Funnel control for impulsive switched systems
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Abstract— Impulsive switched systems encompass various
modes, each exhibiting distinct behaviours. Typically, a switch-
ing sequence orchestrates transitions between these modes,
where state jumps may occur, potentially undermining output
tracking performance or system stability. This work introduces
a funnel controller tailored for relative degree one nonlinear
impulsive switched systems. Notably, this controller operates
solely based on system output without necessitating knowledge
of system dynamics. Unlike classical funnel controllers with
fixed boundaries, the proposed method dynamically adjusts the
funnel boundary for each approaching jump, aiming to preserve
adherence to the original boundary. No precise knowledge
of jump instances or maps is required; approximate jump
intervals and an upper bound for maximum jump height suffice.
Theoretical analysis establishes that the error remains within
the funnel, facilitating successful reference signal tracking. Per-
formance validation is demonstrated via numerical simulation.

Table of Notation

Symbol Description

ty s tz Time instants immediately before and after k-th jump.
Y. , 2, ,€, Output, internal states, error values before k-th jump.
yzr, zgr, ez Output, internal states, error values after k-th jump.
y;max yymn - Bounds of output in [t x4 1). -

zpex Upper bound for internal states norm in (¢, tx+1)-
ap® Upper bound for k-th jump height.

I. INTRODUCTION

The paper addresses the tracking control of a class
of nonlinear impulsive switched systems characterized by
a global relative degree of one. Impulsive switched sys-
tems are characterized by dynamical equations comprising
continuous-time differential equations augmented by discrete
jumps at specific impulse instances. Specifically, we consider
the following single-input single-output nonlinear impulsive
switched system:

&(t) = Fou(t,z(t),u(t)), t#ty, x(ty)=1x0cR"
2(ty) = Byt 2(ty)),  t =1, (1)
y(t) Ha(t) (t,ﬂ?)

Here, the impulse time sequence is defined by the set 7 =
{tx, | k¥ € No,tr, € R* txi1 > t1}. The switching signal,
o [tg,00) — ¥ := {1,2,..., M}, indicates the current
mode o(t) of the system at time ¢ > ¢, and the system is
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assumed to have M € N modes. The state, input and output
of the system at time ¢ > ¢, are denoted by z(t) € R”,
u(t) € R and y(t) € R, respectively. For each mode m € 3,
the vector field F,,, : RT x R® x R — R" defines the flow
of the system and E,, : RT x R® — R" represents the jump
rule. Furthermore, the output map is denoted by H,,, : R™” —
R. It is noted that even if no impulsive behavior is present in
the state, i.e. Fy,, (¢, ) = x, then the output may still exhibit
jumps due to switching output map.

Hybrid behavior is observed in natural phenomena and
engineering systems. Mechanical systems experience sudden
velocity changes due to collisions, as in bouncing balls
and walking robots [1]. Power electronics, such as buck
or boost converters, exhibit switching behavior [2], with
abrupt voltage and current transitions during semiconductor
switching [3]. In networked control systems, communication
delays cause impulsive effects [4].

State jumps degrade performance, causing deviations from
equilibrium and increased errors in trajectory tracking. For
example, consider system (1) with F(¢,2,0) = —0.2z,
H(t,z) = z, jump map E(t,z) = 4z, and jump se-
quence 7 = {2.70,6.30,8.60}. The output in Fig. 1 shows
state jumps consistently push states away from equilibrium.
Adverse effects include delayed equilibrium, excitation of
unwanted modes, movement toward instability, chaotic be-
havior, and reduced performance in accuracy, efficiency, or
desired output.
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Fig. 1: An autonomous linear impulsive system.

Impulsive switched systems have been extensively studied,
for an overview see [5], [6], [7]. Optimal control theory
has been applied for disturbance rejection in state-dependent
nonlinear impulsive systems, leading to an optimal nonlinear
hybrid control law [8], but requiring system model knowl-
edge. Finite-time stability for nonlinear time-dependent im-



pulsive systems was examined in [9], showing stabilizing
impulses enhance stability against disturbances, though no
specific controller is proposed.

