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Abstract

Linear switched impulsive systems (SIS) are characterized by ordinary differential equations as modes dynamics and state
jumps at the switching time instants. The presence of possible jumps in the state makes nontrivial the application of classical
averaging techniques. In this paper we consider SIS with pulse width modulation (PWM) and we propose an averaged model
whose solution approximates the moving average of the SIS solution with an error which decreases with the multiple of the
switching period and by decreasing the PWM period. The averaging result requires milder assumptions on the system matrices
with respect to those needed by the previous averaging techniques for SIS. The interest of the proposed model is strengthened
by the fact that it reduces to the classical averaged model for PWM systems when there are no jumps in the state. The
theoretical results are verified through simulations obtained by considering a switched capacitor electrical circuit.

Key words: Averaging, switched impulsive systems, pulse width modulation, differential algebraic equations.

1 Introduction

Switching represents the natural behavior of many sys-
tems of practical interest, e.g., mechanical systems [20],
electronic circuits [25], piecewise affine systems [9,8,1].
In particular, switched systems with pulse width modu-
lation (PWM) are characterized by a sequence of modes
which repeats periodically in time [21]. The “fast”
switching behaviour determines oscillations, i.e., the so
called ripple, of the state variables around a smooth
trajectory whose dynamics are typically much slower
than the switching period. The main goal of the averag-
ing theory consists of obtaining a smooth model whose
solution is able to capture the averaged behaviour of
the switched system. The corresponding theoretical ob-
jective consists of proving that the error between the
solutions of the switched and the averaged systems is of
order of the switching period.
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Averaging theory has been extensively studied for PWM
systems with Lipschitz continuous solutions, see among
others [5,19,23,26-28]. Recently a new approach for pe-
riodic averaging based on time delays has been proposed
for fastly varying system [2,4]. However, the class of so-
lutions considered therein is absolutely continuous. In-
deed, the model structure considered therein does not
allow the presence of state jumps at the switching time
instants. On the other hand, there exist practical PWM
systems, such as switched capacitor DC/DC convert-
ers, which exhibit state jumps at the switching time
instants and they still present a sort of averaging be-
haviour [18,11]. These circuits can be modeled within the
class of linear switched impulsive systems (SIS) where
each mode is characterized by a set of linear ordinary dif-
ferential equations and algebraic constraints which de-
termine the rule of the state jumps at the switching time
instants [22]. In this paper we study the application of
averaging theory to SIS with PWM.

The presence of state discontinuities makes nontrivial
the formal study of switched systems [3] and two aspects
are specifically critical for the averaging analysis of SIS.
The first issue is related to the fact that the amplitudes
of the state discontinuities usually do not reduce by de-
creasing the switching period. The approach we propose
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for overcoming this obstacle consists of comparing the
averaged solution with the moving average of the SIS
solution. Another theoretical challenge is due to the de-
pendence of the SIS solution on the matrices which char-
acterize the state jumps which one would then expect
should be included in the averaged model too. This de-
pendence introduces several problems for the analysis
which requires nontrivial theoretical arguments in order
to be solved.

The averaging analysis for switched systems with state
jumps is still at its infancy. An averaged model for homo-
geneous SIS with two modes was presented in [7] where
strict algebraic conditions (commutativity) on the ma-
trices characterizing the state jumps and those describ-
ing the modes dynamics were required. These conditions
are not assumed in the analysis of this paper. The aver-
aging result in [7] was extended to more than two modes
in [6], to the non-autonomous case in [12] and to partial
averaging in [13], however the corresponding theoretical
findings were still based on the algebraic assumptions on
the SIS matrices introduced in [7]. The commutativity
condition was relaxed in [14] by using conditions on the
kernel and the image of the matrices of the modes. How-
ever, there exist practical SIS for which these conditions
are not satisfied [17,18].

In this paper we propose a continuous-time averaged
model for SIS under milder assumptions with respect to
those formerly used. The averaging property was con-
jectured by the authors in [15] without providing any
formal proof and by taking inspiration from the appli-
cation of theoretical findings in [16] applied to discrete-
time models. In this paper we provide a formal proof for
the averaging result by showing that the error between
the solution of the averaged model and the moving av-
erage of the solution of the SIS decreases exponentially
with the number of switching periods and linearly with
respect to the period duration. The proposed averaged
model is a generalization of the classical averaged model
adopted for PWM systems with Lipschitz solution, in
the sense that if there are no state jumps the matrices of
the proposed model reduce to those of the classical one.
A switched capacitor electrical circuit is considered as a
motivating practical example and numerical simulations
validate the effectiveness of the proposed model.

