temporarily enter this extended funnel, while a recovery mechanism ensures that it returns to 𝜓d(𝑡) within a prescribed time 
interval. Thus, during normal operation the error remains inside 𝜓d(𝑡), but immediately after jumps it may transiently lie in 𝜓(𝑡). 
Fig.  1 illustrates this approach.

Impulsive switched systems arise in diverse applications, including robotics [2], power systems [3], neural networks [4], and 
communication networks [5]. Prior research has focused on topics such as stability under switching [6–8], observability [9–12], and 
robustness [13]. To the best of our knowledge, however, funnel control has not been investigated for impulsive switched systems 
with output jumps.

Funnel control was first introduced in 2002 by Ilchmann et al. [14] for nonlinear systems with relative degree one, subject to 
bounded disturbances and uncertainties. Since then, it has been extended to address a wide range of systems, including functional 
differential equations [15], those with higher relative degrees [16], input constraints [17,18], systems with non-minimum phase 
internal dynamics [19], infinite-dimensional systems [20], multi-agent systems [21–23], and systems with unmatched uncertainties 
with possible discontinuous functions [24]. For a comprehensive survey of funnel controllers, see Berger et al. [25].

The funnel controller is an adaptive high-gain output-feedback scheme that ensures output tracking using only output measure-
ments, under minimal structural assumptions: having a well-defined relative degree, BIBO-stable internal dynamics, and known 
input-channel sign.

1 Our approach also works without change for nonlinear impulsive switched system in the general form 
𝑥̇(𝑡) = 𝐹𝜎(𝑡)(𝑥(𝑡), 𝑢(𝑡)), 𝑡 ≠ 𝑡𝑘 ,

𝑥(𝑡+𝑘 ) = 𝐸𝜎(𝑡)(𝑥(𝑡−𝑘 )), 𝑡 = 𝑡𝑘 ,

𝑦(𝑡) = 𝐻𝜎(𝑡)(𝑥(𝑡)),

(∗)

provided that there exists a nonlinear state-space coordinate transformation that converts the system into the relative-degree one Byrnes–Isidori form (1) (cf.[1, 
Thm. 13.1]); The implementation of our proposed controller does not require explicit knowledge of that coordinate transformation. Note that even if no jumps 
occur in (∗), the coordinate transformation leading to (1) is generally mode-dependent, introducing state jumps in the internal states. The switching nature of 
the output map in (∗) also induces output jumps in (1).
2 
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Fig. 2. Successive increases in jump heights and the internal state norm in the system (4) with 𝜇 = 0.3. (a) Lyapunov function. (b) Output. (c) 
Internal state.

Therefore, funnel control offers distinct advantages over comparable tracking methods. Unlike control barrier functions [26], 
it does not require full-state information or feedback linearization. Prescribed-performance control (PPC) also shapes transients 
through performance functions, but most classical PPC designs are more model-dependent and assume full-state availability [27], 
while output-feedback variants typically require observers [28]. Output-only implementations exist, though at the cost of additional 
structural layers and assumptions [29]. A brief overview of the classical funnel control framework is provided in Section 2.

However, classical funnel controllers are not applicable to impulsive switched systems, since output jumps at impulse times can 
drive the error outside the funnel, making the controller ill-defined.

We therefore introduce an adjusted funnel controller tailored to impulsive switched systems. In addition to the assumptions 
of classical funnel control, it requires limited structural knowledge: the jump windows are assumed known, while the exact jump 
instances remain unknown. The jump maps themselves are not required, only bounds on their effects. Accordingly, the funnel 
boundary 𝜓(𝑡) is contracted prior to each window, widened during it to accommodate worst-case error growth, and smoothly restored 
to the desired boundary afterward.

Berger and Lanza [30] address output dropouts via an availability function: during loss intervals the input is set to zero, and 
upon reappearance a shifted base funnel is applied. Their approach widens the funnel without bound during each loss interval and 
always restarts from a fixed design. By contrast, our method handles jump events and differs in several key respects: the funnel is 
pre-shrunk to mitigate post-jump error, two concurrent boundaries are maintained with widening triggered only at jump occurrences, 
the required expansion is computed per jump window with boundedness guarantees, and this expansion is further refined online 
using information from past jumps. A preliminary version of these results appeared in [31], but without addressing whether the 
adjusted funnel boundary remains bounded. This issue is crucial, since in impulsive systems the interaction between internal states 
and output jumps can lead to instability even when the internal states are individually stable. The following example illustrates this 
point. Consider the nonlinear system: 

𝑦̇(𝑡) = −𝑧(𝑡)𝑦(𝑡) − 𝑦(𝑡), 𝑡 ∉ 𝑡𝑘,

𝑦(𝑡+𝑘 ) = 2𝑧(𝑡−𝑘 ), 𝑡 = 𝑡𝑘,

𝑧̇(𝑡) = −𝜇𝑧(𝑡) + 𝑦(𝑡)2,

(4)

where (𝑦(0), 𝑧(0)) = (5, 5) and 𝜇 ≥ 0, and periodic impulses occur at 𝑡𝑘 = 2𝑘, 𝑘 ∈ N.
This system without impulses, for 𝜇 ≤ 1, is globally stable with the Lyapunov function 𝑉 (𝑡) = 1

2

(

𝑦(𝑡)2 + 𝑧(𝑡)2
)

. Indeed, 𝑉̇ (𝑡) =
𝑦(𝑡)𝑦̇(𝑡) + 𝑧(𝑡)𝑧̇(𝑡) = −𝑦(𝑡)2 − 𝜇𝑧(𝑡)2 ≤ 0. By rewriting 𝑉̇ (𝑡) = −2𝜇𝑉 (𝑡) − (1 − 𝜇) 𝑦(𝑡)2, it follows that, for 𝜇 ≤ 1, 𝑉̇ (𝑡) ≤ −2𝜇𝑉 (𝑡).

Now, to assess the effect of the impulses, we have 𝑉 (𝑡) ≤ 𝑉 (𝑡+𝑘−1)𝑒
−2𝜇(𝑡−𝑡𝑘−1) for 𝑡 ∈ [𝑡𝑘−1, 𝑡𝑘). Immediately after a jump, 

𝑉 (𝑡+𝑘−1) = 1
2 (𝑦(𝑡

+
𝑘−1)

2 + 𝑧(𝑡+𝑘−1)
2); using 𝑦(𝑡+𝑘−1) = 2𝑧(𝑡−𝑘−1), we find 𝑉 (𝑡+𝑘−1) = 5

2 𝑧(𝑡
−
𝑘−1)

2. Combining this with the exponential decay 
between jumps, and knowing 𝑧(𝑡−𝑘−1)2 ≤ 2𝑉 (𝑡−𝑘−1), we derive: 

𝑉 (𝑡−𝑘 ) ≤
5
2
𝑧(𝑡−𝑘−1)

2𝑒−2𝜇(𝑡𝑘−𝑡𝑘−1) ≤ 5𝑉 (𝑡−𝑘−1)𝑒
−2𝜇(𝑡𝑘−𝑡𝑘−1). (5)

Unrolling this recursion gives 𝑉 (𝑡−𝑘 ) ≤
1
5𝑉 (0)(5𝑒−4𝜇)𝑘. For 𝜇 = 0.3, 𝑉 (𝑡−𝑘 ) ≤

1
5𝑉 (0)(1.51)𝑘, demonstrating unbounded growth of the 

upper bound of the system energy despite the system’s inherent stability. Fig.  2(a), confirms this behavior, as 𝑉 (𝑡−𝑘 ) diverges due 
to the impulses.  This analysis shows that instability arises from the interaction between the output and the internal states: growth 
in 𝑦(𝑡) amplifies 𝑧(𝑡), which in turn increases the impulse magnitude, leading to divergence over time (see Figs.  2(b)–2(c)). In this 
case, any adjusted funnel inevitably grows unbounded.

However, this interplay does not always cause instability. As shown in (5), longer dwell times (𝑡𝑘 − 𝑡𝑘−1) or more stable 
internal dynamics (larger 𝜇) can preserve stability. For instance, with 𝜇 = 0.5 we obtain 𝑉 (𝑡−𝑘 ) ≤

1
5𝑉 (0)(0.68)𝑘, ∀𝑘, demonstrating 

exponential decay of the system energy. The corresponding trajectories of 𝑉 (𝑡), 𝑦(𝑡), and 𝑧(𝑡) are shown in Fig.  3.
These observations naturally lead to the central question: how can the combined effect of internal-state dynamics and output 

jumps be systematically characterized to assess stability in impulsive switched tracking problems? 
To address this, we define a map that captures the interplay between the internal states and the output, enabling us to derive 

sufficient conditions for ensuring a bounded adjusted funnel and bounded control inputs. We demonstrate that systems with a mix 
3 
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Fig. 3. Non-increasing jump heights and the internal state norm in the system (4) with 𝜇 = 0.5. (a) Lyapunov function. (b) Output. (c) Internal 
state.

of stable and unstable modes — such as those in the example (4) with 𝜇 = 0.5 and 𝜇 = 0.3, respectively — can still achieve bounded 
performance. Based on this analysis, we determine a quantitative upper bound for the control input required to return the error to 
the desired funnel.

To further enhance performance, we replace the classical BIBO stability assumption of the internal dynamics, commonly used 
in classical funnel controllers, with a practical input-to-state stability (ISS) assumption. This modification significantly improves the 
adjusted funnel bounds. Under the practical ISS assumption, we also provide sufficient conditions on the impulse time sequences to 
guarantee bounded adjusted funnel and control input for multi-mode systems.

Finally, to further refine the adjusted funnel bounds, we propose three other strategies: (1) asymmetric jump bounds, resulting 
in asymmetric funnel boundaries; (2) the level-set method, which precomputes error levels to mitigate the error growth during 
experiments; and (3) real-time funnel adaptation, which dynamically adjust the funnel boundary based on actual output and 
post-jump error values.

The main contributions are:

• Output-tracking control for relative-degree-one nonlinear switched systems subject to disturbance jumps, under prescribed 
performance requirements.

• Sufficient conditions for bounded control input under disturbance jumps, including explicit quantitative bounds.
• Extension of the framework to ISS internal dynamics (instead of BIBO), yielding tighter input bounds.
• Conditions on impulse-time sequences that ensure bounded inputs while maintaining tracking performance under disturbance 
jumps.

• Real-time performance enhancement using measured output data.
The paper is organized as follows: In Section 2, classical funnel control is reviewed and afterward the content is split into two 

main parts. Part I develops the foundations of the adjusted funnel framework, including adjusted funnel construction (Section 3), 
boundedness conditions for the adjusted funnel (Section 4), and quantitative bounds on the control input (Section 4.2). Part II 
introduces refinement strategies that further tighten the funnel boundary, including an extension to practical ISS-stable internal 
dynamics (instead of BIBO stability), which substantially improves both the funnel boundary and the control-input bound (Section 5). 
Additional refinements include asymmetric jump maps and real-time funnel boundary adaptation (Section 6). The paper concludes 
with a summary and outlook (Section 7). Numerical examples are provided throughout to illustrate the results.2

2. Preliminaries: Classical funnel controllers

In this section, we review the classical funnel control framework, which is designed to achieve trajectory tracking for nonlinear 
systems with relative degree one. Foundational works include the introduction of performance funnels in [14] and their rigorous 
analysis in [15],

Consider a nonlinear system:
𝑥̇(𝑡) = 𝐹 (𝑥(𝑡), 𝑢(𝑡)), 𝑥(0) = 𝑥0,

𝑦(𝑡) = 𝐻(𝑥(𝑡)),

where: 𝑥(𝑡) ∈ R𝑛 is the state vector, 𝑢(𝑡) ∈ R is the control input, 𝑦(𝑡) ∈ R is the system output. Additionally, 𝐹 ∶ R𝑛 × R → R𝑛 and 
𝐻 ∶ R𝑛 → R are assumed to be locally Lipschitz mappings.

Suppose there exists a smooth, nonlinear coordinate transformation 𝑥 ↦ (𝑦, 𝑧) such that the system can be written in 
Byrnes–Isidori normal form for relative degree one systems: 

𝑦̇(𝑡) = 𝑓 (𝑦(𝑡), 𝑧(𝑡)) + 𝑔(𝑦(𝑡), 𝑧(𝑡)) ⋅ 𝑢(𝑡), (6a)

2 The MATLAB implementation of the proposed controller is available at Zenodo: https://doi.org/10.5281/zenodo.15275315.
4 
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𝑧̇(𝑡) = 𝑓 z(𝑦(𝑡), 𝑧(𝑡)), (6b)

where 𝑓, 𝑔,  and 𝑓 z are assumed to be locally Lipschitz and 𝑧(𝑡) ∈ R𝑛−1 represents the internal states. Assume the following:
(A1) 𝑔(𝑦, 𝑧) > 0, ∀ 𝑦, 𝑧.
(A2) The internal dynamics (6b) are BIBO stable. Specifically, for every bounded signal 𝑦 and corresponding solution 𝑧 of (6b) 
we have that ‖𝑧(𝑡)‖ ≤ 𝑏(‖𝑧(𝑡0)‖, ‖𝑦[𝑡0 ,𝑡)‖∞), ∀𝑡 ∈ [𝑡0,∞), for some continuous function 𝑏. Also, we assume that 𝑧(𝑡0) ∈ 𝑍0 for some 
bounded 𝑍0 ∈ R𝑛−1.

Remark 2.1.  Classical funnel controllers treat explicit time-dependence of 𝑓 and 𝑔 as bounded disturbance terms [14,16,32]. Our 
framework (systems (1), (6)) can likewise accommodate such time-varying functions under the same boundedness assumption. For 
simplicity and to avoid additional notations, we restrict ourselves to the time-invariant case in the following.

The goal is to design a control input 𝑢(𝑡) that ensures the error 𝑒(𝑡) strictly remains within the desired funnel, namely, 
|𝑒(𝑡)| ≤ 𝜓d(𝑡) − 𝜀, for some 𝜀 > 0. The surprisingly simple solution to achieve this goal is the funnel controller consisting of a 
simple (time-varying) proportional negative error feedback 

𝑢(𝑡) = −𝑘(𝑡)𝑒(𝑡), (7a)

together with the simple (non-dynamic) funnel gain 

𝑘(𝑡) = 1
𝜓d(𝑡) − |𝑒(𝑡)|

. (7b)

The intuition behind this controller design is that nonlinear systems equivalent to (6) possess a high-gain property: a sufficiently large 
proportional error feedback stabilizes the error dynamics. The funnel controller leverages this property by increasing the feedback 
gain as the error approaches the funnel boundary, thereby preventing constraint violation, while keeping the gain moderate when 
the error is well inside the boundary.

We now present the fundamental result for classical funnel controllers, which guarantees for any interval [𝑡0, 𝑡𝑓 ) of interest, that 
if the initial error satisfies |𝑒(𝑡0)| < 𝜓d(𝑡0), the error remains strictly within the prescribed funnel for the complete interval [𝑡0, 𝑡𝑓 )
and the left-limit values of all signals at 𝑡−𝑓  are well defined. While classical funnel controller focuses on the case 𝑡𝑓 = ∞, we focus 
here on the case that 𝑡𝑓  is finite, because in the context of impulsive systems, we analyze the closed loop behavior inductively from 
one jump instant to the next.

Lemma 2.2.  Consider a nonlinear system which is equivalent to (6) and suppose that assumptions (A1)–(A2) hold. Let 𝑦r ∶ [𝑡0, 𝑡𝑓 ] → R
be a reference trajectory that is continuously differentiable, and let 𝜓d ∶ [𝑡0, 𝑡𝑓 ] → (0,∞) be a prescribed funnel boundary. If the initial error 
satisfies |𝑒(𝑡0)| < 𝜓d(𝑡0), then the control law defined in (7) guarantees the existence of 𝜀 > 0 such that the unique solution of the closed 
loop satisfies |𝑒(𝑡)| ≤ 𝜓d(𝑡) − 𝜀, ∀𝑡 ∈ [𝑡0, 𝑡𝑓 ). In particular, all closed loop signals remain bounded on [𝑡0, 𝑡𝑓 ) and have well-defined left-limits 
at 𝑡−𝑓 .

Proof.  This is a simple consequence of the well established classical funnel controller [14]; however, for the sake of completeness we 
provide a proof-sketch here. Existence and uniqueness of a local solution (𝑦, 𝑧) ∶ [𝑡0, 𝜔) → R×R𝑛−1 to (6) for some 𝜔 ∈ [𝑡0, 𝑡𝑓 ) follow 
from the fact that, under the continuous feedback, the closed-loop vector field is locally Lipschitz in (𝑦, 𝑧) on the set {|𝑒(𝑡)| < 𝜓d(𝑡)}
and that |𝑒(𝑡0)| < 𝜓d(𝑡0).