For nonlinear fully-actuated impulsive systems, a high-
order fully actuated controller is designed [10], but requires
exact system models and full actuation. Sliding mode con-
trollers for stabilizing impulsive systems have been presented
in [11], [12], but the focus is on the linear case or restrictive
jump sequence assumptions.

In perturbed impulsive systems, LMI-based methods are
employed to design a linear state-feedback controller for
robust stabilization [13]. A framework for detecting jumps in
switched differential-algebraic equations is presented in [14].
An average model for linear impulsive switched systems
with pulse width modulation is proposed in [3]. Input-to-
State Stability (ISS) conditions for impulsive systems are
increasingly studied. ISS of nonlinear impulsive systems
under input saturation and disturbance is explored in [15],
and event-triggered impulsive control for ISS is investigated
under various conditions in [16], [17], [18], [19].

An effective approach to address disturbance impulses
within a system is the use of a funnel controller. This
controller does not require knowledge of the system model;
it only relies on the system’s output to track a desired output
trajectory. The concept involves defining a performance fun-
nel boundary and designing the control input to ensure that
the output tracking error remains within this boundary. This
controller enables the characterization of both transient and
steady-state behaviour of the output. The only information
required about the system is its relative degree. Additional
prerequisites include stable internal dynamics and high-gain
characteristics. Originally introduced for relative degree one
systems in [20], the funnel controller has been extended
in numerous directions, see [21] for a recent overview; in
particular, this controller has been expanded to systems with
higher relative degrees [22], to limit the error derivatives
[23], and for achieving synchronization of heterogeneous
multi-agent systems using funnel coupling [24], [25].

In this study, we aim to devise a performance funnel
to mitigate the adverse effects of impulses and switches.
The core idea revolves around adapting the funnel boundary
based on estimated jump intervals and the upper bound of
jump height, both known a priori, together with decreasing
the error as the system approaches the k-th impulse window.
Essentially, a narrower local inner funnel with a steeper slope
compared to the original funnel is established before each
jump interval, to reduce error prior to the jump. Upon the
occurrence of a jump, the error either remains within the
original funnel (then no further action is necessary) or, if
the error jumps outside the funnel, a temporary expansion
of the funnel boundary is necessary. However, following
a significant jump, the funnel is promptly shrunk back to
the desired boundary to restore the desired performance.
This approach ensures that the error consistently remains
within the (extended) funnel boundary: typically within the
desired funnel boundary, and after substantial jumps, within
the locally adjusted boundary.

II. PROBLEM FORMULATION

We restrict our attention here to the case of relative degree
one and input-affine systems, i.e. we assume that there exists
a mode-dependent, nonlinear coordinate change x — (y, 2)
such that (1) is equivalent to:

y = fa(t) (tv Y, Z) + o (t) (ta Y, Z) " u, t 7é ty, (2a)

Yt = o) (e y (), 2(t5), t=1tg, (2b)

z t) = f;(t)(tvyv Z)v 3 7& tg, (2¢)
Z(tz) = J;(tz)(thy(t;%’z(t];)% t:tkv (2d)
where z : [tg,00) — R"7! is the internal state. To ensure

existence and uniqueness of local solutions, we assume for
each mode m € X, the functions fy,, Jm, f7,, and J7, are
sufficiently smooth (at least locally Lipschitz continuous).
The proposed controller offers a significant advantage in
that it eliminates the requirement for explicit knowledge of
the system model, system order, jump map, and the initial
value. However, the structure of the system has to have some

properties as follows:

(PS1) The system (1) has relative degree one in the sense
that it is equivalent to (2).

(PS2) The system has a positive high-frequency gain! in the
sense that in (2) g(¢,y,z) > 0 for all ¢,y, 2.