The rest of the paper is organized as follows. In Section 2
some preliminary definitions and properties of SIS are
recalled. Motivating examples for the proposed analysis
are presented in Section 3. Section 4 describes the struc-
ture of the proposed averaged model and Section 5 our
main theoretical result (all proofs are reported in the Ap-
pendix). In Section 6 numerical verification of the the-
oretical results is proposed. The synthesis in Section 7
summarizes conclusions and future work.

2 Switched impulsive systems

In this section we present some preliminaries on nota-
tion, the definition of the class of SIS of interest and a
resume of the existing results on averaging for SIS.

2.1 Notation

The following notation is adopted throughout the pa-
per: R is the set of real numbers, R™ (R) is the set of
positive (nonnegative) real numbers, R™ is the set of n-
dimensional vectors of real numbers, C is the set of com-
plex numbers, F' € R™*™ indicate a real matrix with m
rows and n columns, Ny (N) is the set of (positive) nat-
ural numbers; | - || indicates the Euclidean norm on R™
and also the corresponding induced matrix norm; |z] is
the largest integer less or equal than z € R. A matrix F' €
R™ ™ is idempotent if F* = F for any k € N; it is Schur if
all its eigenvalues have magnitude smaller than 1. A pair
of matrices F, F; € R"*"™ is commutative if F;F; = F; F;
with i, j € N. The product of ¢ matrices F;,i = 1,...,qis
defined as (note the order) [ [}, F; = FyFy_1--- FoFy.
The following notation is used: G;(¢) = efi¢ forall € e R
and G;, = Gi(d;p) = ef%P for some d; € D = [0,1),
¥ = {1,...q} with q € N. A function u : Rf — R" is
a Bohl function if it is a linear combination of terms of
the form tFe* where k € Ny and X € C. A matrix func-
tion G : Ry — R™*™ is said to be an O(p") function as
p — 0for any r € No, (G, = O(p") for short), if there ex-
ist constants & € R* and p € RT such that |G,| < ap”

for all p € (0, p]

2.2 SIS with pulse width modulation

The class of SIS considered in our analysis is now in-
troduced. It is characterized by a PWM with q € N
modes and a switching period p € R*. The sequence of
modes is assumed to be fixed. At each tx = kp, k € Ny,
the mode ¢ = 1 is activated and it remains active since
ty + dip where di € D is the duty cycle of the first
mode. Then the system commutes from the mode (i —1)-
th to the mode i-th, ¢ = 2,...,q, at the time instants
Sk, ==t + 2;_) djp, k € No where d; € D, is the duty
cycle of the i-th mode; in particular, )}, d; = 1, see
Fig. 1.

dip dap dgp
| | | | |
| | | | |
| | | | |
_— = ] ] ] ] L
tr—1 ty = Sk,1 Sk.2 Sk3 Skaq tpat

Fig. 1. Illustration of the switching times notation for k > 1.

The continuous-time switched impulsive system can be



represented as follows

z(s),) = ;z(sy, ;) (1a)

N2

,T(t) = Fﬂ?(t>7 te (Sk,i; 3k,i+1) (1b)
with z(07) = xo € R™ initial condition, for k € N,
1 € X, where Sg ¢+1 := th+1 = Sk+1,1, the state variable
is the same for each mode and z(s; ;) (x(sgz)) is the
state at the end (beginning) of the (¢ —1)-th (i-th) mode
at the k-th period. The nonzero flow matrix F; € R™*™,
1 € 3, characterizes the dynamics of the i-th mode and
the jump matrix II; € R"*" 4 € X, (called consistency
projector in the differential algebraic equations termi-
nology) determines the possible jumps of the state vari-
ables at the switching time instants. Note that in con-
trast to earlier works, we do not assume that II; is a
project (i.e. an idempotent matrix). The switched impul-
sive system (1) includes several practical systems and,
among them, switched descriptor systems which can be
represented in the form of homogeneous switched differ-
ential algebraic equations with regular matrix pairs [16].

The solution of (1) can be written by cascading the so-
lutions of the different modes and by considering the
jumps at the switching time instants. In particular, at
the switching time instants one can write

:z:(s,:i) = H,x(sgﬂ) (2a)
TSy i11) = Gi»Px(sl-:,i)’ (2b)

where G; , = ef®? for k € Ny, i € X. By combining (2),
one obtains that the left solution of (1) at the time in-
stants multiple of the switching period must satisfy the
following iterative equation

Tpy1 = OpTp 3)

for all k € Ng where x := x(t, ), x, = zo and

q
ep = 1_[ Gj,ij’ (4)

j=1

By iteratively applying (3), the left solution of (1) at the
time instants multiple of p can be written as

x, = @ﬁxa (5)

for all k € Ny.