We will now show that there exists 𝐶1, 𝐶2 ∈ R and 𝛾 > 0 (defined independently of 𝜔) such that for all 𝑡 ∈ [𝑡0, 𝜔) we have 

𝑒̇(𝑡)

{

≤ 𝐶1 + 𝛾𝑢(𝑡),  if 𝑢(𝑡) < 0
≥ 𝐶2 + 𝛾𝑢(𝑡),  if 𝑢(𝑡) ≥ 0

(8)

Towards this goal, we first observe that |𝑒(𝑡)| < 𝜓d(𝑡) for all 𝑡 ∈ [𝑡0, 𝜔) (domain of the differential equation) and since the 
funnel and the reference signal are assumed to be bounded on [𝑡0, 𝑡𝑓 ], we have that 𝑦 = 𝑦r + 𝑒 is bounded on [𝑡0, 𝜔), i.e. there 
exists 𝑌 min < 𝑌 max (whose size is independent from 𝜔) such that 𝑦(𝑡) ∈ [𝑌 min, 𝑌 max] for all 𝑡 ∈ [𝑡0, 𝜔). From assumption (A2), it 
then follows that there exists 𝑍max (depending in 𝑌 min, 𝑌 max and 𝑍0, but not on 𝜔) such that ‖𝑧(𝑡)‖ ≤ 𝑍max for all 𝑡 ∈ [𝑡0, 𝜔). 
Since 𝑓 is continuous, we can define 𝐹max ∕min ∈ R as the maximum/minimum of 𝑓 (𝑦, 𝑧) considered on the compact domain 
[𝑌 min, 𝑌 max] ×

{

𝑧 ∈ R𝑛−1 ||
|

‖𝑧‖ ≤ 𝑍max
}

; similarly we can define 𝐺min > 0 as the minimum of 𝑔(𝑦, 𝑧) on the same compact set. By 
observing that 𝑒̇(𝑡) = 𝑦̇(𝑡) − 𝑦̇r (𝑡) = 𝑓 (𝑦, 𝑧) + 𝑔(𝑦, 𝑧)𝑢(𝑡) − 𝑦̇r (𝑡), we can now conclude that (8) holds with 𝐶1 ∶= 𝐹max − min𝑡∈[𝑡0 ,𝑡𝑓 ] 𝑦̇

r (𝑡), 
𝐶2 ∶= 𝐹min − max𝑡∈[𝑡0 ,𝑡𝑓 ] 𝑦̇

r (𝑡) and 𝛾 ∶= 𝐺min.
We will now show that for sufficiently small 𝜀 the (time-varying) region 𝜀 ∶=

{

(𝑡, 𝑒) ||
|

|𝑒(𝑡)| ≤ 𝜓 r (𝑡) − 𝜀
}

 is a positive invariant 
set for the error dynamics. Note that by assumption min𝑡∈[𝑡0 ,𝑡𝑓 ] 𝜓

d(𝑡) ∶= 𝜓d > 0, we have to assume in the following that 𝜀 < 𝜓d to 
ensure that 𝜀 is well defined (i.e. for all 𝑡 ∈ [𝑡0, 𝑡𝑓 ) we have that (𝑡, 0) is in the interior of 𝜀).

Seeking a contradiction, we assume that there is a solution for which the error signal leaves 𝜀. Then there is a minimal 𝑡𝜀 ∈ (𝑡0, 𝜔)
such that |𝑒(𝑡𝜀)| = 𝜓d(𝑡𝜀) − 𝜀. In the following we will only consider the case 𝑒(𝑡𝜀) > 0; the other case follows completely analogous.

By (8) together with 𝑢(𝑡𝜀) = − 1
𝜀 𝑒(𝑡𝜀) ≤ −

𝜓d−𝜀
𝜀 < 0, we then have 𝑒̇(𝑡𝜀) ≤ 𝐶1 − 𝛾

𝜓d−𝜀
𝜀 → −∞ as 𝜀 → 0. Let 𝑑𝜓d ∶= min𝑡∈[𝑡0 ,𝑡𝑓 ] 𝜓̇

d(𝑡), 
then there exists 𝜀 > 0 (independent of 𝜔) such that 𝑒̇(𝑡𝜀) ≤ 𝑑𝜓d ≤ 𝜓̇d(𝑡𝜀). But this means that the error signal could not approach 
the boundary of   from the inside, which shows that the error signal cannot leave   for sufficiently small 𝜀 > 0.
𝜀 𝜀
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Consequently, the solution (𝑦, 𝑧) evolves within a compact domain, hence for a maximally extended solution it must hold that 
𝜔 = 𝑡𝑓 . Furthermore, utilizing the above derived bounds for 𝑦 and 𝑧, we can conclude that also 𝑦̇ and 𝑧̇ are bounded, whence 𝑦(𝑡−𝑓 )
and 𝑧(𝑡−𝑓 ) are well defined. □

Part I: Foundations of adjusted funnel control

In this part, we establish the foundations of the proposed framework. We begin by constructing an adjusted funnel boundary 
for impulsive switched systems that accommodates output jumps. Next, we derive sufficient conditions ensuring that the adjusted 
funnel remains bounded, thereby guaranteeing bounded control input. Finally, we provide quantitative bounds on the control input 
in terms of the available prior information. In summary, Part I shows that, under the stated sufficient conditions, a nonlinear relative-
degree-one impulsive switched system (1) can achieve output tracking via funnel control with an explicitly known bound on the 
control input. 

3. Adjusted funnel controller design

In this section, we introduce the assumptions and structural properties of the system. Based on these, we develop algorithms 
for constructing an adjusted funnel boundary tailored to impulsive switched systems. The main results are formalized in a theorem 
showing that, with this adjusted boundary, the tracking error remains within the funnel even in the presence of jumps.

Note that, for simplicity, 𝑥+𝑖  and 𝑥−𝑖  are used to denote 𝑥(𝑡+𝑖 ) and 𝑥(𝑡−𝑖 ), respectively, where 𝑥 represents a general variable.

3.1. Key properties and assumptions

The proposed controller, like any other funnel controller, operates without requiring precise knowledge of the system model, 
initial conditions, or detailed information about specific jump maps or instances. General structural assumptions about the system 
model and a basic understanding of the jumps are sufficient.

The structural assumptions for the relative degree one system described in (1) are formulated as follows.
(S1) For all 𝑦, 𝑧 and m ∈ 𝛴, 𝑔m(𝑦, 𝑧) > 0.
(S2) The internal states of each mode are BIBO stable. Specifically, for all 𝑡𝑘 ≤ 𝑠 < 𝑡 < 𝑡𝑘+1, we have 

‖𝑧(𝑡)‖ ≤ 𝑏𝜎(𝑡)
(

‖𝑧(𝑠+)‖, ‖𝑦[𝑠,𝑡)‖∞
)

, (9)

where each mode m ∈ 𝛴 has an associated known continuous function 𝑏m ∶ R≥0 ×R≥0 → R≥0. The variables 𝑡𝑘 and 𝑡𝑘+1 denote two 
consecutive jump instances. Note that the BIBO assumption will be sharpened later by a practical ISS assumption in the refinement 
section (Assumption (S2)′).
(S3) The initial conditions of the internal states, 𝑧0 = 𝑧(𝑡+0 ), satisfy 𝑧0 ∈ 𝑍0, where 𝑍0 ⊂ R𝑛−1 is a bounded set with a known bound 
𝑍+

0 ≥ sup𝑧∈𝑍0
‖𝑧‖.

(S4) The switching signal 𝜎 ∶ R≥0 → 𝛴 ∶= 1, 2,… ,M is a piecewise-constant, right-continuous function (i.e. 𝜎(𝑡+) = 𝜎(𝑡) for all 𝑡), 
whose set of discontinuities is contained in the impulse time sequence  . While the exact switching times are not assumed to be 
known, the mode sequence {𝜎𝑘}𝑘∈N0

, where 𝜎(𝑡) = 𝜎𝑘 for all 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1), is assumed to be known.
There are some assumptions regarding prior information about jumps, which are specified below.

(J1) Exact knowledge of the jump instances 𝑡𝑘 is not required. Instead, we assume access to a known interval 𝑘 ∶= [𝑡𝑘, 𝑡𝑘] satisfying 
𝑡𝑘 ∈ 𝑘. Throughout this paper, we refer to 𝑘 as the jump window. Furthermore, it is assumed that for some known 𝜏𝑠 > 0, we 
have that 𝑡𝑘+1 − 𝑡𝑘 ≥ 𝜏𝑠 (dwell time condition). For 𝑘 = 0, we set 𝑡0 ∶= 𝑡0 = 0 and assume that no jump occurs at 𝑡0.
(J2) The jump maps 𝐽m and 𝐽 z

m for m ∈ 𝛴 are unknown. However, we assume that the jump heights are bounded (not necessarily 
tight) by known smooth functions 𝛼m and 𝛼zm. Specifically: 

|𝑦+𝑘 − 𝑦−𝑘 | = |𝐽𝜎𝑘 (𝑦
−
𝑘 , 𝑧

−
𝑘 ) − 𝑦

−
𝑘 | ≤ 𝛼𝜎𝑘 (𝑦

−
𝑘 , ‖𝑧

−
𝑘 ‖) (10)

and 
‖𝑧+𝑘 ‖ = ‖𝐽 z𝜎𝑘 (𝑦

−
𝑘 , 𝑧

−
𝑘 )‖ ≤ 𝛼z𝜎𝑘 (𝑦

−
𝑘 , ‖𝑧

−
𝑘 ‖). (11)

Notice that due to mode changes, a jump may occur as a result of changes in the output map. Therefore, 𝛼m must also account for 
this potential change in the output. Moreover, in the refinement section, we will modify this assumption — Assumption (J2)′— to 
account for asymmetry in the jump heights.

Remark 3.1.  The framework in (1), together with Assumption (S4), accommodates modes of different internal state dimensions. 
Provided the switching sequence is known and the jump maps capture the coordinate changes induced by mode-dependent internal 
states, the method applies without restriction. For notational simplicity, we denote the overall state dimension generically by 𝑛 in 
(1) and thereafter.
6 
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Table 1
Overview of parameter availability, categorizing parameters into those 
known a priori, determined during runtime, and those inaccessible.
 Unknown Known a priori Known at runtime 
 𝑓m, 𝑔m 𝑔m > 0 –  
 𝐽m 𝛼m –  
 𝑓 zm 𝑏m, 𝑍+

0 –  
 𝐽 zm 𝛼zm –  
 – 𝜓d(𝑡0), 𝜓d, 𝑑𝜓d 𝜓d(𝑡)  
 – [𝑡𝑘 , 𝑡𝑘], 𝜏s > 0 𝑡𝑘  
 – Mode sequence (𝜎𝑘)𝑘∈N0

𝜎(𝑡)  
 – 𝑌 r , 𝑌 r 𝑦r (𝑡)  
 – 𝑑𝑌 r , 𝑑𝑌 r 𝑦̇r (𝑡)  

Finally, several assumptions and properties related to the desired funnel and the reference output are outlined below.
(P1) The desired funnel boundary is given by 𝜓d ∶ [𝑡0,∞) → (0,∞), which is assumed to be continuous, differentiable almost 
everywhere, convex, bounded and with bounded derivative; furthermore, we assume it is uniformly bounded away from zero. In 
particular, there are constants 𝜓d > 0 and 𝑑𝜓d > 0 such that 𝜓d(𝑡0) ≥ 𝜓d(𝑡) ≥ 𝜓d  and 0 > 𝜓̇d(𝑡) > −𝑑𝜓d ∀𝑡 ≥ 0.
(P2) The initial error, 𝑒(𝑡0), resides within the desired funnel boundary, i.e. |𝑒(𝑡0)| < 𝜓d(𝑡0).
(P3) The reference output 𝑦r ∶ [𝑡0,∞) → R is continuously differentiable, bounded, and has a bounded derivative. While 𝑦r (𝑡) is 
unknown a priori and available only during the experiment, its bounds are assumed to be known: 

𝑌 r ≤ 𝑦r (𝑡) ≤ 𝑌 r , (12)

where 𝑌 r and 𝑌 r denote the global bounds of 𝑦r (𝑡). Similarly, the derivative bounds are known: 

𝑑𝑌 r ≤ 𝑦̇r (𝑡) ≤ 𝑑𝑌 r , (13)

where 𝑑𝑌 r and 𝑑𝑌 r are the global bounds on 𝑦̇r (𝑡). Additionally, we define: 

𝑌 r
max = max

(

|𝑌 r
|, |𝑌 r

|

)

. (14)

Remark 3.2.  The main restrictive assumptions are: (i) each mode has relative degree one, although extensions to higher relative 
degree systems are conceivable but technically more involved; and (ii) the setting is SISO, though extending to MIMO systems should 
be feasible. The approach is not limited by the dimension of the internal state, but practical limitations arise from the number of 
switches, since verifying required boundedness conditions (further will be investigated) becomes difficult for nonperiodic switching 
with infinitely many switches.

Table  1 provides a structured summary of the prior information available to us, the unknown quantities that remain inaccessible, 
and the parameters that become available only during the experiment. This clarifies that the proposed method is not entirely model-
free, but is tailored for scenarios where only limited model information is available. In contrast to the classical funnel controller [14], 
which relies solely on output measurements and structural assumptions, our approach additionally requires certain bounds (cf. 
Table  1). However, aside from the earliest works, the use of such bounds has become standard in the funnel control literature (see, 
e.g., [32]).

3.2. Core algorithm development

In this section, we develop an adjusted funnel boundary tailored to impulsive switched systems. The overall concept is illustrated 
in Fig.  1.

In the figure, the variable 𝜂𝑘 appears. To mitigate post-jump error, we introduce 𝜂𝑘 as the level to which the adjusted funnel 
boundary is temporarily contracted during the interval 𝜏s∕2 preceding the 𝑘th jump. Since |𝑒+𝑘 | ≤ |𝑒−𝑘 | + |𝛥𝑒𝑘| ≤ |𝑒−𝑘 | + 𝛼𝜎𝑘 (𝑦

−
𝑘 , ‖𝑧

−
𝑘 ‖),

reducing the pre-jump error |𝑒−𝑘 | directly tightens the bound on the post-jump error |𝑒+𝑘 |.
The constants 𝜂𝑘 are assumed to satisfy 

0 < 𝜂𝑘 ≤ 𝜓d(𝑡𝑘), ∀𝑘. (15)

For later use, define 𝜂max ∶= max𝑘∈N 𝜂𝑘, and assume that it is finite and positive.
The adjusted funnel boundary is constructed as follows: It coincides with the desired funnel outside the extended region around 

each jump window, i.e., 𝑡 ∉ [𝑡𝑘 −
𝜏s
2 , 𝑡𝑘 +

𝜏s
2 ], where 𝜏s > 0 is the dwell time from (J1).

(a) Before the jump: For 𝑡 ∈ [𝑡 − 𝜏s , 𝑡 ], the adjusted boundary is a connecting curve between (𝑡 − 𝜏𝑠 , 𝜓d(𝑡 − 𝜏s )
)

and (𝑡 , 𝜂 ).
𝑘 2 𝑘 𝑘 2 𝑘 2 𝑘 𝑘
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(b) During the jump window: For 𝑡 ∈ [𝑡𝑘, 𝑡𝑘], where the jump can occur at any time, the adjusted funnel consists of two parallel 
boundaries: 

𝜓(𝑡) = 𝜂𝑘 and 𝜓(𝑡) =

{

𝜓d(𝑡), 𝜓d(𝑡𝑘) ≥ 𝐸𝑘,
𝐸𝑘, otherwise.

(16)

where 𝐸𝑘 represents an upper bound for |𝑒(𝑡+𝑘 )|. The lower boundary remains active before the jump, while the upper boundary 
activates immediately afterward. The precise calculation of 𝐸𝑘 will be provided in the upcoming Section 3.3.

(c) After the Jump: For 𝑡 ∈ [𝑡𝑘, 𝑡𝑘 + 𝜏s∕2], the adjusted boundary is a curve connecting (𝑡𝑘, 𝜓(𝑡𝑘)) and
(

𝑡𝑘 + 𝜏s∕2, 𝜓d(𝑡𝑘 + 𝜏s∕2)
)

.
The connecting curves in (a) and (c) are defined by the mapping 𝑡 ↦ 𝑐(𝑡, 𝑡1, 𝜓1, 𝑡2, 𝜓2), where 𝑡0 < 𝑡1 < 𝑡2 and 0 < 𝜓2 < 𝜓1. Each 

curve is constructed by scaling and shifting a differentiable, monotonically increasing template function 𝜌 ∶ [0, 1] → [0, 1] satisfying 
the boundary conditions 𝜌(0) = 0 and 𝜌(1) = 1. The connecting curve is then defined as 

𝑐(𝑡, 𝑡1, 𝜓1, 𝑡2, 𝜓2) = 𝜓1 + (𝜓2 − 𝜓1) ⋅ 𝜌
(

𝑡 − 𝑡1
𝑡2 − 𝑡1

)

. (17)

This definition can be extended to ensure smoothness by matching derivatives at the endpoints; one possible choice is a cubic 
spline which was employed in Fig.  1. However, in this case, a whole family of template functions 𝜌 must be used which are 
parametrized by the derivatives at 0 and 1.