(PS3) The internal dynamics of each mode m of the system
is BIBO stable in the sense that there exists a contin-
uous function 3,, : Rt x Rt — R* such that for all
continuous y, all solutions of the impulsive switched
system (2c) (driven by y as an input) satisfy:

12O < Botey (Y1t lloos [12 (£, VE € (Es trta)-

Furthermore, we assume that there exists a compact
set Zo C R™™1, such that z(ty ) = 20 € Zo.

These features are commonly observed in various real-
world systems, including chemical reactors, DC motors, and
robotic arms. Additionally, regarding disturbance impulses,
the controller doesn’t have to have precise information about
the exact jump instances and the jump rule; a general
understanding of the approximate intervals is sufficient. The
assumptions regarding the impulses affecting the system
output are outlined below.

(A1) The exact impulse instances are not known, but the
controller has access to time intervals within which
impulses may occur. In other words, t; is not known
precisely, but it is known that ¢, € Ty := [, tx] for
every k € N. Furthermore, let 7 := UkeN 7. . Addi-
tionally, the mode sequence of the switching signal is
assumed to be known.

(A2) It is supposed that the jump windows do not overlap
and have a minimal distance At > 0 from each other,
Le., tyyq — i > At

(A3) Jump rules J,4) are not
however, it is assumed that

explicitly  known;
the jump heights

I'The term “high-frequency gain” for g(t,y, z) > 0 is borrowed from the
linear case [21].



are upper-bounded by |Jn(tk, vy, 2, ) — Y| <
Wiy Wi 12 D1y > 2) 1, where o, = R X RT —
RT is a mode dependent continuous function.

Remark 1: The jump in the output can also occur due to
the switching itself, as the output map H, in (1) varies
with different modes. It is assumed that the overall jump
height, resulting from both the disturbance jump and output
map switching, is bounded by the « function in (A3). On the
other hand, even if there are no state jumps in the original
system (1), the (mode-dependent) coordinate transformation
leading to (2) will in general result in jumps in the internal
states.

Remark 2: In many real-world systems, jump intervals
can often be predicted based on periodic behavior, such as
network protocols in control systems or maintenance sched-
ules in mechanical systems. Additionally, designers typically
have knowledge of the maximum potential disturbances,
which enables the development of control systems capable
of managing worst-case scenarios. Consequently, it is not
uncommon to establish an upper bound for the jump height.

The desired funnel boundary wdes and desired output Yrer
needs to satisfy:

(PB1) 9 : [tg,o0) — (0,00) is convex, continuously
differentiable and has a bounded derivative.

(PB2) The initial error e(ty) = y(td) — yret(to) lies within
the prescribed funnel, i.e., |e(t)| < ¥9°(t)).

(PB3) The reference signal yf : [tg,00) — R is bounded
and continuously differentiable, with a bounded
derivative.

Convexity of ¢4 together with boundedness implies that
9 is a non-increasing function.

For each jump interval [t,?;] we specify a “pre-jump”
contraction level , v, € (0,1%5(%;)), whose purpose is to
reduce the output error in anticipation of an output jump.
Employing Assumption (A3), it then becomes feasible to
establish an upper bound for the error following each jump.
Referring to [23, Lem. 2], it is established that as long as
e(t) remains within the funnel, it is possible to determine
lower and upper bounds for y. Thus, before the first jump,
there exists constants Y{"™, YMn € R such that

Yg™ > sup Yre () + wdes(t0)7
[to,t1)
Yo < inf grer(t) — 4% (to).
[to,ts
Since the exact value of ¢; is unknown, the supremum
and infimum values of y.s within the interval [to,%;) is
considered. Consequently, before the first jump, the norm
of internal dynamic states is also bounded as follows:

max
%" 2 .UE[Yomm7113}68"'3&]J()EZOﬁU(t;r)(|y|7 HZOH)

