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System class and motivation

Eg(k)x(k +1)= Aa(k)x(k) + Ba(k)u(k)
Y(k) = Coyr (k) + Dy(ryu(k)

» o:N—{1,2,...,n} switching signal

y FEi,FEa,...,En, A1, Ao, ..., Ay € R™™ ™ with E-matrices possibly singular
y Bi1,Bs,...,B, e R"*™ (C1,Cs,...,Cy € RPX"

y x:N — R” state, u : N — R™ input, y € N — RP output

Motivation
» Leontief economic model (LUENBERGER 1977)

» discretization of continuous-time switched DAEs (e.g. switched electrical circuits)

Goal

Find reduced model with approximately the same input-output behavior
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Key challenges

Challenge 1

Surprisingly complex solution theory

Challenge 2

How to deal with switching signal?
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Simple homogeneous example
Eo.(k)ﬂf(k+ ].) = Ao.(k)ZL'(k) (hSSS)

Example
Consider (hSSS) with

10 10 0 0 10
ERl R TR I N R

Nonswitched solution behavior

B nk+)=mm)) o (a
o=1 Ozm(k)} (k) = <0) Vk e N
_ O=z(®)| (0

7=2 mz(k+1)_$2(k)} = <z) el
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Simple homogeneous example

Eo.(k)ﬂf(k + ].) = Ao.(k)lL'(k) (hSSS)

Example
Consider (hSSS) with

10 10 0 0 10
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1, k<k
Switched solution behavior (k) =< ’ < Fs

2, k=>ks
For k < ks we have z(k) = (} ) and for k = ks — 1 also z1(ks) = z1(ks — 1) = ¢1
BUT: For k = ks also 0 = x1(ks), hence ¢; = 0 necessary!
Furthermore xa(ks) not constraint by mode 1 ~» xo(k) = o for all k > ks

~  a(k) = <8> fork <ks and xz(k)= (g) for k > ks
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Simple homogeneous example
Eo.(k)ﬂf(k+ ].) = Ao.(k)ZL'(k) (hSSS)

Example
Consider (hSSS) with

10 10 0 0 10
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No existence and uniqueness of solutions!
» Non-existence: Not all solutions from the past can be extended to a global solution

»  Non-uniqueness: Single initial value leads to multiple solutions in the future
»  Non-causality: Loss of causality w.r.t. to switching signal
» Above problems occur despite the individual modes being regular and index-1

» Considering input complicates situation further
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Different solution concepts

Eg(k)l’(k’ +1)= Ag(k).%‘(k) + Bg(k)u(k) (SSS)

Definition (Local solvability w.r.t. u and o)
(SSS) is called locally uniquely causally solvable w.r.t. an input « and an switching signal o ;<=
» Local existence: Vko < k1 : Jx : [ko, k1] — R™ 3z(k1 + 1) : (SSS) holds for k € [ko, k1]

y Unique causal extendibility:
Vk} > k1 > koV solutions x : [ko, k1] — R™ 3! solution 2’ : [ko, k}] — R™ which extends z

Definition (Solvability and strong solvability)

» (SSS) with given o is called solvable :<=> (SSS) is l.u.c. solvable w.r.t. o and all inputs «

» (SSS) with given o is called strongly solvable ;<=

Vko < k1 Vao € A;(lko)(im[Eg(kO), By (ko] Vu : 3 solution z : [ko, k1] — R™ with z(ko) = zo
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Solvability concepts: overview

Solv. w.r.t. (o, u)

B

Solv. w.r.t.

(o)), )

B

Solv. w.r.t. o

Solv. w.r.t. (o)

It

By

Strong Solv.
w.rt. o

Strong Solv.
w.rt. (o))

B

Solv. Vo w.r.t. u

!

Solv. Vo

It

Strongly Solv. Vo

@ Sutrisno et al.: “Discrete-time switched descriptor systems: How to solve them?”, under review

Stephan Trenn (Jan C. Willems Center, U Groningen)

Model reduction of singular

hed in discrete time (5 / 13)




%% , universityof
¥ i
!

Surrogate system




Surrogate system
]

Solvability characterization
Notation for (E;, A;, B;):
Sii= AN imEy), 8= A7 (im[E;, B),  Ri = E;(im[A;, By))
Definition
The family {(E;, A;, Bi) }ieqi,...n} s called switched index-1 w.rt. o i<=
y im B; Cim[E;, A;] Vi and
) ﬁo’(k) I ‘§a(k+1) C ker Ey) ® So(k41) Vk

Theorem (Solvability characterization)

(SSS) with given o is solvable <— {(E;, A;, B;)}; is switched index-1 w.r.t. o

Relationship to index 1

Fact: (E,A) is regular and index 1 <= kerE® S =R"
BUT: regularity and index-1 is neither necessary nor sufficient for switched index-1!
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Explicite solution formula