Nevertheless, matching derivatives at the boundaries offers no clear advantage—at least in the relative degree one scenario 
considered here. In fact, when estimating the required input magnitude, the dominant factor is the maximum derivative of the 
connecting curve. This maximum is minimized by using a straight-line connection, which corresponds to choosing 

𝑐(𝑡, 𝑡1, 𝜓1, 𝑡2, 𝜓2) = 𝜓1 + (𝜓2 − 𝜓1)
𝑡−𝑡1
𝑡2−𝑡1

. (18)

The complete procedure for constructing the adjusted funnel boundary is outlined in Algorithm 1.
Algorithm 1: Adjusted Funnel Construction
Input : 𝑡𝑘, 𝑡𝑘, 𝐸𝑘, ∀𝑘 ∈ N; 𝜏s, 𝑡, 𝜓d(𝑡).
Output: 𝜓(𝑡).
if 𝑡 ∈ [𝑡0, 𝑡1 − 𝜏𝑠∕2) or 𝑡 ∈ [𝑡𝑘−1 + 𝜏s∕2, 𝑡𝑘 − 𝜏s∕2) then

𝜓(𝑡) = 𝜓d(𝑡);
else if 𝑡 ∈ [𝑡𝑘 − 𝜏s∕2, 𝑡𝑘) then

𝜓(𝑡) = 𝜓d
(

𝑡𝑘 −
𝜏s
2

)

+
(

𝜂𝑘 − 𝜓d(𝑡𝑘 −
𝜏s
2 )
)

𝜌
( 2(𝑡−𝑡𝑘)

𝜏s

)

;

else if 𝑡 ∈ [𝑡𝑘, 𝑡𝑘) then
𝜓(𝑡) = 𝜂𝑘;

else if 𝑡 ∈ [𝑡𝑘, 𝑡𝑘) then

𝜓(𝑡) =

{

𝜓d(𝑡), 𝜓d(𝑡𝑘) ≥ 𝐸𝑘,
𝐸𝑘, otherwise.

;

else if 𝑡 ∈ [𝑡𝑘, 𝑡𝑘 + 𝜏∕2] then
𝜓(𝑡) = 𝐸𝑘 +

(

𝜓d(𝑡𝑘 + 𝜏s∕2) − 𝐸𝑘
)

𝜌
(

2(𝑡−𝑡𝑘)
𝜏s

)

;

3.3. Determining adjusted funnel level 𝐸𝑘

To compute the adjusted funnel level during jump windows, we utilize the given bounds on internal states (S2) and jumps (J2).
We start with considering the initial interval [𝑡0, 𝑡1). Let us define 

𝑌 min
0 ∶= 𝑌 r − 𝜓d(𝑡0) ≤ inf

𝑡∈[𝑡0 ,𝑡1)
(𝑦r (𝑡) − 𝜓(𝑡)),

𝑌 max
0 ∶= 𝑌 r + 𝜓d(𝑡0) ≥ sup

𝑡∈[𝑡0 ,𝑡1)
(𝑦r (𝑡) + 𝜓(𝑡)),

𝑍max
0 ∶= sup

‖𝑧‖≤𝑍+
0 , 𝑦∈[𝑌

min
0 ,𝑌 max

0 ]
𝑏𝜎0 (‖𝑧‖, |𝑦|).

(19)

Then, under the assumption that the error remains within the adjusted funnel, we have that 𝑦(𝑡) ∈ [𝑌 min
0 , 𝑌 max

0 ] and hence, by utilizing
(S2), ‖𝑧(𝑡)‖ ≤ 𝑍max

0  for all 𝑡 ∈ [𝑡0, 𝑡1). To estimate a bound on the jump in the output at time 𝑡 = 𝑡𝑘, 𝑘 ≥ 1, and the corresponding 
required size of the adjusted funnel, assume inductively that we have already found a bound 𝑍max

𝑘−1  such that ‖𝑧(𝑡)‖ ≤ 𝑍max
𝑘−1  for all 

𝑡 ∈ [𝑡𝑘−1, 𝑡𝑘). Let 𝐶𝑘 ∶= max
𝑦∈[−𝜂𝑘+𝑌 r ,𝜂𝑘+𝑌 r ], ‖𝑧‖≤𝑍max

𝑘−1

𝛼𝜎𝑘 (𝑦, ‖𝑧‖), then, 

|𝑒+𝑘 − 𝑒−𝑘 | = |𝑦+𝑘 − 𝑦−𝑘 | ≤ 𝛼𝜎𝑘 (𝑦
−
𝑘 , ‖𝑧

−
𝑘 ‖) ≤ 𝐶𝑘. (20)

Provided that |𝑒(𝑡−)| < 𝜂 , we have, |𝑒(𝑡+)| ≤ |𝑒(𝑡−)| + 𝐶 < 𝜂 + 𝐶 =∶ 𝐸 .
𝑘 𝑘 𝑘 𝑘 𝑘 𝑘 𝑘 𝑘
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It now remains to estimates a bound for the internal dynamics on the interval [𝑡𝑘, 𝑡𝑘+1), which then can be used inductively to 
estimate the next jump bound. For that, let first 𝑍+

𝑘 ∶= sup
𝑦∈[−𝜂𝑘+𝑌 r ,𝜂𝑘+𝑌 r ],‖𝑧‖≤𝑍max

𝑘−1 ,
𝛼z𝜎𝑘 (𝑦, ‖𝑧‖), then invoking (J2) we can conclude 

that |𝑒(𝑡−𝑘 )| < 𝜂𝑘 implies ‖𝑧(𝑡+𝑘 )‖ ≤ 𝑍+
𝑘 . Similar as for the initial interval let 𝑌 min

𝑘 ∶=𝑌 r − 𝜓𝑘, 𝑌 max
𝑘 ∶= 𝑌 r + 𝜓𝑘,  where 𝜓𝑘 ∶=

max{𝐸𝑘, 𝜓d(𝑡𝑘)}; then |𝑒(𝑡)| < 𝜓(𝑡) implies 𝑦(𝑡) ∈ [𝑌 min
𝑘 , 𝑌 max

𝑘 ] on [𝑡𝑘, 𝑡𝑘+1). Consequently, we can estimate the bound 𝑍max
𝑘  for the 

internal dynamics on the interval [𝑡𝑘, 𝑡𝑘+1) by 

𝑍max
𝑘 ∶= max

𝑦∈[𝑌 min
𝑘 ,𝑌 max

𝑘 ], ‖𝑧‖≤𝑍+
𝑘

𝑏𝜎𝑘 (‖𝑧‖, |𝑦|). (21)

Algorithm 2 summarizes these steps.
Algorithm 2:  Determination of |𝑒(𝑡+𝑘 )| Upper Bound
Input : 𝑡𝑘, 𝑡𝑘, 𝜂𝑘, 𝜎𝑘, 𝑏m, 𝛼m, 𝛼zm for 𝑘 ∈ N, m ∈ 𝛴; 𝑡0, 𝑍+

0 , 𝑌
r , 𝑌 r , 𝜓d(𝑡).

Output: 𝐸𝑘, 𝑘 ∈ N.

Initialization: (i): Compute 𝑦(𝑡) bounds in [𝑡0, 𝑡1):

𝑌 max
0 (∗) = 𝑌 r + 𝜓d(𝑡0), 𝑌 min

0 (∗) = 𝑌 r − 𝜓d(𝑡0).

(ii): Compute ‖𝑧(𝑡−1 )‖ bounds:
𝑍max

0 (∗) = max
‖𝑧‖ ≤ 𝑍+

0 , 𝑦 ∈ [ 𝑌 min
0 (∗), 𝑌 max

0 (∗) ]
𝑏𝜎0 (‖𝑧‖, |𝑦|).

For 𝑘 = 1, 2, 3,…:

Step 1: Calculate |𝑒(𝑡+𝑘 )| bounds:

𝐶𝑘(𝑍max
𝑘−1 ,

∗ ) = sup
𝑦∈[−𝜂𝑘+𝑌 r ,𝜂𝑘+𝑌 r ] ‖𝑧‖≤𝑍max

𝑘−1

𝛼𝜎𝑘 (𝑦, ‖𝑧‖)

𝐸𝑘(𝑍max
𝑘−1 ,

∗ ) = 𝜂𝑘 + 𝐶𝑘(𝑍max
𝑘−1 ,

∗ )

Step 2: Compute ‖𝑧(𝑡+𝑘 )‖ bounds:

𝑍+
𝑘 (𝑍

max
𝑘−1 ,

∗ ) = sup
𝑦∈[−𝜂𝑘+𝑌 r ,𝜂𝑘+𝑌 r ] ‖𝑧‖≤𝑍max𝑘−1

𝛼z𝜎𝑘 (𝑦, ‖𝑧‖)

Step 3: Determine 𝜓(𝑡𝑘):

𝜓𝑘(𝑍max
𝑘−1 ,

∗ ) =

{

𝜓d(𝑡𝑘), 𝜓d(𝑡𝑘) ≥ 𝐸𝑘(𝑍max
𝑘−1 ,

∗ ),
𝐸𝑘(𝑍max

𝑘−1 ,
∗ ), otherwise.

Step 4: Compute 𝑦(𝑡) bounds in [𝑡𝑘, 𝑡𝑘+1):

𝑌 max
𝑘 (𝑍max

𝑘−1 ,
∗ ) = 𝑌 r + 𝜓𝑘(𝑍max

𝑘−1 ,
∗ )

𝑌 min
𝑘 (𝑍max

𝑘−1 ,
∗ ) = 𝑌 r − 𝜓𝑘(𝑍max

𝑘−1 ,
∗ ).

Step 5: Compute ‖𝑧(𝑡−𝑘+1)‖ bounds:

𝑍max
𝑘 (𝑍max

𝑘−1 ,
∗ ) = max

‖𝑧‖≤𝑍+
𝑘 (𝑍

max
𝑘−1 ,

∗)
𝑦∈[𝑌min𝑘 (𝑍max𝑘−1 ,

∗),𝑌max𝑘 (𝑍max𝑘−1 ,
∗)]

𝑏𝜎𝑘 (‖𝑧‖, |𝑦|)

Note: ∗ denotes all external variables, including 𝜂𝑘, 𝑌 r , 𝑌 r .

Remark 3.3.  In certain cases, the switching sequence may be unavailable. Nonetheless, it remains feasible to determine the adjusted 
funnel boundary. In these instances, instead of computing the supremum of the functions 𝑏𝜎𝑘 , 𝛼𝜎𝑘 , and 𝛼z𝜎𝑘  for the specific mode 𝜎𝑘
over the given domain, we must consider the worst-case scenario by taking the maximum over all modes. Formally, we define

𝑍max
𝑘 = max

m∈𝛴
max

𝑦∈[𝑌min
𝑘 , 𝑌max

𝑘 ]

‖𝑧‖≤𝑍+
𝑘

𝑏m(‖𝑧‖, |𝑦|), 𝐶𝑘 = max
m∈𝛴

sup
𝑦∈[−𝜂𝑘+𝑌 r , 𝜂𝑘+𝑌 r ]

‖𝑧‖≤𝑍max
𝑘−1

𝛼m(𝑦, ‖𝑧‖), 𝑍+
𝑘 = max

m∈𝛴
sup

𝑦∈[−𝜂𝑘+𝑌 r ,𝜂𝑘+𝑌 r ]
‖𝑧‖≤𝑍max

𝑘−1

𝛼𝑧m(𝑦, ‖𝑧‖).

3.4. Funnel control with adjusted boundaries

In this section we employ the adjusted funnel boundary 𝜓(𝑡), computed in Algorithms 1–2, to design a funnel controller tailored 
for impulsive switched systems. The main result is stated in the following theorem, followed by further discussion.
9 
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Theorem 3.4.  Consider the system described in (1) under Assumptions (S1)–(S4), with jump bounds specified by Assumption (J2), and 
a reference output 𝑦r (𝑡) satisfying Assumption (P3). Let the adjusted funnel boundary 𝜓(𝑡) be computed using Algorithms 1–2, which rely 
on the desired funnel 𝜓d(𝑡) from Assumption (P1), the jump windows from Assumption (J1), and the constants 𝜂𝑘 defined in (15). Then 
the classical funnel controller

𝑢(𝑡) = −𝑘(𝑡)𝑒(𝑡), 𝑘(𝑡) = 1
𝜓(𝑡) − |𝑒(𝑡)|

, 𝑒(𝑡) = 𝑦(𝑡) − 𝑦r (𝑡),

ensures that the tracking error satisfies |𝑒(𝑡)| < 𝜓(𝑡), ∀𝑡 ∈ [𝑡0,∞), provided that the initial error satisfies |𝑒(𝑡0)| < 𝜓d(𝑡0).

Proof.  We proceed by induction on 𝑘. For the base case on [𝑡0, 𝑡1), the assumption |𝑒(𝑡0)| < 𝜓d(𝑡0) = 𝜓(𝑡0) and Lemma  2.2 imply 
that, under the classical funnel controller with the adjusted funnel 𝜓 , the error remains within 𝜓 for all 𝑡 ∈ [𝑡0, 𝑡1); in particular, 
𝑒(𝑡−1 ) is well defined and satisfies |𝑒(𝑡−1 )| < 𝜂1. For the induction step, assume |𝑒(𝑡−𝑘 )| < 𝜂𝑘 ≤ 𝜓(𝑡𝑘). By the construction in the previous 
section, the post-jump bound satisfies |𝑒(𝑡+𝑘 )| < 𝐸𝑘 ≤ 𝜓(𝑡𝑘). Applying Lemma  2.2 on [𝑡𝑘, 𝑡𝑘+1) with initial condition |𝑒(𝑡+𝑘 )| < 𝜓(𝑡𝑘)
yields |𝑒(𝑡)| < 𝜓(𝑡) for all 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1). In particular, just before the next jump we have |𝑒(𝑡−𝑘+1)| < 𝜂𝑘+1 ≤ 𝜓(𝑡𝑘+1). This completes the 
induction. □

Remark 3.5.  The proposed method can be extended easily to the case that the error jump is (additionally) induced by jumps in 
the reference signal, provided that their bounds are known. The error jump bound in (20) has then to be replaced by |𝑒+𝑘 − 𝑒−𝑘 | ≤
𝛼𝜎𝑘 (𝑦(𝑡

−
𝑘 ), 𝑧(𝑡

−
𝑘 )) + 𝛼

r
𝜎𝑘
, where 𝛼r𝜎𝑘  represents the known bounds on reference signal jumps; the calculation of 𝐶𝑘 can then easily be 

adjusted accordingly.

Remark 3.6.  One of the primary features of the proposed controller is that during the continuous evolution of the system, i.e., over 
the interval [𝑡𝑘, 𝑡𝑘+1), various types of funnel controllers can be employed. This includes advanced variants that limit the derivative 
of the error [32] or which employ some additional machine learning methods [33].

4. Control input analysis

Theorem  3.4 guarantees that the tracking error remains within the adjusted funnel 𝜓(𝑡), even in the presence of jumps, and that 
the funnel level does not blow up in finite time. However, it does not ensure boundedness as 𝑡→ ∞.

For example, in the introductory case with 𝜇 = 0.3, applying Algorithms 1–2 (with appropriate bounds on 𝑧(𝑡) and 𝑦(𝑡+𝑘 )) yields 
an adjusted funnel 𝜓(𝑡) that diverges. In general, as the funnel level grows without bound, the control input required to return the 
error to the desired funnel may also become unbounded.

To address this issue, we first provide sufficient conditions that ensure boundedness of the adjusted funnel, formalized in a 
theorem. Using these results, we then derive an explicit quantitative bound on the control input and conclude the section with a 
numerical example.

4.1. Sufficient conditions for bounded control input

As shown in Algorithm 2, the post-jump error 𝐶𝑘 depends on the internal states bound 𝑍max
𝑘  and on external quantities (bounds 

of 𝑦r (𝑡) and 𝜂𝑘), which are assumed bounded; hence, boundedness of the post-jump error — and hence of the input — as 𝑡 → ∞
reduces to establishing boundedness of the internal state, as formalized in the following lemma.

Lemma 4.1.  The adjusted funnel computed via Algorithms 1 and 2 remains bounded if the sequence {𝑍max
𝑘 }∞𝑘=0 from Step 5 of Algorithm 

2 is uniformly bounded by some 𝑀z ≥ 0, i.e., 𝑍max
𝑘 ≤𝑀z for all 𝑘 ∈ N.