Remark 1 The model (1) is autonomous, however the
analysis presented below can be easily applied to the case
of non-autonomous systems whose inputs are Bohl func-
tions by extending the state space.

2.8 Basics on averaging for SIS

Averaging theory has been already studied for SIS. In
what follows we briefly recall the existing theoretical
results in order to motivate the proposed analysis and
to highlight the novelties of our results.

In [7] a SIS model (1) with q = 2 was considered and the
following averaged model

£(t) = An (1),

with 5(0) = Hiro, Aav = H(F1d1 + FQdQ)H, II = H2H1,
was introduced. In particular, it was proved that if the
matrices I1; and I, are commutative and idempotent,
and the conditions

te Ry (6)

ILE; = Fi11; = F; (7)

hold for all ¢ € ¥ then for any finite £ € R™ the error
between the solution of (1) and that of (6) is decreasing
with the same order of the switching period, i.e.

z(t) = £(t) = O(p) (8)

for all ¢ € (0,t]. This result was extended to more than
two modes in [6], to the non autonomous case in [12] and
to partial averaging in [13].

The commutativity condition was relaxed in [14] by in-
troducing the following conditions on the kernel and the

image of the matrices of the system (1):

imII < im IT;, (9a)
ker IT 2 kerI1;, (9b)

for all ¢ € X2, where the matrix IT € R™*™ is given by

I =

i

q
0. (10)
=1
Note that in the case of SIS with two modes with II
idempotent, the averaging result (8) holds even if condi-
tion (9b) does not hold. Condition (7) and the assump-
tion that II;, ¢ € X, are idempotent were still required
in order to obtain the averaging result in [14]. It should
be noticed that the commutativity conditions imply (9)
also if II;, ¢ € X, are not idempotent. In general, if the
matrices II;, ¢ € X, are idempotent, the matrix IT may
not be. However, if (9) hold and I1;, i € ¥, are idempo-
tent then II is idempotent.

Unfortunately, it arises that several practical electrical
circuits do not satisty (9), even if they present a sort of
averaging behaviour [18]. The averaging result presented
in this paper considers SIS (1) where the matrices II;,
i € X, do not commute, are not necessarily idempotent
and the conditions (7) and (9) are not required.
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Fig. 2. Elementary cell of a ladder step-up switched capacitor
converter.

3 Motivations

In this section we motivate the interest of our study by
considering two examples of switched systems. Firstly,
the SIS model of a switched capacitor circuit is de-
scribed by highlighting the significance and relevance of
state jumps occurring at switching time-instants. Then
we show the applicability of the proposed approach
to switched systems which can be viewed as periodic
singularly perturbed systems with fast and slow modes.

3.1 A circuital example

Let us consider the switched capacitor electrical circuit
shown in Fig. 2. The circuit represents the typical ele-
mentary cell of a ladder step-up switched capacitor and
it consists of two capacitors and four electronic switches
that are controlled in a complementary way. Then the
modes of the system are two. It is assumed ¢ = 1 in (1)
when the pair {S1,S2} are turned on together with the
pair {S3,S4} turned off and ¢ = 2 in (1) for the reverse
conduction of the switches pairs. By considering as in-
put a constant voltage source v = x1, the circuit can be
modeled with x4 and z3 being the state variables corre-
sponding to the voltages on the capacitors C; and Cs,
respectively. Then the matrices pairs of (1) are:

(1 0 o0 000
= |0 Cap Cip| F1=—% 110 (11a)
_OCQpClp 101
(100 000
My=|010], Fr=—pe [110] (1b)
(100 000
wherepzm.

It is easy to verify that II; and IIs are not commutative
and also (9) are not satisfied by (11).

1-th mode g-th mode

61pp (dl - 61p)p

< 7S
| |
| |
| |
| |

dqpp (dg — Ogp)p
| | |
| | |
| | |

i

—_— - =

7
I
I
|
}
th—1 ty = Sk1 Sk,2 Sk,q tk+1

Fig. 3. Illustration of 9 modes with fast and slow dynamics.

In this paper we propose a continuous-time averaged
model for the switched impulsive system (1) under
milder assumptions with respect to (9). The averaging
property was conjectured by the authors in [15] without
providing any formal proof and by taking inspiration
from the application of theoretical findings in [16] ap-
plied to discrete-time models. In next section we provide
a formal proof for the averaging result based on new
conditions on the system matrices which can be easily
checked and are satisfied by (11).