To determine the maximum possible jump height within
this interval, we can choose a constant of*** such that:

o™ > max

« z .
- ye[Yumi"»Yd“M]aHZHSZSmx‘ U(tf)(y’ || ||)|

Thus, for the magnitude of the first jump, we have:

lev —er =1y — w1l
< oy Wi Lz DIy 20
< o™ (lyy [+ [z 1)
< o™ (ley | + |yree(t1)| + [I21 1)
<of(ler |+ sup |yrer(t)] + Z5™)
teft, t1]
< Ci(m),

where C1(71) == o™ (v1 + sup |yeer(t)| + Z§™). This

telt,,t1
bound is valid under the assu[rﬁpti]on that our controller
ensures that the error remains in the desired funnel until the
first jump occurs and additionally ensures that e | < 1.
The corresponding bounds Cy1(vx+1) for all later jump
intervals can be determined recursively. Therefore, choose
constant Y™ ymin| Zmax omX such that

Y= sup  yrer(t) + max(Cr (), ¥ (t;))
tE[ty, tr+1]
Y= inf yer(t) — max(Cr(yk), ¥ (L))
t€[ty trt1]
Zmax > max Bty (yl 121)
yelypm, v =)<z, )
o/Max > max (e z
B2 vy < el ot (0 1]
and let

Cra1(Vet1) = P (V1 + sup yrer(t)| + Z5™) (3)
telt, tr]

The constant C(7yy) represents the maximum jump height
at the switching time t. It is crucial to note that this value is
determined independently of the solution and solely relies on
prior available information such as bounds on the reference
signal, internal dynamics bounds via (3,,, output jump bounds
via auy,, jump intervals and mode sequence.

III. DYNAMIC BOUNDARY

Our proposed controller works as follows: As long as there
is no upcoming jump, the controller keeps the error inside
the desired boundary using a classical funnel controller:

1
o) — @]’ @
u(t) = —k(De(t), )

where 9(t) = ¥95(¢).

However, if a jump is anticipated within the interval
[ty, k], it requires a localized adjustment to the funnel
boundary. To achieve this, starting from A¢/2 seconds before
t,, the funnel boundary should gradually contract until
reaching an appropriate level. The value of At is closely
tied to the maximum allowable control input that an actuator
can deliver. The smaller the permissible control input, the
larger the value of At needs to be assumed. The extent of
height reduction in the funnel boundary during this interval
will be discussed later. Consequently, the function describing

k(1) =



this temporary local funnel boundary must possess certain
properties outlined in the following definition.

Definition 1: Let ¢ : [t1,t2] — R be a C' smooth
decreasing function with ¥ (t1) = a, 1(t1) = b, P(t3) = ¢,
and w(tg) =d, where a,b, c,d € R are given constants with

a > b and ¢,d < 0. We denote the set of such functions as

e

Remark 3: An important class of functions belonging
to }'(Ef})’i?ll are splines, which can be suitable choices for
adjustlng funnel boundaries.

The contracting funnel, denoted as w,IC and defined in
anticipation of the jump at time ¢z, is chosen from the set

[f} ;IA;I/ %zlt a The parameters within this set are defined as
folfowé “To smoothly guide the error to a lower level, the
reduced funnel starts with the same value as the desired
funnel at t — At/2, then gradually decrease to the specified

v over At/2 seconds. Thus:

ag = Uity — At/2) = (4 — AL/2),  (6)
b = Uity — At/2) = (1, — At/2), o
ck = Vi (te) = e- ®)
During the interval [t,,t), the local funnel boundary

remains constant at the prescribed level. Therefore, the
derivative of 1/),1c at the beginning of the interval is zero.

dj, = P (ty,) = 0. 9)

Given the upper bound Cp(vy;) of the upcoming jump
height, as calculated in (3), the maximum value of the error
after the jump is v + Ck(vk). Based on this value, two
situations may occur, see also Figure 2.

— s jump instances
jump intervals

Fig. 2: Adaptive funnel development.