Proof.  We first show that the sequence 𝐶𝑘 of upper bounds on |𝑒(𝑡+𝑘 ) − 𝑒(𝑡−𝑘 )| is uniformly bounded. In fact, with 𝑀c ∶=
sup
m∈𝛴

sup
𝑦∈[−𝜂max+𝑌 r ,𝜂max+𝑌 r ], ‖𝑧‖≤𝑀z

𝛼m(𝑦, ‖𝑧‖), we immediately see from Step 1 of Algorithm 2 together with 𝑍max
𝑘 ≤ 𝑀z, 𝜂𝑘 ≤ 𝜂max and 

𝑌 r ≤ 𝑦r (𝑡) ≤ 𝑌 r that 𝐶𝑘 ≤ 𝑀𝑐 . Altogether, we then have 𝜓(𝑡) ≤ max{𝜓d(𝑡),𝑀𝑐 + 𝜂max}, ∀𝑡 ≥ 𝑡0, due to the monotonicity assumption 
of the connecting function 𝑐; boundedness of 𝜓 now follows from the boundedness of 𝜓d. □

In view of Lemma  4.1, we now present conditions under which the sequence 𝑍max
𝑘  remains bounded. Towards this goal, introduce 

the mapping 𝛷Bm ∶ R≥0 → R≥0, as follows: 

𝛷Bm(𝑧) ∶= max
𝑌 r∈[𝑌 r ,𝑌 r ]

𝑏m
(

𝛼𝑧,supm (𝑌 r , 𝑧), 𝑌 r
max + max{𝜂max + 𝛼

sup
m (𝑌 r , 𝑧), 𝜓d(𝑡0)}

)

(22)

where, 
𝛼supm (𝑌 r , 𝑧) ∶= sup

𝑦∈[−𝜂max−𝑌 r ,𝜂max+𝑌 r ]
𝛼m(𝑦, ‖𝑧‖), 𝛼𝑧,supm (𝑌 r , 𝑧) ∶= sup

𝑦∈[−𝜂max−𝑌 r ,𝜂max+𝑌 r ]
𝛼zm(𝑦, ‖𝑧‖). (23)

It is easy to see that 𝑍max
𝑘 ≤ 𝛷B

𝜎𝑘
(𝑍max

𝑘−1 ). Unlike 𝑍max
𝑘 (𝑍max

𝑘−1 , 𝜂𝑘, 𝑌
𝑟, 𝑌

𝑟
) (Algorithm 2, Step 5), the function 𝛷B

𝜎 (𝑧) depends only on 
𝑧. Hence, to verify the assumption of Lemma  4.1, it suffices to study the asymptotic behavior of the nonlinear discrete-time system 

𝑧 = 𝛷B (𝑧 ), 𝑧 = 𝑍max. (24)
𝑘+1 𝜎𝑘+1 𝑘 0 0

10 
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To analyze the asymptotic behavior of (24) more precisely, it is useful to characterize structural properties of the map 𝛷B. For this 
purpose, we introduce the notions of affine-boundedness and affine-contractiveness, formalized in the following definition.

Definition 4.2.  Let 𝑍1,… , 𝑍𝑛,𝑊  be normed vector spaces. A function 𝑇 ∶ 𝑍1 ×⋯ ×𝑍𝑛 → 𝑊  is said to be (𝝀, 𝐿)-affine-bounded on 
a subset 𝐷 ⊆ 𝑍1 ×⋯ ×𝑍𝑛 if there exist constants 𝜆1,… , 𝜆𝑛 ≥ 0 and 𝐿 ≥ 0 such that, for all (𝑧1,… , 𝑧𝑛) ∈ 𝑍1 ×⋯ ×𝑍𝑛,

‖𝑇 (𝑧1,… , 𝑧𝑛)‖𝑊 ≤
𝑛
∑

𝑖=1
𝜆𝑖‖𝑧𝑖‖𝑍𝑖 + 𝐿.

Here, 𝝀 = (𝜆1,… , 𝜆𝑛) ∈ R𝑛≥0. In the special case where 𝑛 = 1, and 𝑇 ∶ 𝑍1 → 𝑊  with 𝑍1 ⊆ 𝑊 , if 𝜆1 < 1, then 𝑇  is said to be
affine-contractive.

This definition characterizes maps with controlled growth. The (𝝀, 𝐿)-affine-bounded condition ensures that the norm of the 
output of a function 𝑇 (𝑧1,… , 𝑧𝑛) is bounded above by an affine combination of the input norms, ‖𝑧𝑖‖. The following lemma shows 
that this class is closed under composition.

Lemma 4.3.  Let 𝑋 and 𝑍1,… , 𝑍𝑛,𝑊  be normed vector spaces. For each 𝑖 = 1,… , 𝑛, let 𝛼𝑖 ∶ 𝑋 → 𝑍𝑖 be (𝜇𝑖,𝑀𝑖)-affine-bounded 
on a subset 𝐸𝑖 ⊆ 𝑋. Let 𝑏 ∶ 𝑍1 × ⋯ × 𝑍𝑛 → 𝑊  be (𝝀, 𝐿)-affine-bounded on a subset 𝐷 ⊆ 𝑍1 × ⋯ × 𝑍𝑛. Define the shared domain 
𝐷̃ ∶=

{

𝑧 ∈ 𝐸1 ∩⋯ ∩ 𝐸𝑛 ∶ (𝛼1(𝑧),… , 𝛼𝑛(𝑧)) ∈ 𝐷
}

. Then the composition 𝑇 (𝑧) ∶= 𝑏
(

𝛼1(𝑧),… , 𝛼𝑛(𝑧)
) defines a function 𝑇 ∶ 𝐷̃ → 𝑊 , and 

𝑇  is (𝜆′, 𝐿′)-affine-bounded on 𝐷̃, where

𝜆′ ∶=
𝑛
∑

𝑖=1
𝜆𝑖𝜇𝑖, 𝐿′ ∶=

𝑛
∑

𝑖=1
𝜆𝑖𝑀𝑖 + 𝐿.

That is, for all 𝑧 ∈ 𝐷̃, ‖𝑇 (𝑧)‖𝑊 ≤ 𝜆′‖𝑧‖𝑋 + 𝐿′.

Proof.  Let 𝑧 ∈ 𝐷̃. Then 𝑧 ∈ 𝐸𝑖 for all 𝑖, and (𝛼1(𝑧),… , 𝛼𝑛(𝑧)) ∈ 𝐷. Since each 𝛼𝑖 is affine-bounded on 𝐸𝑖, we have ‖𝛼𝑖(𝑧)‖𝑍𝑖 ≤
𝜇𝑖‖𝑧‖𝑋 +𝑀𝑖. Applying the affine bound for 𝑏, we get

‖𝑇 (𝑧)‖𝑊 = ‖

‖

𝑏(𝛼1(𝑧),… , 𝛼𝑛(𝑧))‖‖𝑊 ≤
𝑛
∑

𝑖=1
𝜆𝑖‖𝛼𝑖(𝑧)‖𝑍𝑖 + 𝐿 ≤

𝑛
∑

𝑖=1
𝜆𝑖(𝜇𝑖‖𝑧‖𝑋 +𝑀𝑖) + 𝐿 =

( 𝑛
∑

𝑖=1
𝜆𝑖𝜇𝑖

)

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
=𝜆′

‖𝑧‖𝑋 +

( 𝑛
∑

𝑖=1
𝜆𝑖𝑀𝑖 + 𝐿

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=𝐿′

.

Therefore, 𝑇  is (𝜆′, 𝐿′)-affine-bounded on 𝐷̃. □

Next, we apply Lemma  4.3 to our setting and show that if 𝛼supm , 𝛼z,supm  and 𝑏m are affine-bounded, then so is 𝛷B.
Fix 𝑌 𝑟 ∈ [𝑌 𝑟, 𝑌

𝑟
]. Let 𝛼1(𝑧) = 𝛼z,supm (𝑌 𝑟, 𝑧), 𝛼2(𝑧) = 𝑌 𝑟max + max{𝜂max + 𝛼supm (𝑌 𝑟, 𝑧), 𝜓d(𝑡0)}, each (𝜇𝑖,𝑀𝑖)-affine-bounded on 

𝐸1, 𝐸2. If 𝑏m ∶ 𝑍 × 𝑍 → 𝑍 is (𝜆1, 𝜆2;𝐿)-affine-bounded on 𝐷m, set 𝐷̃m = {𝑧 ∈ 𝐸1 ∩ 𝐸2 ∶ (𝛼1(𝑧), 𝛼2(𝑧)) ∈ 𝐷m}. By Lemma  4.3, 
‖𝑏m(𝛼1(𝑧), 𝛼2(𝑧))‖ ≤ 𝜆′𝑖‖𝑧‖ + 𝐿

′
𝑖 , (𝑖 = 1, 2) where

𝜆′1 = 𝜆1𝜇1 + 𝜆2𝜇2, 𝐿′
1 = 𝜆1𝑀1 + 𝜆2(𝑌 𝑟max + 𝜂max +𝑀2) + 𝐿, 𝜆′2 = 𝜆1𝜇1, 𝐿′

2 = 𝜆1𝑀1 + 𝜆2(𝑌 𝑟max + 𝜓
d(𝑡0)) + 𝐿.

Hence with 𝜆′ = max𝑖 𝜆′𝑖 , 𝐿′ = max𝑖 𝐿′
𝑖 , one gets ‖𝑏m(𝛼1(𝑧), 𝛼2(𝑧))‖ ≤ 𝜆′‖𝑧‖+𝐿′, ∀𝑧 ∈ 𝐷̃m. Since everything is uniform in 𝑌 𝑟, the same 

𝜆′, 𝐿′ work when taking sup𝑌 𝑟∈[𝑌 𝑟 ,𝑌 𝑟]. Therefore, the function 𝛷B
m(𝑧) is (𝜆′, 𝐿′)-affine-bounded on 𝐷̃m.

It is important to note that Lemma  4.3 provides only a sufficient condition for affine-boundedness. In particular, there may exist 
cases where the functions 𝛼 or 𝛼z exhibit superlinear growth in 𝑧, yet their composition with 𝑏 results in a function 𝛷B that is 
affine-bounded.

The following theorem provides sufficient conditions for the boundedness of the adjusted funnel boundary using the 𝛷B
m maps.

Theorem 4.4.  Consider the system described by (1), subject to Assumptions (S1)–(S4), with jump bounds given by Assumption (J2), 
and a reference output 𝑦r (𝑡) satisfying Assumption (P3). Each mode m is associated with a map 𝛷Bm ∶ R≥0 → R≥0, defined in (22). The 
classification of each mode depends on the properties of its corresponding 𝛷Bm map, which is (𝜆m, 𝐿m)-affine-bounded over 

m ∶=
⋃

𝑘∶𝛷B
𝜎𝑘+1

=𝛷 Bm

{

𝛷B𝜎𝑘◦⋯◦𝛷B𝜎2◦𝛷
B
𝜎1
(𝑍max

0 )
}

, (25)

where 𝑍max
0  is defined in (19).

Let the adjusted funnel boundary 𝜓(𝑡) be computed using Algorithms 1–2, which depend on the desired funnel 𝜓d(𝑡) from Assumption
(P1), the jump windows from Assumption (J1), and the constants 𝜂𝑘 from (15).

A sufficient condition for the boundedness of the adjusted funnel is that there exist constants 𝑀𝜆 ≥ 0 and 𝑀L ≥ 0, independent of  𝑘, 
such that for all 𝑘 ∈ N:

𝑘
∏

𝜆𝜎𝑖 ≤𝑀𝜆, (26)

𝑖=1

11 
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𝑘
∑

𝑗=1

( 𝑘
∏

𝑖=𝑗+1
𝜆𝜎𝑖

)

𝐿𝜎𝑗 ≤𝑀L. (27)

Under these conditions, an upper bound on the jump heights is given by: 

𝑀c = max
m∈𝛴

sup
𝑦∈[−𝜂max+𝑌 r ,𝜂max+𝑌 r ], ‖𝑧‖≤𝑀 z

𝛼m(𝑦, ‖𝑧‖), (28)

where 𝑀z is given by: 

𝑀z =𝑀𝜆𝑍
max
0 +𝑀L, (29)

Proof.  As shown in Lemma  4.1, the boundedness of {𝐶𝑘}∞𝑘=1 ensures the boundedness of 𝜓(𝑡), and by the same lemma, the 
boundedness of {𝑍max

𝑘 }∞𝑘=0 implies the boundedness of {𝐶𝑘}∞𝑘=1.
The set m represents the union of all domains reached just before each occurrence of mode m, as dictated by the mode sequence 

𝜎𝑘, thereby covering every possible pre-𝑚 state of 𝛷Bm.
We observed that 𝑍max

𝑘 ≤ 𝛷B𝜎𝑘 (𝑍
max
𝑘−1 ), leading to the recursive inequality: 

𝑍max
𝑘 ≤ 𝜆𝜎𝑘𝑍

max
𝑘−1 + 𝐿𝜎𝑘 . (30)

Expanding this recursively yields: 

𝑍max
𝑘 ≤

( 𝑘
∏

𝑖=1
𝜆𝜎𝑖

)

𝑍max
0 +

𝑘
∑

𝑗=1

( 𝑘
∏

𝑖=𝑗+1
𝜆𝜎𝑖

)

𝐿𝜎𝑗 , (31)

From (31), the boundedness of the first term by 𝑀𝜆 (as in (26)) and the second term by 𝑀L (as in (27)) ensures that 𝑍max
𝑘

remains bounded. Thus, an upper bound for 𝑍max
𝑘  is given by: 𝑍max

𝑘 ≤𝑀𝜆𝑍max
0 +𝑀L ∶=𝑀z, ∀𝑘 ∈ N.

Finally, we determine the upper bound for the jump heights by maximizing the supremum of 𝛼m across all modes. The error 
before each jump satisfies: −𝜂𝑘 + 𝑌 r < 𝑦(𝑡−𝑘 ) < 𝜂𝑘 + 𝑌

r , which implies: −𝜂max + 𝑌 r < 𝑦(𝑡−𝑘 ) < 𝜂max + 𝑌 r , ∀𝑘 ∈ N.
Hence, the largest feasible input domain for all 𝛼m functions is: [−𝜂max +𝑌 r , 𝜂max +𝑌 r ] × [0,𝑀z]. Evaluating 𝛼m for all m ∈ 𝛴 over 

this domain and taking the maximum yields the bound in (28). □

Remark 4.5.  There are alternative methods to directly verifying the boundedness of the series in Eq.  (27). One approach is to 
define the following sequences [34]:

𝑃 𝑘𝜆 ∶=

{ 𝑘
∏

𝑖=𝑗+1
𝜆𝜎𝑖

}𝑘−1

𝑗=1

, 𝑃 𝑘𝐿 ∶= {𝐿𝜎𝑗 }
𝑘
𝑗=1, 𝑃 𝑘

𝜆2
∶=

⎧

⎪

⎨

⎪

⎩

( 𝑘
∏

𝑖=𝑗+1
𝜆𝜎𝑖

)2⎫
⎪

⎬

⎪

⎭

𝑘−1

𝑗=1

, 𝑃 𝑘
𝐿2 ∶= {𝐿2

𝜎𝑗
}𝑘𝑗=1.

If any of the following conditions hold, the series in Eq.  (27) is bounded:
(a) ∑

𝑃 𝑘𝐿 is bounded.
(b) ∑

𝑃 𝑘𝜆  is bounded.
(c) Both ∑𝑃 𝑘

𝜆2
 and ∑𝑃 𝑘

𝐿2  are bounded.
There are certain scenarios where the boundedness of the adjusted funnel can be more readily determined based on the properties 

of the 𝛷Bm maps or the characteristics of the switching signal. These scenarios are outlined in the following corollary.

Corollary 4.6.  (1) If all modes are affine-contractive, the adjusted funnel remains bounded regardless of the switching signal. This follows 
from the fact that (26) is bounded since all 𝜆𝑖 < 1. Furthermore, ∑𝑃 𝑘𝜆  in Remark  4.5 is also bounded. Considering the largest contraction 
factor, max𝑚∈𝛴 𝜆𝑚, instead of all individual 𝜆𝑖, the sequence forms a geometric series with a ratio less than 1. Consequently, by Remark  4.5, 
the series in (27) remains bounded.