3.2 A singularly perturbed system

The proposed averaging approach can be also applied
to periodic continuous-time switched systems which do
not present state discontinuities at the switching time
instants but exhibit an alternate sequence of fast and
slow modes. Since there are no jumps, the system can
be modeled as a SIS in the form (1) where all the II;
are identity matrices. The resulting singularly perturbed
switched system can be described by the following equa-
tions

Ts(t 1 s (t

I::.Efgt; :I = FpAl I::Efgt; :I ’ te [Sk7i7 Sk,i + 61p] (12&)
Ts(t s (t

[i:fgt; :| = F’L I:a:fEt; ] ’ te [Sk,i + 6ip7 3k,i+1] (12b)

where 7, is a small parameter that depends on the
switching period p and it characterizes the time scale
separation between the slow dynamics of xs and the
fast dynamics of z, A; and F; are the slow and fast dy-
namic matrices of the i-th mode which can be expressed

in the following block forms
Fi1 Fi
F, = [ . ] (13)

0 0
Ai,l Ai’g 0 0

with A4; 2> a non singular matrix. The fast i-th mode
is active during the interval (sy ;, sk + d1p], dip < di,
i € X, and at the time instant s ; + d;, the slow mode is
activated and it remains active until s 41, see Fig. 3.
Under the hypothesis that the parameter 7, goes to zero
faster than p, we can approximate the fast dynamics of
the i-th mode by a matrix with an error of order p?, as
described by the following equation

A; =

A, 2P

e =TI; + O(p?) (14)



with

1 0
I, = . (15)
A7y Aiq 0.

Then the singularly perturbed switched system (12) can
be approximated with a SIS in the form (1) where the
matrices II;, ¢ € ¥ are given by (15).

4 Continuous-time averaged model

In this section we first introduce the proposed averaged
model by motivating the structure of its matrices. Then
the main averaging result is claimed and the assumptions
required for its proof are discussed.

4.1 Averaged model

The proposed continuous-time averaged model has the
following structure

teRy (16a)
pu(t) = TE(t) (16b)

with £(0) = xo € R™ initial condition, the dynamic ma-
trix function A4, : Rt — R™*" is given by

Ay =5 (@ = 1) (17)

with the matrix function ®, : R™ — R™ ™ and the
matrix ' e R™"*"™ given by

¢, =11+ Ap (18a)
r= i (ﬁ Hh> d; (18b)
j=1 \h=1

where II € R™*™ is given by (10) and the matrix A €
R™™ given by

A=) ( ﬁ I, Fj ﬁ Hh> d;. (19)
h=1

j=1 \h=j+1

where [ [}, T, for j = qis assumed to be the identity
matrix.

The output p € R™ of the model (16) is intended to be
an approximation of the moving average of the solution
of the impulsive systems (1). The dependence of (17) on
the switching period is a crucial aspect in order to ob-
tain a good approximation [16], which is an analogous
dependence used in the well known result for the clas-
sical averaging technique applied to switched systems
with modes represented by ordinary differential equa-
tions, i.e., by excluding jumps in the state [10].

It should be noticed that in the case of a switched ordi-
nary differential equations, the matrices Il;, ¢ € 3, are
equal to the identity matrix and the matrix A reduces
to the dynamic matrices of the classical continuous-time
averaged model of pulse width modulated systems with
q modes, i.e. 3% Fjd;.

A further motivation for the choice of the matrices in (16)
can be obtained by discretizing the model (16) with the
forward Euler method and a sampling period p. By
indicating with zj the state variable at the time-step
k € Ny of the resulting discrete-time state-space model,
from (16a) one obtains zi11 = 2, + pApz,. Then, by us-
ing (17) the following discrete-time model can be written

Zk4+1 :<I>pzk, ke No (203)
pe =Lz, (20b)

with 29 = xo. The solution of (20) can be written as
_ &k
2k = ®p20 (21)

for all £ € Ny. In the sequel we will show that =, =
zi + O(p) for any k, which motivates the choice (17)
with (18a).

The choice of the matrix ' in the output equation (16b)
can be motivated by considering the continuous-time
moving average of the solution of (1), which is defined as

m(t) = EL z(r)dr (22)

for any t € (0,f—p] with ¢ > p, where z(¢) is the solution
of (1). We will show that the m(ty) = ux + O(p) which
motivates the choice (16b) with (18b).

In next section it is proved that, under some assumptions
which are discussed in the sequel, there exist constants
a e RT, BeRy,ee (0,1), p. € RT such that the
following condition

[m(t) = u(t)| < ap + Be* (23)

with k& = [¢/p], holds for all p € (0,p.] and ¢ € (0,7 — p],
for any t € R*. In (23) the moving average m(t) is given
by (22) with z(t) being a solution of the SIS (1), and
w(t) is the output of the averaged model (16).

4.2 Assumptions

The main result is proved starting from two basic as-
sumptions. The first one can be expressed as follows.