1) 7% + Ck(7x) is strictly smaller than 9 (%). In that
case, the error will remain within the original funnel /9
after the jump, hence the funnel controller with the original
funnel boundary can be used after the jump and no further
action is necessary until the next jump. Although the exact
time t; is not known in advance, the jump can be detected
simply by observing that the error value suddenly is bigger
than . In case the jump is not detected (because the error

after the jumps remains smaller than ~y), then the funnel
switches back to the original funnel at the end of the k-th
jump interval.

2) v& +Ch (1) is equal or bigger than 1%(%;,), we need to
expand the boundaries after ¢} to the value j, + C (7). We
keep this value constant until the end of the jump interval and
then gradually shrink it back to the original funnel. Although,
the exact jump time is not known a-priori, it is trivially
detectable by observing that the error left the currently active
funnel®. Since the boundaries are precomputed, switching to
a new boundary incurs no additional computation or delay
(as shown by light blue lines in Fig. 2).

To achieve the contraction after the jump interval back
to the originally desired funnel, a new function ’(/J

tr,tr+AL/2
F [I’f bffn én] is defined via:

= w”@k) Yk + Cr(Vk)s (10)
bII — (gk)
= il (T + At/2) 8 (F + At/2),
= (T, 4+ At/2) = (B, + AL/2). (1)

By employing an adaptive funnel boundary determined
by upcoming jumps, the error consistently remains within
the (extended) funnel limits. This result is formalized in the
following theorem.

Theorem 1: Consider the nonlinear system described by
(2), with an output reference signal y.r : Rt — R, and a
specified desired funnel boundary 1% satisfying assump-
tions (PB1) to (PB3). Assuming that impulses adhere to
the conditions outlined in (A1) through (A3), employing
the control input defined in (4) and (5), along with the
discussed procedure to adjust the funnel boundary, ensures
that the error remains within the funnel for all times, i.e.,
—(t) <e(t) <(t) Vi>D0.

Proof: Firstly, it’s essential to demonstrate that if the
error lies within the funnel before each jump, it will persist
within it after the jump by adjusting the funnel boundary
using the aforementioned procedure. To illustrate this, in the
interval T, when 7y + Ci(v) < %5(%) (first case), it can
be stated:

—e,| < |e$ —e; |+ e |

< Cr(yr) + 76 < P (E).

Note that the maximum value of |e, | before the jump
equals to 7. Given the monotonicity of ¥%(¢), if |e;| is
smaller than (%)), it implies that |e;| remains below
() for all t € [ty tx).

If vk + Cr(y) > ¢ (%) (second case), likewise:

|ez| = |e',€Ir +ep

lef| < lef — e |+ le | < Culm) +
Cr(vk) + Y& is equal to the level of adjusted funnel bound-
ary. Now using standard funnel control arguments, we can

2In the jump interval, the active funnel is given by the constant -y;. Note
that also in the second case, it can happen that the error after the jump
remains in the desired funnel, in that case we can directly use the desired
funnel instead of the extended funnel.



conclude that the error stays within the funnel on the interval
[tk,tr+1) and the left-limit at ¢;4 is well defined. [ |

Remark 4: 1t is important to note that with this method,
we cannot guarantee that the input will not grow unbounded
as t — oo. This is because the jump maps depend on both
the internal dynamics and the output. Specifically, the bound
Z;7'®* on the internal dynamics depends on the bounds of
the outputs Ykmax/ " which determines the maximal jump
height C11 at the next switching time. This results in larger
bounds karflx/ "™ and an increased bound Zpy for the
internal dynamics, requiring larger inputs to compensate for
the internal dynamics and the increasing slope of the adjusted
funnel. However, if the upper bound on the jump map is
independent of the internal dynamics, such as a(y)||y/|, then
the input will not grow unbounded. Finding less conservative
conditions which ensure boundedness of the input is a topic
of future research.