(2) If 𝐿m = 0, ∀m ∈ 𝛴, the mere condition of boundedness of ∏∞
𝑘=1 𝜆𝑘 is sufficient to ensure the boundedness of the adjusted funnel. In 

this case, 𝑀L = 0.
(3) If the switching signal becomes periodic from the 𝑘th jump, define:  = {𝜎𝑘, 𝜎𝑘+1,… , 𝜎𝑘+𝑇 } where 𝑇  denotes the period length, and 

let [𝑖] ∶= 𝜎𝑘+𝑖−1. If 
∏𝑇

𝑖=1 𝜆[𝑖] < 1, then the adjusted funnel remains bounded. In this case, 𝑀L can be computed as: 𝑀L = 𝑁𝜆𝐿
1−𝑃𝜆

, where

𝑁𝜆𝐿 = max
𝑠∈{1,…,𝑇−1}

𝑠−1
∑

𝑗=1

( 𝑠
∏

𝑖=𝑗+1
𝜆[𝑖]

)

𝐿[𝑗] + 𝐿[𝑠] +
𝑇
∑

𝑗=𝑠+1

( 𝑇−1
∏

𝑖=𝑗−𝑠
𝜆[𝑎𝑖]

)

𝐿[𝑗], 𝑎𝑖 =

{

𝑠 − 𝑖 + 1, 𝑖 ≤ 𝑠,
𝑇 − (𝑖 − 𝑠 − 1), 𝑖 > 𝑠.

and

𝑃𝜆 =
𝑇
∏

𝜆[𝑖].

𝑖=1

12 
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which holds for 𝑡 > 𝑡+𝑘 .
(4) Consider the special case of a system with two modes, labeled as m1 and m2. If 𝜆1𝜆2 < 1, then the adjusted funnel is bounded. In 

this case, 𝑀L is given by: 𝑀L = max
(

𝐿1+𝜆1𝐿2
1−𝜆1𝜆2

, 𝐿2+𝜆2𝐿1
1−𝜆1𝜆2

)

Remark 4.7.  For a single-mode system with a (𝜆, 𝐿)-affine-contractive 𝛷B, the adjusted funnel remains bounded. In this case, 
∏𝑘

𝑖=1 𝜆𝜎𝑖 = 𝜆𝑘 < 1, implying 𝑀𝜆 = 1. The constant 𝑀L can be calculated as: 𝑀L =
∑𝑘
𝑗=1 𝜆

𝑘−𝑗𝐿 = 𝐿
1−𝜆 . Consequently, 𝑀z simplifies 

to: 𝑀z = 𝑍max
0 + 𝐿

1−𝜆 .

Remark 4.8.  Even if the internal state dynamics are not stable, as long as the 𝛷B maps are either affine-bounded or affine-contractive 
and the conditions of Theorem  4.4 are satisfied, we can still conclude that the adjusted funnel remains bounded over time. In fact, 
in such cases, the jumps in the internal states and/or output may actually help prevent the internal states from growing unbounded.

Remark 4.9.  Consider the class of dynamical systems described by (1), whose state trajectories (𝑦(𝑡), 𝑧(𝑡)) satisfy the inequalities (9), 
(10), and (11). Given the jump windows 𝑘 for all 𝑘 ∈ N and the initial set 𝑍0, if the conditions of Theorem  4.4 are satisfied, then 
the adjusted funnel boundary 𝜓(𝑡), computed by Algorithms 1–2, remains invariant under the system dynamics. In other words, 𝜓(𝑡)
is independent of any particular realization within the admissible class of systems.

4.2. Quantitative bounds on the control input

Having established the sufficient conditions for maintaining a bounded adjusted funnel, we now focus on determining a bound 
on the control input required to restore the error to the desired funnel.

To derive a quantitative bound for the control input, we require bounds on 𝑓m and 𝑔m. We assume that for each m ∈ 𝛴 there 
exist known functions 𝑓

m
, 𝑓m, 𝑔m (with 𝑔

m
> 0) such that, for all admissible (𝑦, 𝑧), 

𝑓
m
(𝑦, ‖𝑧‖) ≤ 𝑓m(𝑦, 𝑧) ≤ 𝑓m(𝑦, ‖𝑧‖),

0 < 𝑔
m
(𝑦, ‖𝑧‖) ≤ 𝑔m(𝑦, 𝑧).

(32)

where 𝑓
m
, 𝑓m,  and 𝑔m are assumed to be continuous functions, which may not necessarily represent the tightest possible bounds 

for 𝑓m and 𝑔m.
If no information is available about these bounds, then as long as the conditions of Theorem  4.4 are satisfied, we can still 

conclude whether the adjusted funnel remains bounded. However, it is not possible to derive a quantitative upper bound for the 
control input.

Proposition 4.10.  Assume the hypotheses of Theorem  4.4 and the bounds (32) on 𝑓m and 𝑔m. Let the adjusted funnel boundary 
𝜓(𝑡) be constructed by Algorithms 1–2. Then the feedback input remains uniformly bounded: |𝑢(𝑡)| ≤ 𝑈max, ∀ 𝑡 ≥ 𝑡0, where 𝑈max ∶=
max

{

|𝑢min
|, |𝑢max

|

}

, with 

𝑢min ∶=
𝜃 − 𝐹max + 𝑑𝑌 r

𝐺min
, 𝑢max ∶= 𝜃 − 𝐹min + 𝑑𝑌 r

𝐺min
. (33)

The constants 𝐹min, 𝐹max, and 𝐺min are defined by:
𝐹min = min

m∈𝛴
min

‖𝑧‖≤𝑀z
𝑦∈[−𝐸max+𝑌 r , 𝐸max+𝑌 r ]

𝑓
m
(𝑦, 𝑧),

𝐹max = max
m∈𝛴

max
‖𝑧‖≤𝑀z

𝑦∈[−𝐸max+𝑌 r , 𝐸max+𝑌 r ]

𝑓m(𝑦, 𝑧), (34)

𝐺min = min
m∈𝛴

min
‖𝑧‖≤𝑀z

𝑦∈[−𝐸max+𝑌 r , 𝐸max+𝑌 r ]

𝑔
m
(𝑦, 𝑧).

Here, 𝑀z is given by (29), and 𝐸max ∶= max
{

𝜂max +𝑀𝑐 , 𝜓d(0)
}

, with 𝑀𝑐 defined in (28). The reference bounds 𝑑𝑌 r , 𝑑𝑌 r are from (13).
Also, the slope bounds 𝜃, 𝜃 are defined as: 

𝜃 = min
{

𝑀cf , −𝑑𝜓d
}

, 𝜃 = −𝜃, (35)

where 𝑀cf ∶= inf𝑘 inf 𝑡∈[0, 𝜏s∕2] 𝑐̇𝑘(𝑡), with 𝑐𝑘 denoting the connecting function from (17), defined on the interval [𝑡𝑘, 𝑡𝑘 + 𝜏s∕2]. Moreover, 
𝑑𝜓d is as specified in Assumption (P1).

Proof.  From the system dynamics, the output evolves as 𝑦̇ = 𝑓𝜎(𝑡)(𝑦, 𝑧) + 𝑔𝜎(𝑡)(𝑦, 𝑧)𝑢. For the tracking error 𝑒 ∶= 𝑦 − 𝑦r , we have 
𝑒̇ = 𝑓𝜎(𝑡)(𝑦, 𝑧) + 𝑔𝜎(𝑡)(𝑦, 𝑧)𝑢 − 𝑦̇r . Since 𝑓m

, 𝑓m and 𝑔
m
 are continuous and the domain [−𝐸max + 𝑌 r , 𝐸max + 𝑌 r ] × {𝑧 ∶ ‖𝑧‖ ≤ 𝑀z} is 

compact, the extrema in (34) are well-defined. Therefore, 𝑒̇ ≤ 𝐹max + 𝐺min𝑢 − 𝑑𝑌 r , 𝑒̇ ≥ 𝐹min + 𝐺min𝑢 − 𝑑𝑌 r .
To ensure the error remains within the funnel during recovery, Lemma  2.2 requires 𝜃 ≤ 𝑒̇ ≤ 𝜃 over every window [𝑡 , 𝑡 + 𝜏 ∕2].
𝑘 𝑘 s
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(a) Only Mode 1.

  
(b) Only Mode 2.

 

Fig. 4. ‖𝑧(𝑡)‖ upper bound in the system of Example  1 for one mode scenarios.

As stated in (35), 𝜃 — defined as the smaller of the desired funnel’s initial derivative and the minimum slope of all connector 
functions — represents the lower bound of 𝜓̇(𝑡). Since the error must remain between 𝜃 and 𝜃, we substitute (35) into the inequality 
bounds on 𝑒̇ to obtain the expressions for 𝑢min and 𝑢max in (33). Taking the larger of their absolute values then gives the global input 
bound 𝑈max. □

Remark 4.11.  There is a strong interrelation between the dwell time 𝜏𝑠 and the input bound 𝑈max. In fact, given 𝑈max, the bounds 
𝜃 = 𝑈max𝐺min +𝐹max − 𝑑𝑌 r , 𝜃 = 𝑈max𝐺min +𝐹min − 𝑑𝑌 r yield the admissible slope 𝜃adm ∶= max

(

|𝜃|, |𝜃|, 𝑑𝜓𝑑
)

. For the chosen template 
𝜌 in (17) (assumed to be monotonically increasing), the connecting functions satisfy

𝑐̇𝑘(𝑡) =
2
(

𝜓d(𝑡𝑘 +
𝜏s
2 ) − 𝐸𝑘

)

𝜏s
𝜌̇(⋅) ≥ 2

𝜏s
𝑀𝜌

(

𝜓d − 𝐸max
)

,

with 𝑀𝜌 ∶= sup𝑘max𝑡∈[0,1] 𝜌̇𝑘(𝑡), which exists since 𝜌 ∈ 𝐶1([0, 1]). Considering 𝜃adm for 𝑐̇𝑘 as the maximum magnitude of the slope of 

the connecting fucntions, a lower bound for 𝜏𝑠 which respects the input bound 𝑈max can be found as 𝜏s ≥
2
|

|

|

𝜓d−𝐸max|
|

|

𝑀𝜌

𝜃adm
. If 𝜏𝑠 is 

given, we can reverse the above analysis to obtain a sufficient bound for 𝑈max.

4.3. Numerical example: BIBO internal states

Example 1.  Consider the following academic impulsive switched system with two modes: Mode 1 has dimension 𝑛1 = 2, and Mode 2 
has dimension 𝑛2 = 3 (see Remark  3.1).

Mode 1
𝑦̇(𝑡) = 2𝑧(𝑡)𝑦(𝑡) − 0.2𝑦(𝑡) + 0.6𝑢(𝑡), 𝑡 ≠ 𝑡𝑘,

𝑦(𝑡+𝑘 ) = 1.3𝑦(𝑡−𝑘 ) + 1.4‖𝑧(𝑡−𝑘 )‖, 𝑡 = 𝑡𝑘,

𝑧̇(𝑡) = −2𝑧(𝑡) +
√

|𝑦(𝑡)|, 𝑡 ≠ 𝑡𝑘,

𝑧(𝑡+𝑘 ) = 𝑧2(𝑡−𝑘 )∕(1 + |𝑧2(𝑡−𝑘 )|), 𝑡 = 𝑡𝑘.

Mode 2
𝑦̇(𝑡) = 𝑧1(𝑡) + 𝑦(𝑡) + 𝑢(𝑡), 𝑡 ≠ 𝑡𝑘,

𝑦(𝑡+𝑘 ) = 0.6𝑦(𝑡−𝑘 )|𝑧(𝑡
−
𝑘 )| + 𝑦(𝑡

−
𝑘 ), 𝑡 = 𝑡𝑘,

𝑧̇1(𝑡) = −2𝑧1(𝑡) + 2𝑧2(𝑡), 𝑡 ≠ 𝑡𝑘,

𝑧̇2(𝑡) = −2𝑧1(𝑡) − 2𝑧2(𝑡) +
3
√

𝑦(𝑡), 𝑡 ≠ 𝑡𝑘,

𝑧1(𝑡+𝑘 ) = 𝑧(𝑡−𝑘 ), 𝑡 = 𝑡𝑘,

𝑧2(𝑡+𝑘 ) = 2𝑧(𝑡−𝑘 ), 𝑡 = 𝑡𝑘.

The initial conditions are 𝑦(0) = 0.9 and 𝑧(0) = [0.1, 0.8]𝑇 . The following are the corresponding bounds for each mode. 
Mode 1

𝑏1 = ‖𝑧(𝑡+𝑘 )‖ + 0.5‖𝑦[𝑡𝑘 ,𝑡𝑘+1)‖
1
2
∞,

𝛼1 = 0.3|𝑦(𝑡−𝑘 )| + 1.4‖𝑧(𝑡−𝑘 )‖, 𝛼
z
1 = 1,

𝑓 1 = −𝑓
1
= 2|𝑧(𝑡)||𝑦(𝑡)| + 0.2|𝑦(𝑡)|, 𝑔

1
= 0.4.

Mode 2

𝑏2 = ‖𝑧(𝑡+𝑘 )‖ + 0.5‖𝑦[𝑡𝑘 ,𝑡𝑘+1)‖
1
3
∞,

𝛼2 = 0.6|𝑦(𝑡−𝑘 )|‖𝑧(𝑡
−
𝑘 )‖, 𝛼

z
2 = 2.25‖𝑧(𝑡−𝑘 )‖,

𝑓 2 = −𝑓
2
= ‖𝑧(𝑡)‖ + |𝑦(𝑡)|, 𝑔

2
= 1.

(36)

Also, ‖𝑧(0)‖ is initially within the range [0.75, 0.85]. The system begins in Mode 2 at 𝑡0 = 0, following a repeating mode sequence 
of {2, 1, 2, 1,…} in subsequent intervals. The onset of the jump intervals occurs every five seconds, with their lengths and exact 
jump instance determined randomly.

The desired funnel is defined as 𝜓d(𝑡) = 𝑒−0.05𝑡 + 0.1 and 𝑦r (𝑡) = 0.5 + 0.5 sin(𝑡). Additionally, 𝜂(𝑡𝑘) = 1
2𝜓

d(𝑡𝑘) and 𝜏s = 1.
To proceed, we compute 𝛷B for both modes. Utilizing Eq. (22), we derive the following expressions, given that 𝜂max = 𝜂1 =

1
2𝜓

d(𝑡1) = 0.42, 𝑌 r = 0, 𝑌 r = 1,  and 𝑌 r
max = 1.

𝛷𝐵(𝑧) = 1 + 0.5
(

max{1.3𝜂 + 0.3𝑌 r + 1.4𝑧, 1.1} + 𝑌 r
)

1
2 ≤ 1 + 0.5

( 1 max{1.3 × 0.42 + 0.3 + 1.4𝑧, 1.1} + 1
)

≤ 0.35𝑧 + 1.78.
1 max max 2
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Fig. 5. Evolution of ‖𝑧(𝑡)‖ and its upper bound in Example  1 with 
both modes active.

 
Fig. 6. Computed adjusted funnel boundary and the actual error 
development for Example  1.

Hence, 𝛷𝐵
1 (𝑧) is affine-contractive. To demonstrate this, we compute the upper bound on ‖𝑧(𝑡)‖ assuming only Mode 1 is active, 

following Algorithm 2. The resulting values are illustrated in Fig.  4(a). For mode 2, we have,

𝛷B2 (𝑧)=2.25𝑧 + 0.5
(

max{𝜂max + 0.6(𝜂max + 𝑌 r )𝑧, 1.1} + 𝑌 r
max

)
1
3 ≤2.25𝑧 + 0.5

( 1
3
max{0.42 + 0.6(0.42 + 1)𝑧, 1.1}+1

)

≤ 2.39𝑧 + 0.68.

Therefore, mode 2 is affine-bounded but not contractive. In Fig.  4(b), the 𝑍max
𝑘  sequence is depicted for the case where only Mode 

2 is active.
The multi-mode system incorporating modes 1 and 2 is characterized by a joint parameter 𝑀𝜆 = 𝜆1𝜆2 = 0.35 × 2.39 = 0.84 < 1.

According to Corollary  4.6, the system guarantees a bounded 𝑍max
𝑘 , ensuring a bounded jump sequence, and adjusted funnel.

The procedure for computing 𝐸𝑘 is given in Eq. (37). Figs.  5 and 6 illustrate the upper bound on ‖𝑧(𝑡)‖, along with the adjusted 
funnel boundary and the evolution of the error within it.

Initial conditions: 𝑍+
0 = 0.85. Initialization:

𝑌 max0 = 1 + 1.1 = 2.1, 𝑌 min0 = 0 − 1.1 = −1.1, 𝑍max
0 = 0.85 + 0.5(max(|2.1|, | − 1.1|))

1
3 = 1.49.