Assumption 1 Given the matriz function ®, expressed
by (18a), there exists a constant o € R§ and an induced
matriz norm || - || such that

195/ < 1+ ap. (24)

Assumption 1 can be verified through the feasibility of a
suitable set of linear matrix inequalities [15, Lemma 4].
Note that Assumption 1 may be satisfied, while (24)
is not satisfied w.r.t. to the standard (induced) Euclid-

ian norm. As an example consider ¢, = [16”’ 0.%—?;)]'
It is easily seen that for the norm || - || : R? — Rxg
given by |[|z|| := |Tz| for T = [{1] we have that
|®,]l = |T®,T7Y = 1+ p, ie. (24) is satisfied for

a = 1. However, |®g| ~ 1.14 > 0, so that (24) does not
hold w.r.t. the Euclidian norm.

Remark 2 Under the situation that all II;, i € X, are
idempotent, conditions (9) imply that 11 is idempotent
and then Assumption 1 holds. On the other hand, As-
sumption 1 is also verified if all powers of the matriz I1
given by (10) are bounded, i.e. there exists a constant
M > 0 such that |II¥| < M for all k, without requiring
that I1 is idempotent. This fact can be easily proved by us-
ing the Barabanov norm [24]. Therefore, the results pre-
sented in next section which are based only on Assump-
tion 1 are proved under milder conditions with respect to
the former averaging results which start from (9).

An important result related to Assumption 1 is the fol-
lowing lemma which has been proved in [15].

Lemma 3 Consider a Lipschitz continuous matric
functionp — ®, € R"*". Assume there exists a constant
o € RY such that (24) holds. Then, for any Lipschitz
continuous matriz function p — M, e R"*" such that
M, = O(p?), it is

®F =0(1) (25a)
(D, + My)* = ®F + O(p). (25h)

for all k € {0,...,0,} with ¢, = |t/p| and any finite
teRT.

Note that the asymptotic bounds (25) are valid no mat-
ter which matrix norm is used, because all matrix norms
are equivalent and hence the norm-choice only effects the
constants within the big-O notation. In the following we
will only utilize Assumption 1 via Lemma 3 and there-
fore we can use in the remainder of this work always the
standard Euclidian norm when bounding errors; in par-
ticular, knowledge of the specific (non-standard) norm
satisfying (24) is not required.

A further technical assumption required in order to ob-
tain our averaging results is the following.

Assumption 2 Given the matrices II and A expressed
by (10) and (19), respectively, there exists a coordinate
transformation T € R™ ™ such that

10
Tn7Tr—! = oy (26a)
Ay O
TAT™! = L\l \ 1 (26Db)
3 2

where V is Schur, with V and Ay square matrices of the
same dimension.

Consider the case that II;, i € 3, are idempotent. It can
be easily shown that (9) implies (26a), with V' = 0 but
the opposite is not true in general. Indeed, (11) do not
satisfy (9) but Assumption 2 holds for these matrices
as it can be verified by considering, for instance, the
following coordinate transformation

1 00
T=|-92%1 8] (27)
-1 01

Note that (26a) together with the Schur condition of
matrix V, also if II;, ¢ € X, are not idempotent, im-
plies that limy . [(THT 1)+ —(TOT~1)*¥] = 0 which
means that the transformed matrix TTIT~! converges to
an idempotent matrix when k goes to infinity.

Remark 4 Assumption 2 allows one to obtain a useful
transformation for the matriz function ®,. Indeed, by
using Assumption 2 one can write

(28)

T(I)Tl_[HAlp 0 1
LT = .

A3p %4 + A2p

For sufficiently small p the matrices I + A1p and V + Aap
have no common eigenvalues, hence there is a unique
solution R, of the Sylvester equation

Ry(I+Aip) — (V +Asp)Ry = —Azp  (29)

such that
I+A 0
Tp@pTz;l = P (30)
0 V+ Agp
with
10
T, = T (31)
R, I




Note that R, = 0 is the solution of (29) forp = 0 and
(29) can be written as

(M + pM)vec(R),) = —pvec(As)

where vec(+) : R™*" — R is the standard vectorization
operator, M := IQV —I®I and M := IQ Ay —A] ®1I.
Hence a standard perturbation analysis shows that

M~1||As

| Ryl < m p=
I M MIp

Remark 4 will be used for obtaining the main result of
the paper which shows that if Assumptions 1 and 2 hold
then (23) is satisfied.