Notation:
) Hbv :V + W — V denotes any (not necessarily unique) projector such that
mYv=vy ad IPYW=vnw
»  M™ denotes any (not necessarily unique) generalized inverse of M, i.e. MM+*M = M

Theorem
(SSS) is solvable w.r.t. o, then x is a solution on [ko, k1] if v(ko) € Sp(jy) — {Bg(ko)u(ko)} and

T(k +1) = o (k11),0(0)T(K) + U5 (511) 00 WE) + UG t1) 00wk + 1)

where

ker Bj 4 rim Aj; c . ker E; ¢ a . ker E;
JE Hll’l’lE A ‘Ill,] o= H JB \IJ’L,] o= (HS 7

7

(I’i,j :—H _I)Bq7

(2

By = BYUNYE;, B —APIRES,
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Surrogate system and reduced model

- u(k) P =
With (k) = (u(k + 1)) and Ak := o100 Br = o100 Yotern,om):

Cr = Cokys Dy := [Dy,0] we then have:

Sovable Surrogate system
E,xt = A,z + Byu & = zt = Az + Byl
y=Cyx+ Dyu y = Crx + Dyt
DRNE discrete-time-varying
Tl balanced truncation
.y

Reduced system
zt = ApT + B

y= @ﬁ—i— bkﬁ
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Time-varying Gramians

z(k+1) = Agx(k) + Bra(k)

- R (Surr)
y(k) = Cra(k) + Dyu(k)

Definition (Controllability and observability Gramians)
Pko =0, Piyq = AkPkA;-l-BkB;—, kao,ko—l-l,...,kf—l
Qry =0, Crpy Quor = A QA + G Crr,  k=kpkp—1,.. ko+1

Theorem (Input and output energy)

. . 1 w is s.t. solution x of (Surr
Vg € im Pz Pyl = min {Zf—k’o u(f) u(f) satisfies x(ko) = 0 ancg a:(k)) = Jin, }

V solutions x of (Surr) on [k, ky]: (k)T Qrz(k) = Z];ik y(0) Ty (0)
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Time-varying balancing

x(k+1) = Agx(k) + Bru(k)

- o (Surr)
y(k) = Cia(k) + Dya(h)

Definition (Balanced system)

(Surr) is called balanced :<=- 3 positive definite diagonal matrix ¥, X, X7:
P, = diag(Xg, X;,0,0)  and  Qp = diag(Zy, 0, X%, 0)

Theorem (cf. Thm. 7.5 in ZHOU & DOYLE 1999)
There always exists a (time-varying) coordinate transformation resulting in a balanced system.
2(k+1) = Apz(k) + Briu(k
Note: For z:(k) = Trz(k) the transformed system is ( ) ok () ~k~( ) with
y(k) = Crz(k) + Dya(k)

Zk = T};LIIAIQT]C, Ek = Tk_lekv ék = Cka, and ?k = TgIPkT];T, @k: = TngTk
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Time-varying balanced truncation

For each k choose reduction size 1, (e.g. by defining threshold for diagonal entries in X) and let
= (I 0T, and 0 =Ty [ e |
The reduced model is then
3k +1) = Az(k) + By, [uggﬂ)}
y(k) = Cy2(k) + Dyu(k)

with
Ak = H§'€+1Akﬂz, Bk = H§'€+1Bk, Ck = CkHZ
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Example
Esyr(k +1) = Agryz(k) + Bo(ryu(k)
y(k) = Coryz(k) + Dy(ryu(k)
y n =100, m =p =1, rank F; = 50, otherwise random matrices
v [ko,kyg] =[1,2,...,26], switching sequence (1,2, 1,2, 1) with switching times (6,11, 16,21)

y  With reduction threshold 0.1 the reduced model sizes are

k[1]2]3|4]5[6]7]---[19]20]2122]23|24][25]26
ref0f2[4]6]6[6[7[- - [7]6]6[5][4][3[2]1
4000 . . .
,\ ’ -------- Original system
I = === Reduced system
2000 I\ .
2 ) \\ //‘\ A n S
0 ;~~ \ v’ .
~_/ VVYiI\/N\/W
-2000 : : : :
5 10 15 20 25

Model ion of singular swi in discrete time (12 / 13)

Stephan Trenn (Jan C. Willems Center, U Groningen)



¥ universityof Balanced truncation

Summary
Sovable Surrogate system
E,x" = A,z + Byu & > = Apx + Byu
y=Cyx+ Dyu y = Crx + Dyt
AR - discrete-time-varying
el balanced truncation
T

Reduced system
zt = AkIE + Bku

= Ckl‘ + Dkﬂ

@ Trenn et al.: Model reduction of singular switched systems in discrete time, to appear in Proc.
of ECC 2025.
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