For 𝑘 = 1, 2, 3,…: 

𝐶𝑘 =

{

0.3(𝜂𝑘 + 1) + 1.4𝑍max
𝑘−1 , 𝜎𝑘 = 1,

0.6(𝜂𝑘 + 1)𝑍max
𝑘−1 , 𝜎𝑘 = 2,

, 𝐸𝑘 = 𝜂𝑘 + 𝐶𝑘, 𝜓𝑘 =

{

𝐸𝑘, 𝑒−0.05𝑡𝑘 + 0.1 < 𝐸𝑘,
𝑒−0.05𝑡𝑘 + 0.1, otherwise,

(37)

𝑌 max𝑘 = 1 + 𝜓𝑘; 𝑌 min𝑘 = −𝜓𝑘,

𝑍+
𝑘 =

{

1, 𝜎𝑘 = 1,
2.25𝑍max

𝑘−1 , 𝜎𝑘 = 2,
, 𝑍max

𝑘 =

⎧

⎪

⎨

⎪

⎩

𝑍+
𝑘 + 0.5(max(|𝑌 min𝑘 |, |𝑌 max𝑘 |))

1
2 , 𝜎𝑘 = 1,

𝑍+
𝑘 + 0.5(max(|𝑌 min𝑘 |, |𝑌 max𝑘 |))

1
3 , 𝜎𝑘 = 2,

To determine an upper bound on the jump height in accordance with (28), the value of 𝑀z must first be computed. Given the 
parameters 𝐿1 = 1.78, 𝐿2 = 0.68, 𝜆1 = 0.35, and 𝜆2 = 2.39, and noting that mode 2 occurs first, Corollary  4.6 (item 4) implies that 
𝑀L = 12.34. Furthermore, with 𝑍0 = 𝑍max

0 = 1.49 and 𝑀𝜆 = 0.84, we find 𝑀z = 13.59.
To compute an upper bound on the output jump, the maximum values of 𝛼m for both modes must be evaluated. Using (28), the 

computations are as follows: 
max(𝛼1)= max

−0.42≤𝑦≤1.42, ‖𝑧‖≤13.59
(0.3|𝑦(𝑡)|+1.4‖𝑧(𝑡)‖)=19.45, max(𝛼2)= max

−0.42≤𝑦≤1.42, ‖𝑧‖≤13.59
(0.6|𝑦(𝑡)|‖𝑧(𝑡)‖)=11.58. (38)

Thus, 𝑀c = 19.45, and an upper bound on the error is determined as 𝐸max = 𝜂max +𝑀c = 0.42 + 19.45 = 19.87.
Given 𝜓d = 0.1, 𝐸max = 19.87, and 𝜏s = 1, the maximum derivative of the linear connecting functions is 𝜃 = 2(𝜓d − 𝐸max)∕𝜏s =

−39.54. With 𝑀𝑧 = 13.59, 𝑑𝑌 r = −𝑑𝑌 r = 0.5, 𝐹max = −𝐹min = 571, and 𝐺min = 0.4, it follows that 𝑈max = 1331.
As shown in Figs.  5 and 6, whenever ‖𝑧(𝑡−𝑘 )‖ upper bound is large — such as after the second or fourth jump — the upper bound 

on |𝑒+𝑘 | increases. Conversely, when ‖𝑧(𝑡−𝑘 )‖ upper bound is relatively small — such as after the third or fifth jump — the adjusted 
funnel level is also low. This is because both 𝛼 maps depend on the internal states, and variations in ‖𝑧(𝑡−𝑘 )‖ upper bound directly 
influence the error jump bounds.
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One might argue that the 𝛼 maps also depend on 𝑒−𝑘 . However, the key distinction is that 𝑒−𝑘  can be regulated by shrinking the 
adjusted funnel before each jump. In contrast, ‖𝑧(𝑡−𝑘 )‖ is not directly controllable and plays a dominant role in determining the jump 
height bounds.

Part II: Refinements and extensions
Building on the adjusted funnel construction and boundedness guarantees for relative-degree-one impulsive switched systems, 

this part develops refinements that further tighten the funnel boundary and reduce the control-input bound. First, we replace the 
BIBO assumption with practical ISS, which, by exploiting time-dependent bounds on the internal state, yields a substantial reduction 
of the control-input bound and enables the design of admissible impulse-time sequences ensuring bounded inputs. In addition, we 
introduce algorithmic enhancements such as asymmetric jump maps, level-set refinements, and real-time boundary adaptations, all 
of which lead to tighter funnel boundaries. Their effectiveness is demonstrated through numerical examples. 

5. Practical input-to-state stability of internal states

Fig.  6 shows that, although the error remains within the adjusted funnel, the funnel itself expands unnecessarily. This arises 
because, under the assumption of merely BIBO-stable internal dynamics, no decay of the upper bound on ‖𝑧(𝑡)‖ is captured, leading 
to overly conservative results.

To address this, we refine the stability assumption from BIBO to ISS and update the computation of 𝑍max accordingly. In this 
setting, we introduce the 𝛷𝐼  map, tailored to ISS dynamics, as a replacement for 𝛷𝐵 . We then compare the BIBO and ISS cases 
in a numerical example, extend the calculation of 𝑍max by adding an intermediate refinement step to further tighten the funnel 
boundary, and illustrate the improvement with another example. The section concludes with the design of impulse-time sequences 
that guarantee boundedness of the adjusted funnel boundary.

5.1. ISS-based adjusted funnel design

As demonstrated in Example  1, the upper bound of the internal states plays a critical role in determining the adjusted funnel 
boundary level. Specifically, tighter bounds on ‖𝑧(𝑡)‖ lead to more accurate estimates of post-jump error bounds.

In the following section, we aim to establish less conservative bounds by refining the BIBO stability assumptions on internal 
states. The core limitation of the BIBO property is that it provides only limited information about internal state behavior. If more 
insights — particularly the time evolution of ‖𝑧(𝑡)‖ — were available, we could more accurately track their behavior over time.

To address this, we introduce a Practical ISS version of Assumption (S2), as follows:
(S2)′  For every m ∈ 𝛴 and for all 𝑡𝑘 ≤ 𝑠 < 𝑡 < 𝑡𝑘+1, the following holds: 

‖𝑧(𝑡)‖ ≤ 𝛽m(‖𝑧(𝑠+)‖, 𝑡 − 𝑠) + 𝛾m(‖𝑦[𝑠,𝑡)‖∞) + 𝑐m, (39)

where 𝛽m ∶ R≥0 × R≥0 → R≥0 and 𝛾m ∶ R≥0 → R≥0 are known  and  continuous functions,3 respectively.
The constant 𝑐m ∈ R≥0 accounts for the fact that, in the absence of input, the internal states are not necessarily required to decay 

to zero as 𝑡→ ∞; it is sufficient for them to remain bounded.
The dependence of 𝛽m on 𝑡 allows us to account for the diminishing influence of the initial condition ‖𝑧(𝑠+)‖ over time. Assuming 

the internal states are Practical ISS, it is possible to find an upper bound for ‖𝑧(𝑡−𝑘+1)‖ as follows: 

‖𝑧(𝑡−𝑘+1)‖ ≤ 𝑍max
𝑘 = 𝛽𝜎𝑘 (𝑍

+
𝑘 , 𝑡𝑘+1 − 𝑡𝑘) + 𝛾𝜎𝑘

(

max
𝑦∈{𝑌 min

𝑘 ,𝑌 max
𝑘 }

|𝑦|

)

+ 𝑐𝜎𝑘 . (40)

Here, 𝑍+
𝑘  and 𝑌 min ∕max

𝑘  are defined as in Algorithm 2.
Note that, unlike in (21), 𝛽 belongs to the class -functions and 𝛾 belongs to the class -functions. Therefore:

sup
𝑟∈𝐷,𝛿𝑡∈𝛥𝑇

𝛽(𝑟, 𝛿𝑡) = 𝛽
(

sup𝐷, inf 𝛥𝑇
)

, sup
𝑟∈𝐷′

𝛾(𝑟) = 𝛾
(

sup𝐷′).

where 𝐷 = [0, 𝑍+
𝑘 ], 𝛥𝑇 =

{

𝑡𝑘+1 − 𝑡𝑘 ∶ 𝑡𝑘+1 ∈ [𝑡𝑘+1, 𝑡𝑘+1], 𝑡𝑘 ∈ [𝑡𝑘, 𝑡𝑘]
}

, and 𝐷′ = max
(

|𝑌 min
𝑘 |, |𝑌 max

𝑘 |

)

. Then:
sup𝐷 = 𝑍+

𝑘 , sup𝐷′ = max
(

|𝑌 min
𝑘 |, |𝑌 max

𝑘 |

)

, inf 𝛥𝑇 = 𝑡𝑘+1 − 𝑡𝑘,

simplifying the calculation of 𝑍max
𝑘 . Also, we introduce the map 𝛷I ∶ R≥0 × R≥0 → R≥0, 

𝛷Im(𝑧, 𝛥𝑡) = 𝛽m
(

𝛼𝑧,supm (𝑌 r
max, 𝑧), 𝛥𝑡

)

+ 𝛾m
(

max{𝜂max + 𝛼
sup
m (𝑌 r

max, 𝑧), 𝜓
d(𝑡0)} + 𝑌 r

max
)

+ 𝑐m. (41)

It follows that 𝑍max
𝑘 ≤ 𝛷I𝜎𝑘 (𝑍

max
𝑘−1 , 𝛥𝑡) as long as 𝛥𝑡 ≤ 𝑡𝑘 − 𝑡𝑘−1 for all 𝑘.

Under this construction, Theorem  4.4 remains valid. Suppose each mode m persists for at least 𝜏s+𝜏m, where 𝜏s is constant across 
all modes and 𝜏m ≥ 0 is mode-specific. For each mode we define the time-independent map 𝛷Im(𝑧) ∶= 𝛷Im(𝑧; 𝛥𝑡 = 𝜏s + 𝜏m). If the 

3 A function 𝛼 ∶ [0,∞) → [0,∞) is of class  if it is continuous, strictly increasing, and 𝛼(0) = 0. A function 𝛽 ∶ [0,∞)2 → [0,∞) is of class  if 𝛽(⋅, 𝑡) ∈ 
for each fixed 𝑡, and 𝛽(𝑠, ⋅) is decreasing with 𝛽(𝑠, 𝑡) → 0 as 𝑡 → ∞.
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Fig. 7. Development of ‖𝑧(𝑡)‖ and its upper bounds for Example 
1, with ISS internal dynamics.

 
Fig. 8. Adjusted funnel boundary and actual error development 
for Example  1, comparing the obtained 𝜓(𝑡) under ISS internal 
dynamics (solid black lines) and BIBO internal dynamics (dashed 
blue lines).

maps 𝛷Im(𝑧) are either (𝜆m, 𝐿m)-affine-bounded or affine-contractive for all m ∈ 𝛴, then Theorem  4.4 ensures boundedness of the 
adjusted funnel boundary

In the following, we examine the effect of replacing BIBO with ISS internal dynamics in the numerical example of Section 4.3 
(Example  1).

5.2. Numerical example: ISS internal states

In cases where we have access to the following tighter bounds, the conservative bounds in (36) in Example  1 can be replaced 
with:

‖𝑧(𝑡)‖ ≤ ‖𝑧(𝑡+𝑘 )‖𝑒
−2𝑡 + 0.5‖𝑦(𝑡)‖1∕2∞ , 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1), ‖𝑧(𝑡)‖ ≤ ‖𝑧(𝑡+𝑘 )‖𝑒

−2𝑡 + 0.5‖𝑦(𝑡)‖1∕3∞ , 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1).

To calculate 𝛷Im maps for modes 1 and 2, we follow the procedure outlined in (41), given that 𝜏1 = 1, 𝜏2 = 1.5, and 𝜏s = 1,

𝛷𝐼
1 (𝑧, 2) = 𝑒−2×2 + 0.5

(

max{1.3𝜂max + 0.3𝑌 r
max + 1.4𝑧, 1.1} + 𝑌 r

max
)
1
2 ≤ 0.35𝑧 + 0.79.

𝛷I2(𝑧, 2.5) = 2.25𝑒−2×2.5𝑧 + 0.5
(

max{𝜂max + 0.6(𝜂max + 𝑌 r
max)𝑧, 1.1} + 𝑌

r
max

)
1
3 ≤ 0.16𝑧 + 0.68.

According to  Corollary  4.6 (item 1), since both 𝛷I maps are affine-contractive, the adjusted funnel remain bounded. In this case, 
given 𝐿1 = 0.79, 𝐿2 = 0.68, 𝜆1 = 0.35, and 𝜆2 = 0.16, it follows that, 𝑀L = 1.09, and 𝑍0 = 𝑍max

0 = 0.85𝑒−2×2.5 + 0.5(𝜓d(0) + 1)
1
3 = 0.65,

and therefore, 𝑀z = 1.13. Notice that, in the ISS case, 𝑀z represents the upper bound of ‖𝑧(𝑡𝑘)‖ for all 𝑘 (the worst-case scenario, 
namely 𝑡𝑘−1 = 𝑡𝑘−1 and 𝑡𝑘 = 𝑡𝑘).

To compute the error bounds, similar to (38) but with 𝑀z = 1.13, we have max 𝛼1 = 2.00 and max 𝛼2 = 0.96. Thus, 𝑀c = 2.00, 
and therefore, 𝐸max = 2.42.

To compute 𝐸𝑘, Eqs. (37) must be followed. However, the first term in 𝑍max
𝑘  relation should be replaced by 𝑒(𝑡𝑘+1−𝑡𝑘)𝑍+

𝑘 .
The ‖𝑧(𝑡)‖ upper bound and the adjusted funnel boundary in this case are illustrated in Figs.  7 and 8.
A notable improvement in the adjusted funnel can be observed when 𝑧(𝑡) exhibits ISS stability instead of BIBO stability. As 

depicted in Fig.  8, the maximum adjusted funnel level — equivalently, the maximum permissible error — reaches 9.74 in the 
BIBO-stable case, whereas in the ISS-stable case, this value is reduced to 1.75. Moreover, the upper bound on the control input in 
the ISS-stable case is 𝑈max = 11, compared to 𝑈max = 1331 in the BIBO-stable case.

5.3. Resetting the calculation of 𝑍max
𝑘

In previous sections, we derived the bounds ‖𝑧(𝑡)‖ for all 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1) by considering the infinity norm of 𝑦 over this interval. 
However, if 𝑦 undergoes a large jump during [𝑡𝑘, 𝑡𝑘], the infinity norm of the output over the entire interval [𝑡𝑘, 𝑡𝑘+1) will be dominated 
by this large value, without accounting for any subsequent decreases in 𝑦. This approach does not fully capture the expected behavior, 
as 𝑦 typically decreases when the error returns to the desired funnel at 𝑡 + 𝜏 ∕2.
𝑘 s
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Fig. 9. Calculation of the upper bound for ‖𝑧−𝑘+1‖ in the interval [𝑡𝑘, 𝑡𝑘+1) based on two sub-intervals: [𝑡𝑘, 𝑡𝑘 + 𝜏s∕2) (red hatched area) and 
[𝑡𝑘 + 𝜏s∕2, 𝑡𝑘+1) (green hatched area).

To address this, one approach is to compute 𝑍max
𝑘  in two steps: first, when the error upper bound is outside the desired funnel, 

and second, when it returns to the desired funnel. Specifically, we define: 

𝑍max,int
𝑘 ∶= 𝛽𝜎𝑘

(

𝑍+
𝑘 , 𝜏s∕2

)

+ 𝛾𝜎𝑘

(

max
𝑦∈{𝑌min,int𝑘 ,𝑌max,int𝑘 }

|𝑦|

)

+ 𝑐𝜎𝑘 ,

𝑍max
𝑘 = 𝛽𝜎𝑘

(

𝑍max,int
𝑘 , 𝑡𝑘+1 − (𝑡𝑘 + 𝜏s∕2)

)

+ 𝛾𝜎𝑘

(

max
𝑦∈{𝑌min𝑘 ,𝑌max𝑘 }

|𝑦|

)

+ 𝑐𝜎𝑘 .

(42)

𝑍+
𝑘  is defined as before (Step 2, Algorithm 2). However, the output bounds are now calculated as follows:

𝑌 min,int
𝑘 = 𝑌 r − 𝜓(𝑡𝑘), 𝑌 max,int

𝑘 = 𝑌 r + 𝜓(𝑡𝑘), 𝑌 min,int
𝑘 ≤ 𝑦(𝑡) ≤ 𝑌 max,int

𝑘 ,∀𝑡 ∈ [𝑡𝑘, 𝑡𝑘 + 𝜏𝑠∕2),

𝑌 min
𝑘 = 𝑌 r − 𝜓d(𝑡𝑘 + 𝜏s∕2), 𝑌 max

𝑘 = 𝑌 r + 𝜓d(𝑡𝑘 + 𝜏s∕2), 𝑌 min
𝑘 ≤ 𝑦(𝑡) ≤ 𝑌 max

𝑘 , ∀𝑡 ∈ [𝑡𝑘 + 𝜏𝑠∕2, 𝑡𝑘+1).