It is interesting to compare (8) and (23) in the light of
the required assumptions. First of all the approxima-
tion result (8) involves the solution z(t) of the impulsive
system while in (23) the corresponding moving average
m(t) is considered. The variables £(¢) and u(t) do not
present jumps, so as m(t). The reason why z(t) can be
used in (8), is that the amplitudes of the state jumps
converge to zero with p if (9) holds, which is not assumed
in our main averaging result. Instead, if Assumptions 1
and 2 hold it is still possible to have nontrivial jumps
when p decreases. On the other hand, the inequality (23)
says that the error m(t) — u(t) decreases with the multi-
ple of the switching period and by decreasing the PWM
period.

5 Averaging results

In this section the averaging result (23) is proved. To this
aim, some preliminary steps are required. We first prove
that the difference between the solution of the SIS (1)
evaluated at the multiple of the switching period and
the solution of the discrete-time system (20), is of order
of the switching period.

Lemma 5 Consider the continuous-time SIS (1) with
initial condition xo, over a time interval t € [0,%] with
somet € RT and the discrete-time model (20) with k =
|t/p| and initial condition zg = xq. If Assumption 1 is
satisfied, then the following condition

zp =z + O(p) (32)

where x,; is given by (5) and zy is given by (21), holds
forallke{0,...,¢,}, ¢, = [t/p].

By using Lemma 5 one can prove that the difference be-
tween the moving average (22) evaluated at the multiples
of the switching period and the output of the discrete-
time model (20), is of order of the switching period. As
for Lemma 5, also the following result requires Assump-
tion 1 but not Assumption 2.

Lemma 6 Consider the continuous-time SIS (1) with
initial condition xo, over a time interval t € [0,%] with
some t € R, the moving average of its solution given
by (22) evaluated at ty, fork € {0,...,¢,—1}, ¢, = |t/p],
and the discrete time model (20) with k = |t/p| and initial
condition zy = xg. If Assumption 1 is satisfied then the
following condition

m(ty) = pux + O(p) (33)
holds for all k € {0, ..., £, — 1}.

A further step towards the proof of our main result con-
sists of considering the error between the moving average
m(t) expressed by (22) and the values obtained by sam-
pling m(t) at the multiple of p, i.e., m(tx) where ty, = kp
and k = |t/p|. In particular, by using Assumption 2 one
can prove the following result.

Lemma 7 Consider the continuous-time SIS (1) with
initial condition xq, over a time interval t € [0,t] with
some t € RT, the moving average m(t) of its solution
given by (22). If Assumptions 1 and 2 are satisfied then
there exist constants « € RT, 8 € Ry, e € (0,1) and
De € RT such that the following condition

[m(t) = m(te)] < ap + Be* (34)

with ty, = kp, k = |t/p|, holds for any t € (0,t — p] and
any p € (0,pc].

Lemma 7 allows one to conclude that the approximation
result is valid for any backward A-shifted version of (22)
defined as

t—A+p
ma(t) = %JFA z(T)dr (35)

with A € [0, p), where x(¢) is the solution of (1). Indeed,
since (22) is defined as a p-forward moving average, it is
easy to verify that a condition similar to (34) holds for
ma, i.e., [ma(t) —m(ty)| < ap+ Be* for any A € [0,p),
t e (A,t+ A —p] with £ > p. In the following for the
sake of simplicity we consider the case A = 0.

By using the lemmas above, we can prove the following
theorem which synthesizes our main result.

Theorem 8 Consider the continuous-time SIS (1) with
initial condition xo, over a time interval t € [0,%] with
some t € RY, the corresponding moving average m(t)
given by (22) and the output u(t) of the continuous-time
model (16) with initial condition £(0) = xq. If Assump-
tions 1 and 2 hold, then there exist constants o € R™,
B e RS, ee (0,1), and o, € RT such that (23) with
k = |t/p] holds for all p € (0,D.] and t € (0,¢ — p].



The averaging approximation expressed by (23) and
proved in Theorem 8 shows that the error between the
moving average m(t) of the SIS solution and the output
of the averaged model depends on p and k too. In other
words, it is not enough to let the switching period going
to zero in order to reduce the error of the averaging
process, but some periods must elapse too. This is due
to the fact that the algebraic conditions on the modes
matrices have been relaxed. The following remark shows
that under more restrictive conditions on the modes
matrices, one can recover the classical O(p) averaging
result.

Remark 9 It is easy to show by checking the proof of
Theorem 8 that, under Assumptions 1 and 2, if all1l;, i €
¥, are idempotent and (9) hold than there exist constants
QUm, 0y € RT and p e RY such that

mDs (36a)
ub, (36b)

with ty, = kp, k = |t/p| holds for all p € (0,D] and
t € (0, — p]. It should be noticed that in the case of a
SIS with two modes under Assumptions 1 and 2, if all
IT;, i = 1,2 and the product I are idempotent then (36)
is still valid even if (9a) holds and (9b) doesn’t.