IV. SIMULATIONS

Example 1: This example investigates the system behavior
described in Fig. (1) under the implementation of the pro-
posed controller. We analyze the system dynamics defined
by F(t,z,u) = —0.22 + u. For this example, we set v, =
%wdes(fk) and Z = {[2.00, 3.00], [6.10, 7.00], [8.30, 8.80]}.
A comparative analysis is performed between the proposed
funnel controller and a proportional (P) controller, with the
P-controller gain set to k, = {0.4,1} (u, = —kpe(t)).

As illustrated in Fig. 3, the funnel controller effectively
mitigates the impact of the second and third jumps on the
system, with the first jump causing a deviation of 0.14 in
y. Additionally, the total control input energy, quantified by
fot u(t)? dt, is 101, and the maximum control input is 1.82.
Furthermore, for this system and choice of 7 it can be seen
that an extension of the original funnel is not necessary.

For controllers with gains of k, = 1 and %k, = 0.4, the
total energy consumption and maximum control inputs are
282 and 2.5, and 187 and 1, respectively.

The controller with a gain of k, = 0.4 offers a more
comparable energy consumption and maximum control input
to the proposed funnel controller. However, as shown in
Fig. 3, the output behavior still experiences jumps. Addition-
ally, this controller cannot provide performance guarantees,
as the error consistently exceeds the funnel boundaries with
each new impulse, and even with closely spaced impulses,
the system could become unstable. In contrast, the funnel
controller successfully keeps the error within the funnel
boundaries.

Example 2. Consider the following nonlinear system with
two modes:

Mode 1:
y(t) = (—z +y +arctan(y))y + (ly| + 0.25)u, t # iy
y(th) = 2(ty), t =ty

)= -2y

— — —-jump instances
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Fig. 3: Comparison of the proposed funnel controller on
the system shown in Fig. 1 with proportial controllers with
constant gains.

Mode 2:
y(t) = —2eYz + 2u t# ty
y(t) = y(ty) + () t =t
H(t) = —2 — 22° + (1 + 2%)y?
The impulse time sequence is given by T =
{2.80,13.37,23.40} and the jump intervals are
I = {[2.48,3.67),[11.12,14.58],[21.35,24.33]}. The

jump heights in modes one and two are bounded by
lef = el < V2ll(y,2)|| and [ef — e < Iy, 2|
respectively. Additionally, the internal state of modes one
and two are bounded by |2(t)| < |20 + (||y[0.¢)ll0c/0.9)/3
and [z(t)] < |z + ([yp,llec)® (CE [26, p. 177)).
Also, v, = 13y (&) and o(t) = {2,1,2,1}. Initial
conditions are (y(0),z(0)) = (0.20,0.05) for mode one
and (0.10,0.10) for mode two. Moreover, Y = sin(t),
P = 2.7e7015 4 0.1 and At = 4s. ¥l and I are
third-order polynomials. The real-time funnel boundary
adjustment, the error evolution, and the tracking performance
are shown in Fig. 4 and Fig. 5.

As depicted in Figure 4, during the second and third
jumps, although the funnel contracts to the level 7y, the jump
height exceeds the desired funnel, leading to an expansion
of the funnel boundary after t;. Another noteworthy obser-
vation is that the widening of the funnel surpasses the actual
jump height. This discrepancy arises due to the unavailability
of the actual jump map, necessitating the calculation of the
adjusted funnel boundary based on the upper bound of the
jump height.

V. CONCLUSIONS

A funnel controller for relative degree one nonlinear im-
pulsive switched systems is introduced for tracking reference
signals. It does not require knowledge of system model,
making it versatile for applications where only output data
is available. While exact timing of state jumps during mode
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Fig. 5: Output tracking of the controller.

changes isn’t needed, knowing the interval for possible
switches and the upper bounds of jump heights allows pre-
calculation of funnel boundaries. The controller ensures that
errors remain within the funnel using classical funnel control
inputs. Simulations show effective performance when there
is mode switching with disturbance jumps. Future work will
explore unbounded input growth, investigate input saturation,
and extend the framework to systems with higher relative
degrees.
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