The notation ‘‘int’’ indicates that it represents an intermediate value used to calculate 𝑍max
𝑘 . We observe that 𝑌 max ∕min,int

𝑘  depends on 
the adjusted funnel level 𝜓(𝑡𝑘), which could potentially be large. In contrast, 𝑌

max ∕min
𝑘  depends only on 𝜓d(𝑡), thereby eliminating 

the influence of potentially large errors during the interval [𝑡𝑘, 𝑡𝑘 + 𝜏s∕2).
Furthermore, as shown in (42), if the interval between consecutive jumps is sufficiently long, the effect of the initial value — 

i.e., 𝑍max,int
𝑘  — will also diminish. This leads to a tighter bound for ‖𝑧(𝑡−𝑘+1)‖.

The remainder of the algorithm follows exactly as before. In Fig.  9, you can see the regions where we use to find an upper bound 
for ‖𝑧(𝑡−𝑘+1)‖.

To determine the 𝛷 map in this case, we consider the 𝛷I map of the mode. This map must be applied twice: first, over the 
interval [𝑡𝑘, 𝑡𝑘 + 𝜏s∕2), and second, over the interval [𝑡𝑘 + 𝜏s∕2, 𝑡𝑘+1).

Suppose the dwell time of each mode is at least 𝜏s + 𝜏m, where 𝜏s is fixed and 𝜏m is mode-specific. Then, the duration of the 
interval [𝑡𝑘, 𝑡𝑘 + 𝜏s∕2) is 𝜏s∕2, while the duration of the interval [𝑡𝑘 + 𝜏s∕2, 𝑡𝑘+1) is at least 𝜏m + 𝜏s∕2. Therefore, we define:

𝛷resetm (𝑧, 𝜏s, 𝜏m) = 𝛽m
(

𝛷Im(𝑧, 𝜏s∕2), 𝜏m + 𝜏s∕2
)

+ 𝛾m
(

𝜓d(𝑡1 + 𝜏s∕2) + 𝑌 r
max

)

+ 𝑐m. (43)

Notice that 𝛷Im(𝑧, 𝜏s∕2) serves as the initial condition, equivalent to 𝑍max,int
𝑘 . Moreover, since in [𝑡𝑘 + 𝜏s∕2, 𝑡𝑘+1) the upper bound 

of 𝑦 depends only on the desired funnel, the largest value of 𝜓d(𝑡𝑘 + 𝜏s∕2) for all 𝑘, i.e., 𝜓d(𝑡1 + 𝜏s∕2) is used.
Similar to 𝛷B and 𝛷I, as long as 𝛷reset is affine-bounded or affine-contractive, Theorem  4.4 can still be applied to determine 

whether the adjusted funnel remains bounded over time.
In the following, we numerically analyze the effect of resetting the calculation of 𝑍max.
𝑘
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Fig. 10. Evolution of ‖𝑧(𝑡)‖ and its computed upper bounds for 
Example  2 with 𝑍max

𝑘  resetting. The red dashed line shows the 
bound on ‖𝑧(𝑡)‖ if no reset had occurred at 𝑡𝑘 + 𝜏s∕2.

 
Fig. 11. Adjusted funnel boundary and actual error evolution for 
Example  2 with 𝑍max

𝑘  resetting.

5.4. Numerical example: 𝑍max
𝑘  resetting

Example 2.  Consider the following academic impulsive switched system.

Mode 1
𝑦̇(𝑡) = 𝑧(𝑡) + 0.2𝑦(𝑡) + 𝑢(𝑡), 𝑡 ≠ 𝑡𝑘,

𝑦(𝑡+𝑘 ) =
1

1 + 𝑒−𝑦(𝑡
−
𝑘 )

+ 𝑧(𝑡−𝑘 ) + 𝑦(𝑡
−
𝑘 ), 𝑡 = 𝑡𝑘,

𝑧̇(𝑡) = −0.7𝑧(𝑡) + 𝑦(𝑡), 𝑡 ≠ 𝑡𝑘,

𝑧(𝑡+𝑘 ) = 1.5𝑧(𝑡−𝑘 ), 𝑡 = 𝑡𝑘.

Mode 2
𝑦̇(𝑡) = −𝑧(𝑡) − 0.8𝑦(𝑡) + 𝑢(𝑡), 𝑡 ≠ 𝑡𝑘,

𝑦(𝑡+𝑘 ) = 2𝑧(𝑡−𝑘 ) + 𝑦(𝑡
−
𝑘 ) +

{

0.1 if |𝑦(𝑡−𝑘 )| ≤ 0.3,
0.6 if |𝑦(𝑡−𝑘 )| > 0.3,

𝑡 = 𝑡𝑘,

𝑧̇(𝑡) = −0.5𝑧(𝑡) + 𝑦(𝑡), 𝑡 ≠ 𝑡𝑘,

𝑧(𝑡+𝑘 ) = 2.5𝑧(𝑡−𝑘 ), 𝑡 = 𝑡𝑘.

Here, 𝑦(0) = 0.7, 𝑧(0) = 0.5, and ‖𝑧(0)‖ ∈ [0.2, 0.7]. The desired funnel is given by 𝜓d(𝑡) = 1.5𝑒−0.07𝑡 + 0.12, with 𝜂𝑘 = 1
5𝜓

d(𝑡𝑘). The 
reference signal follows 𝑦r (𝑡) = sin(𝑡) + 1, where 𝑌 r = 0, 𝑌 r = 2, and 𝑌 r

max = 2. Also, 𝜂max = 𝜂1 = 0.25. Mode 2 occurs first, with 𝜏1 = 6, 
𝜏2 = 11, and 𝜏s = 3. The mode transition follows 𝑡𝑘+1 − 𝑡𝑘 = 𝜏𝜎𝑘 + 𝜏s, ∀𝑘. All jump uncertainty windows have a length of 1, starting 
from 𝑡 = 3, with jumps occurring 0.4 s after 𝑡𝑘. The bounds are:

Mode 1
𝛽1(‖𝑧‖, 𝑡 − 𝑡𝑘) = ‖𝑧(𝑡+𝑘 )‖𝑒

−0.7(𝑡−𝑡𝑘),

𝛾1(‖𝑦‖∞) = 1.43‖𝑦(𝑡)‖∞, 𝑐1 = 0, 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1)

𝛼1(𝑦, ‖𝑧‖) = 1 + ‖𝑧(𝑡−𝑘 )‖, 𝛼
z
1(𝑦, ‖𝑧‖) = 2‖𝑧(𝑡−𝑘 )‖.

Mode 2
𝛽2(‖𝑧‖, 𝑡 − 𝑡𝑘) = ‖𝑧(𝑡+𝑘 )‖𝑒

−0.5(𝑡−𝑡𝑘),

𝛾2(‖𝑦‖∞) = 2‖𝑦(𝑡)‖∞, 𝑐2 = 0, 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1)

𝛼2(𝑦, ‖𝑧‖) = 0.6 + 2‖𝑧(𝑡−𝑘 )‖, 𝛼
z
2(𝑦, ‖𝑧‖) = 3‖𝑧(𝑡−𝑘 )‖.

First, we examine the case without resetting the calculation of 𝑍max
𝑘  to determine whether the upper bound of the jump height 

remains finite. To this end, 𝛷I for the two modes is calculated as follows:

𝛷I1(𝑧, 9) = 2𝑒−0.7×9𝑧 + 1.43(max{𝜂max + 1 + 𝑧, 1.62} + 𝑌 r
max) ≤ 1.43𝑧 + 4.65,

𝛷I2(𝑧, 14) = 3𝑒−0.5×14𝑧 + 2(max{𝜂max + 0.6 + 2𝑧, 1.62} + 𝑌 r
max) ≤ 4.00𝑧 + 7.24.

Both 𝜆 values are greater than 1; therefore, the 𝑍max
𝑘  sequence and the jump height bounds will become unbounded if the calculation 

of ‖𝑧(𝑡)‖ is not reset. Next, we calculate 𝛷reset,

𝛷I1(𝑧, 1.5) = 2.13𝑧 + 4.65, 𝛷reset1 (𝑧, 3, 6) = (2.13𝑧 + 4.65)𝑒−0.7×7.5 + 1.43(𝜓d(5.5) + 𝑌 r
max) = 0.01𝑧 + 4.52.

𝛷I2(𝑧, 1.5) = 5.41𝑧 + 7.24, 𝛷reset2 (𝑧, 3, 11) = (5.41𝑧 + 7.24)𝑒−0.5×12.5 + 2(𝜓d(5.5) + 𝑌 r
max) = 0.01𝑧 + 6.30.

Now, 𝜆1𝜆2 = 0.00, which ensures that the ‖𝑧(𝑡)‖ upper bound and the corresponding error jump bounds for the switched system 
remain bounded. In Figs.  10 and 11, the ‖𝑧(𝑡)‖ upper bound and the resulting adjusted funnel boundary are illustrated. The red 
dashed line in Fig.  10 shows the bound on ‖𝑧(𝑡)‖ without resetting at 𝑡𝑘 + 𝜏s∕2. With resetting, ‖𝑧(𝑡)‖ exhibits a sudden increase 
at this instant, but this is compensated by the contribution of a much smaller bound on 𝑦(𝑡) from 𝑡𝑘 + 𝜏s∕2 onward, resulting in a 
significantly lower value at 𝑡  compared to the red dashed line.
𝑘+1
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5.5. Impulse time sequence design

A key advantage of having Practical ISS-stable internal states is the ability to design the impulse time sequence  , when 
applicable, to ensure that the adjusted funnel remains bounded.

Specifically, given a time constant 𝜏s, 𝜏m can be designed for each mode to guarantee that the adjusted funnel remains bounded.
In other words, we can establish a lower bound on the time each mode persists before the next mode emerges. This ensures that 

the internal states have sufficient time to decrease, thereby preventing the escalation of the adjusted funnel boundary. The following 
theorem formalizes this property and provides the sufficient conditions for achieving this behavior.

Theorem 5.1.  Consider the system defined in (1) under assumptions (S1)-(S4). Suppose prior information about the output and internal 
state jumps is given, as specified in (J1)-(J2). Additionally, assume the reference signal and the desired funnel boundary satisfy assumptions
(P3) and (P1).

Let a lower bound on the dwell time for each mode be denoted by 𝜏s + 𝜏m, where 𝜏s > 0 is given and fixed across all modes, and 𝜏m ≥ 0
is mode-specific and to be determined. Define the set: 𝜏 = {𝜏1, 𝜏2,… , 𝜏M}, where M is the number of modes.

Suppose the internal states are Practical ISS-stable as defined in (39). Assume that each mode m is associated with either the map 
𝛷I

m(𝑧, 𝜏s + 𝜏m), as defined in (41), or the map 𝛷reset
m (𝑧, 𝜏s, 𝜏m), as defined in (43). Further, suppose these maps are (𝜆m(𝜏m), 𝐿m(𝜏m))-affine-

bounded over m as in (25), in the sense of Definition  4.2.
Then, the adjusted funnel boundary computed by Algorithms 1–2 remains bounded for every time sequence 𝜏 that satisfies the following 

conditions:

𝑘(𝜏) ∶=
𝑘
∏

𝑖=1
𝜆𝜎𝑖 (𝜏𝜎𝑖 ) < ∞, 𝑘(𝜏) ∶=

𝑘
∑

𝑗=1

( 𝑘
∏

𝑖=𝑗+1
𝜆𝜎𝑖 (𝜏𝜎𝑖 )

)

𝐿𝜎𝑗 (𝜏𝜎𝑗 ) < ∞.

Proof.  Define the set T  as: T =
{

𝜏 = {𝜏1, 𝜏2,… , 𝜏m} | (𝜏) <∞, (𝜏) <∞
}

.
For all 𝜏 ∈ T , the first and second conditions of Theorem  4.4 are satisfied. Consequently, the adjusted funnel boundary computed 

by Algorithms 1–2 remains bounded for every 𝜏 ∈ T . □

Although Theorem  5.1 provides sufficient conditions for the mode dwell-times to ensure a bounded adjusted funnel, finding such 
a set is not always straightforward. In these cases, we introduce a conservative yet computationally simple method to construct 
an impulse time sequence that is independent of the switching signal and guarantees a bounded adjusted funnel. This method is 
formalized in the following corollary.

Corollary 5.2.  Let m∗ denote the mode with the slowest decay rate with respect to 𝛥𝑡 among all maps 𝛷I
m(𝑧, 𝛥𝑡). Suppose that either 

𝛷I
m∗ (𝑧, 𝜏s + 𝜏m∗ ) or 𝛷reset

m∗ (𝑧, 𝜏s, 𝜏m∗ ) is affine-bounded for every 𝜏m∗ ≥ 0 with parameters (𝜆m∗ (𝜏m∗ ), 𝐿m∗ (𝜏m∗ )). Choose 𝜏m∗  such that 
𝜆m∗ (𝜏m∗ ) < 1. Then, for any arbitrary mode sequence {𝜎𝑘}𝑘∈N0

, the adjusted funnel remains bounded for all 

𝜏 = {𝜏1, 𝜏2,… , 𝜏M ∣ 𝜏m ≤ 𝜏m∗ , ∀m ∈ 𝛴}. (44)

Proof.  Let the mode m∗ have the slowest decay rate, and suppose there exists a 𝜏m∗  satisfying (44). Then, for all modes m ∈ 𝛴, it 
holds that: 𝜏m ≤ 𝜏m∗ , 𝜆m(𝜏m) ≤ 𝜆m∗ (𝜏m∗ ). Therefore, we derive: ∏𝑘

𝑖=1 𝜆𝜎𝑖 (𝜏𝜎𝑖 ) ≤
∏𝑘

𝑖=1 𝜆m∗ (𝜏m∗ ) < 1, and,
𝑘
∑

𝑗=1

( 𝑘
∏

𝑖=𝑗+1
𝜆𝜎𝑖 (𝜏𝜎𝑖 )

)

𝐿𝜎𝑗 (𝜏𝜎𝑗 ) ≤
𝑘
∑

𝑗=1
𝜆m∗ (𝜏m∗ )𝑘−𝑗𝐿𝜎𝑗 (𝜏𝜎𝑗 ) <∞.

In the last inequality, since the geometric series ∑∞
𝑘=1 𝜆m∗ (𝜏m∗ )𝑘 is convergent, it follows from Remark  4.5 that the entire series 

is bounded.
Therefore, 𝑘(𝜏) and 𝑘(𝜏) remain bounded as 𝑘→ ∞, ensuring the boundedness of the adjusted funnel. □

Remark 5.3.  For a single-mode system, define the set T =
{

𝜏 ∈ R≥0 | 𝜆(𝜏) < 1
}

. Every 𝜏 ∈ T  guarantees that the adjusted funnel 
boundary remains bounded.

Remark 5.4.  For multi-mode systems with periodic switching signals, the adjusted funnel remains bounded for any dwell-time set 
T =

{

{𝜏1, 𝜏2,… , 𝜏M}
|

|

|

|

|

∏M
m=1 𝜆m(𝜏m) < 1

}

.

5.6. Numerical example: Impulse sequences derivation

Let us determine a lower bound on the dwell times for modes 1 and 2 in Example  2 expressed in Section 5.4 that guarantees the 
adjusted funnel remains bounded. By recalculating 𝛷reset with 𝜏 = 3 while keeping 𝜏  and 𝜏  as parameters, the resulting expressions 
1∕2 s 1 2
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for 𝜆1(𝜏1) and 𝜆2(𝜏2) are given by: 𝜆1(𝜏1) = 0.75𝑒−0.7(𝜏1), 𝜆2(𝜏2) = 2.56𝑒−0.5(𝜏2). To ensure 𝜆1(𝜏1)𝜆2(𝜏2) < 1, we multiply and simplify 
the inequality, yielding: 

1.4𝜏1 + 𝜏2 > 1.3. (45)

Thus, any pair (𝜏1, 𝜏2) satisfying (45) will necessarily result in a bounded adjusted funnel.
Note that 𝐿1 and 𝐿2 also depend on 𝜏1 and 𝜏2. However, for systems with periodic mode sequence, ensuring that 𝜆1𝜆2 < 1 is 

sufficient to guarantee a bounded adjusted funnel, without requiring further conditions.

6. Additional algorithm enhancements

In this section, we explore further strategies to obtain tighter adjusted funnel boundaries. First, we consider asymmetric jump 
maps and refine Assumption (J2) accordingly. Next, we introduce level sets that cap the error in real time, preventing excessive 
growth, and illustrate their effect in a numerical example. Finally, we present an algorithm that adapts the adjusted funnel boundary 
online and demonstrate its effectiveness with another example.

6.1. Handling asymmetric jumps

In Assumption (J2), the output jump height is assumed to be upper-bounded by the function 𝛼m. However, if additional 
information about the jump maps is available—such as a lower bound for the jump that is different from −𝛼m—the resulting 
boundaries can be less conservative.