6 Simulation results

In this section three examples with their respective sim-
ulations are analyzed to validate the effectiveness of the
results presented in the previous section. The first ex-
ample describes the proposed averaged model (16) and
its effectiveness for the electronic circuit shown in Fig. 2.
The second example compares the results obtained with
the proposed averaged model and the classical one (6) in
a case where the jump matrices are projectors and sat-
isfy conditions (9), in particular, it is highlighted that
in general the average models differ. The last example
shows the application of our technique for an unstable
system and it also illustrates that in some cases the newly
proposed average model coincides with the previously
proposed averaged model.

Example 10 Let us go back to the motivating example of
our analysis whose equivalent circuit is shown in Fig. 2.
By considering (11) it follows that

1 0 0
II =1l = | 0 Cop Chp (37)
1 0 0

being p = 0141_02 . It can be easily verified that the matriz

II is product bounded, i.e. II¥ is bounded for all k, and
then Assumption 1 holds independently of the circuit pa-
rameters. Moreover, Assumption 2 holds by considering
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Fig. 4. Time evolution of the state variable zs of Exam-
ple 10 with p = 0.05s (top) and p = 0.1s (bottom): SIS (1)
(blue lines), averaged model (16) (green lines), discrete-time
model (20) (red stars), moving average (22) (black lines).

the transformation matriz (27). The matriz (19) can be
written as

0 0 0
A =TI, 1 111dy + FollsIldy = 7%02d2 7% 0
0 0 0
and the matriz (18b) is given by
1 0 0
I'=1Idy + IIs1l1ds = | O Cgp Clp

dy Copdy Cypdy
where we used the condition dy + da = 1.

We now compare the solutions of the SIS (1), the aver-
aged model (16) proposed in this paper and the discrete-
time model (20) together with the moving average (22).
Let us consider Cy = Cy = 120 uF, R = 10k, u = 12V,
dy = do = 0.5 and null initial conditions. Fig. 4 and
Fig. 5 show the dynamics of the state variables xo and x3,
respectively, for different values of the switching period,
over a time interval of 1s.

Figures 6 and 7 show the left hand side of (23) computed
for the state variable x3 in logarithmic scale as a function
of time and as a function of the multiple of the switch-
ing period (steps), respectively, for different values of the
switching period.

Clearly, the intersections among the different curves in
Fig. 6 show that the initial error is not of order p, but
it quickly decreases with an increasing number of steps
and from Fig. 7 it is visible that the rate of convergence
with respect to the step counter k is independent of p,
which is related to the Be® term in (23) and is due to the
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Fig. 5. Time evolution of the state variable z3 of Exam-
ple 10 with p = 0.05s (top) and p = 0.1s (bottom): SIS (1)
(blue lines), averaged model (16) (green lines), discrete-time
model (20) (red stars), moving average (22) (black lines).
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Fig. 6. Time evolution of the error ||m(tx) — pu(tr)| computed
for the state variable z3 of Example 10 (the vertical axis
is in logarithmic scale) for different values of the switching
period: p = 0.5s (blue line), p = 0.25s (orange line), p = 0.1s
(green line), p = 0.05s (purple line), p = 0.01s (red line)
and p = 0.005s (cyan line).

fact that matrices I1;, i € 3, are neither idempotent nor
commautative.

Note that the matriz II*, with 11 given by (37), converges
to the idempotent matrix H § §] when k goes to infinity.

This property, together with the stable averaged matriz A,
allows one to motivate the behavior shown in Fig. 4 in the
sense that the jumps do not influence the stability of the
slow dynamics captured by the trajectories of the averaged
model. After a sufficient number of steps (k = 17), the
error settles to a value which is of order p, which is related
to the ap term in (23). Note that the intermediate lower
values for the error are due to the intersections of the
solution of the averaged model and the moving average
in this specific example (visible in Fig. 5, where the green
curve is initially below the black curve, but later is above).

V]

Fig. 7. The error ||m(tx) — p(tx)| computed for the state
variable z3 of Example 10 (the vertical axis is in logarith-
mic scale) versus the multiples of p for different values of
the switching period: p = 0.5s (blue line), p = 0.25s (or-
ange line), p = 0.1s (green line), p = 0.05s (purple line),
p = 0.01s (red line) and p = 0.005s (cyan line).

The error of the left hand side of (23) computed for the
whole state has an analogous behaviour as the one plotted
in Fig.s 6 and 7 and a corresponding plot is therefore
omitted.