Therefore, we modify Assumption (J2) to account for the asymmetry in the bounds of error jumps.
(J2)′ Jump heights are presumed to be bounded by known smooth, possibly asymmetric functions 𝛼m and 𝛼m. Specifically: 

𝛼𝜎𝑘 (𝑦
−
𝑘 , 𝑧

−
𝑘 ) ≤ 𝐽𝜎𝑘 (𝑦

−
𝑘 , ‖𝑧

−
𝑘 ‖) − 𝑦

−
𝑘 ≤ 𝛼𝜎𝑘 (𝑦

−
𝑘 , 𝑧

−
𝑘 ). (46)

As before, there is no requirement for the functions 𝛼m and 𝛼m to be the tightest bounds.
With the new assumption of (J2)′, the 𝑦(𝑡) bounds change to the following

𝑌 min,int
𝑘 = 𝑌 r + 𝜓−(𝑡𝑘), 𝑌 max,int

𝑘 = 𝑌 r + 𝜓+(𝑡𝑘), 𝑌 min
𝑘 = 𝑌 r + 𝜓d−(𝑡𝑘 + 𝜏s∕2), 𝑌 max

𝑘 = 𝑌 r + 𝜓d+(𝑡𝑘 + 𝜏s∕2).

Here, 𝜓−(𝑡) and 𝜓+(𝑡) represent the negative and positive funnel boundaries, respectively. Since the jump maps are asymmetric, 
the resulting adjusted funnel may also be asymmetric. Additionally, 𝜓d−(𝑡) and 𝜓d+(𝑡) denote the negative and positive boundaries 
of the desired funnel, which may also be asymmetric.

𝐶min𝑘 ∶= inf
𝑦∈[−𝜂𝑘+𝑌 r ,𝜂𝑘+𝑌 r ], ‖𝑧‖≤𝑍max

𝑘−1

𝛼𝜎𝑘 (𝑦, ‖𝑧‖), 𝐶max𝑘 ∶= sup
𝑦∈[−𝜂𝑘+𝑌 r ,𝜂𝑘+𝑌 r ], ‖𝑧‖≤𝑍max

𝑘−1

𝛼𝜎𝑘 (𝑦, ‖𝑧‖).

The bounds of 𝑒(𝑡+𝑘+1) also can be computed as: 𝐸min𝑘 = −𝜂𝑘 + 𝐶min𝑘 , 𝐸max𝑘 = 𝜂𝑘 + 𝐶max𝑘 . The rest of the algorithm remains unchanged. 
Moreover, the 𝛷 maps are calculated as before. The only difference in this case is the existence of two maps: 𝛷, which is calculated 
based on 𝛼, and 𝛷, which is calculated based on 𝛼. To ensure a bounded adjusted funnel, the tests in Theorems  4.4 must be applied 
to both maps.

6.2. Adjusted funnel boundary level sets

The adjusted funnel boundaries achieved based on the presented method assume that the worst-case scenario always occurs. 
This means that, simultaneously, the jump heights of the output and internal states reach their maximum possible magnitudes, the 
reference signal attains its largest value between consecutive jumps, and the error before each jump equals the maximum allowable 
value, 𝜂𝑘. However, in reality, unless one is particularly unlucky, it is rare for all these worst-case conditions to occur, let alone 
simultaneously. Consequently, the actual error jumps are often much smaller than the computed adjusted boundaries.

Although even a significant difference between the funnel boundary and the actual error value does not destabilize the system, it 
may lead to undesired behaviors such as overshoots or undershoots, which could even exceed the error jump itself. Such behaviors 
are illustrated in Figs.  6 and 11.

One way to mitigate these effects is by precomputing level sets. Level sets are obtained by dividing the distance between the 
desired funnel and the adjusted funnel at 𝑡𝑘 into 𝑛 levels. When a jump in the error is detected, the nearest precomputed level is 
selected and becomes the active funnel boundary. Since the feedback gain is given by 𝑘(𝑡) = 1∕(𝜓(𝑡) − |𝑒(𝑡)|), choosing the closest 
𝜓(𝑡) to 𝑒(𝑡) (with at least an 𝜀-margin) makes 𝑘(𝑡) immediately large, which prevents further error growth and drives it back toward 
lower levels.

Furthermore, detecting the direction of the jump allows the opposite side of the adjusted funnel to revert to the desired funnel, 
thereby preventing the error from crossing to the other side (see Fig.  11, second and fourth jumps).

Specifically, for each jump, given 𝐸min𝑘  and 𝐸max𝑘  already calculated based on Section 6.1, the following sets are defined:

𝐸𝓁,min
𝑘 =

{

𝜓d+(𝑡𝑘) +
𝑖
𝑛

(

𝐸min
𝑘 + 𝜓d(𝑡𝑘)

)

| 𝑖 = 0,… , 𝑛−1
}

, 𝐸𝓁,max
𝑘 =

{

𝜓d−(𝑡𝑘) +
𝑖
𝑛

(

𝐸max
𝑘 − 𝜓d(𝑡𝑘)

)

| 𝑖 = 0,… , 𝑛−1
}

.
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Fig. 12. Precomputed level sets and the final adjusted funnel 
boundary (thick black line) based on the actual error jumps 
during online experiments for Example  2 with asymmetric jumps.

 
Fig. 13. Tracking of 𝑦r (𝑡) using the funnel controller for Example 
2.

where 𝜓d+ and 𝜓d− represent the positive and negative desired funnel boundaries, respectively.
Then, for each member of the sets, an adjusted funnel boundary is recomputed during the interval [𝑡𝑘, 𝑡𝑘 + 𝜏s∕2], based on 

Algorithm 1.
A key requirement for this improvement is the ability to detect jumps in real time. In the absence of a dedicated jump-detection 

device, or if there are delays in detecting jumps, an alternative is to monitor the error. If the error suddenly jumps out of the desired 
funnel boundary, it indicates that a jump has occurred.

6.3. Numerical example: Asymmetric jumps, level sets

In Example  2 (Section 5.4), instead of using −𝛼 and 𝛼 for the bound on |𝑦+𝑘 − 𝑦−𝑘 |, the following output jump bounds are 
considered.

𝐌𝐨𝐝𝐞 𝟏 ∶ 𝛼(‖𝑧‖) = 0.5 + ‖𝑧‖, 𝛼(‖𝑧‖) = 1 + ‖𝑧‖. 𝐌𝐨𝐝𝐞 𝟐 ∶ 𝛼(‖𝑧‖) = 0.1 − 2‖𝑧‖, 𝛼(‖𝑧‖) = 0.6 + 2‖𝑧‖.

𝛷
reset
1∕2  remains the same as 𝛷reset1∕2 . However, 𝛷reset1∕2  must be recalculated based on 𝛼1∕2. Therefore,

𝛷𝐼
1 (𝑧, 9) = 2𝑒−0.7×9𝑧 + 1.43|min{−𝜂max + 0.5 + 𝑧,−1.62} + 0| ≤ 1.43𝑧 + 2.32.

𝛷𝐼
2 (𝑧, 14) = 3𝑒−0.5×14𝑧 + 2|min{−𝜂max + 0.1 − 2𝑧,−1.62} + 0| ≤ 4.00𝑧 + 3.24.

Next, we calculate 𝛷reset1∕2 ,

𝛷𝐼
1 (𝑧, 1.5) = 2.13𝑧 + 2.32, 𝛷reset1 (𝑧, 3, 6) = (2.13𝑧 + 2.32)𝑒−0.7×7.5 + 1.43| − 𝜓d(5.5) + 0| = 0.01𝑧 + 1.64.

𝛷𝐼
2 (𝑧, 1.5) = 5.41𝑧 + 3.24, 𝛷reset2 (𝑧, 3, 11) = (5.41𝑧 + 3.24)𝑒−0.5×12.5 + 2| − 𝜓d(5.5) + 0| = 0.01𝑧 + 2.29.

𝛷reset1∕2  suggests that 𝜓(𝑡) remains bounded.
Additionally, to prevent undershoots (even jumps) and overshoots (odd jumps) in Fig.  11, we precompute ten level sets. Fig. 

12 illustrates these precomputed adjusted funnel levels for all jumps, with the actual boundary used online shown in thick black. 
During the intervals [𝑡𝑘+ 𝜏s

2 , 𝑡𝑘+1−
𝜏s
2 ], all levels coincide with the desired funnel, since recovery occurs after 𝑡𝑘+

𝜏s
2 . As shown in Fig. 

12, this strategy eliminates undershoots and overshoots. Moreover, the resulting boundaries are asymmetric, which is advantageous 
as it avoids unnecessary expansion of the adjusted funnel.

The tracking performance is also illustrated in Fig.  13. This figure shows small, smooth kinks in the output shortly after each 
jump. These arise from the abrupt change of the funnel boundary at 𝑡𝑘+𝜏s∕2 when it reverts to the desired funnel, which transiently 
bends the error (see Fig.  12 at the first and third jumps). A second source is error undershoot, which is clipped by the opposite side 
of the funnel, producing a similar short-lived bending (second and fourth jumps).

6.4. Real-time adjusted funnel boundary update

Observations indicate that a decrease in ‖𝑦[𝑡𝑘 ,𝑡𝑘+1]‖∞ leads to a lower upper bound for ‖𝑧−𝑘+1‖, which in turn results in equal or 
smaller bounds for the next error jump. In other words, a smaller error jump height (reflected by a reduced ‖𝑦 ‖ ) decreases 
[𝑡𝑘 ,𝑡𝑘+1] ∞
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Fig. 14. Adjusted funnel boundary with online updates compared 
to no updates for Example  2, with resetting of 𝑍max

𝑘  and asym-
metric jumps.

 
Fig. 15. Adjusted funnel boundary and actual error evolution for 
Example  2 with online funnel updates, where the best level is 
selected after each jump.

the bounds for subsequent jumps. Moreover, utilizing the actual 𝑒(𝑡) values allows us to modify the upper bounds of ‖𝑧+𝑘 ‖, which 
further contributes to reducing the upper bound of ‖𝑧−𝑘+1‖.

This observation can be exploited to reestablish the adjusted funnel boundaries during the experiment. Namely, instead of relying 
on the worst-case scenario for the error after the jump (i.e., the adjusted funnel boundary level), we can use the actual value of the 
error. Furthermore, having access to 𝑦(𝑡) allows us to determine the actual ‖𝑦‖∞ rather than its supremum.

The procedure for updating the adjusted funnel boundary at the 𝑘th jump, occurring at time 𝑡𝑘, is presented in Algorithm 3. It 
is assumed that, after each jump, the closest level — maintaining at least an 𝜀-distance from the error value — is selected from the 
predefined set of levels.

In short, the algorithm works as follows: first, 𝑍max
𝑘−1  is updated based on the actual values of 𝑦(𝑡) during [𝑡𝑘−2, 𝑡𝑘−1] (the optimal 

point for resetting is calculated to result in the minimum 𝑍max
𝑘−1 ). Then, based on the updated 𝑍max

𝑘−1  and the actual value of 𝑦(𝑡−𝑘−1), 
𝑍+
𝑘−1 is updated. Next, using the updated 𝑍+

𝑘−1 and the actual values of 𝑦(𝑡) during [𝑡𝑘−1, 𝑡𝑘], 𝑍max
𝑘  is updated (again, the optimal 

resetting point for the calculation of 𝑍max
𝑘  is determined and used). Finally, based on the updated value of 𝑍max

𝑘 , 𝐸𝑘, which indicates 
the funnel level during 𝑘, is updated.

It should be noted that the 𝛷m maps will not change due to the online update of the adjusted funnel boundaries, unless 
experimental data provides a better approximation for the bounds of the internal states (𝛽m, 𝛾m, 𝑐m), the output jump (𝛼m, 𝛼m), or 
the internal states jump (𝛼zm).

6.5. Numerical example: 𝜓(𝑡) online update

For Example  2 in Section 5.4, the adjusted funnel boundary is updated online based on Algorithm 3. The result is presented in 
Fig.  14. The final adjusted funnel boundary, incorporating online updates and the selection of the best level, is shown in Fig.  15.

7. Conclusion and future directions

This work proposed an adjusted funnel controller for nonlinear impulsive switched systems of relative degree one. The adjusted 
funnel boundary, computed offline and independent of system trajectories, contracts before jump windows and expands during them 
to ensure the tracking error remains within bounds.

By introducing maps that capture the interplay between internal states and output jumps, we derived sufficient conditions 
guaranteeing boundedness of the adjusted funnel boundary, along with quantitative bounds on the control input. Assuming Practical 
ISS rather than BIBO stability yielded tighter funnel bounds and quantitative bounds on dwell times. A resetting scheme for the 
internal-state bound further mitigated the effect of output jumps.

We also developed refinement strategies such as asymmetric jump map bounds, nearest-level selection, and dynamic online 
adjustments, each improving performance as confirmed by numerical examples.

Future work includes extending the approach to higher relative-degree systems and to interconnected hybrid systems with 
impulsive switching. 
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Algorithm 3: Real-Time Adjusted Funnel Update
Input : 𝑡𝑘−2, 𝑡𝑘−1, 𝑦(𝑡) ∀𝑡 ∈ [𝑡𝑘−2, 𝑡𝑘], 𝑘 ∈ N≥2; 𝑡𝑘, 𝑡𝑘 ∀𝑘 ∈ N
Output: 𝐸max

𝑘 , 𝐸min
𝑘

For each 𝑘 ≥ 2:
Step 1: Update 𝑍max

𝑘−1  (𝑚 = 𝜎(𝑡+𝑘−2), 𝑡
∗ ∈ [𝑡𝑘−2, 𝑡𝑘−1]):

𝑍̃ int(𝑡∗) ∶= 𝛽𝑚(𝑍+
𝑘−2, 𝑡

∗ − 𝑡𝑘−2) + 𝛾𝑚(‖𝑦‖[𝑡𝑘−2 ,𝑡∗]) + 𝑐𝑚,

𝑍̃(𝑡∗) ∶= 𝛽𝑚(𝑍̃ int(𝑡∗), 𝑡𝑘−1 − 𝑡∗) + 𝛾𝑚(‖𝑦‖[𝑡∗ ,𝑡𝑘−1]) + 𝑐𝑚,

𝑍max
𝑘−1 ∶= min

𝑡∗
𝑍̃(𝑡∗)

Step 2: Update 𝑍+
𝑘−1 𝑍

+
𝑘−1 ∶= sup

‖𝑧‖≤𝑍max
𝑘−1

𝛼𝑧
𝜎(𝑡+𝑘−1)

(𝑦(𝑡−𝑘−1), ‖𝑧‖)

Step 3: Update 𝑍max
𝑘  (𝑚 = 𝜎(𝑡+𝑘−1), 𝑡

∗ ∈ [𝑡𝑘−1, 𝑡𝑘)):

𝑌 −
𝑘 ∶= max(| − 𝜂𝑘 + 𝑌 r

|, |𝜂𝑘 + 𝑌 r
|),

𝑦̃(𝑡) ∶=

{

𝑦(𝑡), 𝑡 ∈ [𝑡𝑘−1, 𝑡𝑘),
𝑌 −
𝑘 , 𝑡 ∈ [𝑡𝑘, 𝑡𝑘),

𝛥𝑡(𝑡∗) ∶=

{

𝑡𝑘 − 𝑡
∗, 𝑡∗ ∈ [𝑡𝑘−1, 𝑡𝑘),

𝑡𝑘 − 𝑡𝑘−1, 𝑡∗ ∈ [𝑡𝑘, 𝑡𝑘),

𝑍̃ int(𝑡∗) ∶= 𝛽𝑚(𝑍+
𝑘−1, 𝑡

∗ − 𝑡𝑘−1) + 𝛾𝑚(‖𝑦‖[𝑡𝑘−1 ,𝑡∗]) + 𝑐𝑚,

𝑍̃(𝑡∗) ∶= 𝛽𝑚(𝑍̃ int(𝑡∗), 𝛥𝑡(𝑡∗)) + 𝛾𝑚(‖𝑦‖[𝑡∗ ,𝑡𝑘]) + 𝑐𝑚,

𝑍max
𝑘 ∶= min

𝑡∗∈[𝑡𝑘−1 ,𝑡𝑘)
𝑍̃(𝑡∗)

Step 4: Update error bounds:
𝐸max
𝑘 = 𝜂𝑘 + sup

𝑦∈[−𝜂𝑘+𝑌 r , 𝜂𝑘+𝑌 r ], ‖𝑧‖≤𝑍max
𝑘

𝛼𝜎𝑘 (𝑦, ‖𝑧‖),

𝐸min
𝑘 = −𝜂𝑘 + sup

𝑦∈[−𝜂𝑘+𝑌 r , 𝜂𝑘+𝑌 r ], ‖𝑧‖≤𝑍max
𝑘

𝛼𝜎𝑘 (𝑦, ‖𝑧‖).
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