Example 11 Let us consider the system (1) with q = 2
and the following matrices

(1 0 0] [0 —20
m=|01o0|, F=|1-30
0 -10] 130
[0 —10] [0 2 0
=01 0], F=10-20
0 1 0] 0-11

Note that for this example the matrices 11, and Iy are
idempotent and satisfy the condition (9), hence II :=
1,11, is idempotent as well. Nevertheless, it is easy to
verify that the proposed averaged model (16) is different
from (6). In Fig. 8 the time evolution of the state vari-
ables 1 and x5 for p = 0.1s are reported by showing the
solutions of the SIS (1), the averaged model (16), and
other solutions of interest.

A significant difference is clearly the choice of the initial
conditions. The averaged model (6) exploits the fact that
II is a projector and chooses an initial value in the sub-
space im I1, thereby matching very well the moving aver-
age after one period. The reason is that after one period
the solution of the switched systems has distance of order
p from the subspace imIL. Qur newly proposed averaged
model doesn’t assume this property and instead chooses
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Fig. 8. Time evolution of the state variable z1 (top) and z2
(bottom) of Example 11 with p = 0.1s: SIS (1) (blue lines),
averaged model (6) (orange lines), averaged model (16)
(green lines), discrete-time model (20) (red stars), moving
average (22) (black lines).
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0 02 04 06
Fig. 9. Time evolution of the error |m(tx) — p(tx)| of Ex-
ample 11 (the vertical axis is in logarithmic scale) for dif-
ferent values of the switching period: p = 0.1s (blue line),
p = 0.085 (red line), p = 0.06s (yellow line), p = 0.05s (pur-
ple line), p = 0.03 s (green line) and p = 0.01s (cyan line).

an initial value which is consistent with the moving av-
erage over the first interval which is still very far away
from the subspace imIl. Furthermore, the dynamics of
our newly proposed averaged model approrimate the jump
towards the common consistency space by introducing an
eigenvalue —1/p in the matriz A, and it takes some steps
until the initial error vanishes. This is also clearly visible
in Fig. 9 which shows the error of the proposed averaged
model, i.e., the left hand side of (23), for different switch-
ing periods. For each p the error decreases over time and
for any time instant the error decreases with decreasing
p. The continued exponential decay is due to the fact, that
all solutions (switched and averaged) converge exponen-
tially to zero and hence trivially the error also converges
exponentially to zero.

Note that the matrixz Fy is not Hurwitz but the dynamic
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matriz A, of the resulting averaged model is Hurwitz for
all p > 0. Looking at Fig. 8 the interpretation is that
the fast dynamics characterized by the idempotent jump
matrices allow the trajectory of the SIS to get closer to
the trajectory of the averaged model when the number of
elapsed periods increases.

Example 12 Let us consider the following numerical
example where the matrices F; and I1;, withi € {1,2} are
given by

[101] [ 4 -1 -4
L ={010], Fi=|-14 -1
1000)] (0 0 0
[100] [—10 -1 0
L=1{010], F,={-1 00
000 0 00

The matrices I1; and Iz do not satisfy conditions (9b),
however the products I1x11; and II11ls are idempotent.
Then according to Remark 9 the error between the moving
average m(t) of the solution of this system and its samples
m(ty) is O(p). By considering di = dy = 0.5 and the
following matrices

-7 -1-7 101
A=|-12 -1/, '=1]010
0 0 O 000

the dynamic matriz (17) is given by

-7 -1 —(Tp=1)/p
Ay=|-1 2 1
0 0 —1/p

where p is the switching period. Let us compare the so-
lutions of the SIS (1), the averaged model (16) and the
discrete-time model (20) together with the moving aver-
age (22). Figures 10 and 11 show the dynamics of the
state variables x1 and o, respectively, for different val-
ues of the switching period, over a time interval of 0.5s.
It is evident that the error between the output u(t) and
the moving average m(t) is O(p), i.e., it is enough to let
the switching period going to zero without needing some
periods to elapse.

It is remarkable to make a comparison between the av-
eraged model (6) presented in our previous studies and
the proposed model (16). Let us consider the averaged dy-
namic matriz of the continuous averaged model (6) which
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Fig. 10. Time evolution of the state variable x; of Exam-

ple 12 with p = 0.05s (top) and p = 0.1s (bottom): SIS (1)

(blue lines), averaged model (16) (green lines), discrete-time

model (20) (red stars), moving average (35) with § = p/2

(black lines).
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Fig. 11. Time evolution of the state variable x2 of Exam-
ple 12 with p = 0.05s (top) and p = 0.1s (bottom): SIS (1)
(blue lines), averaged model (16) (green lines), discrete-time
model (20) (red stars), moving average (35) with § = p/2
(black lines).

s given by

-7 -1-7
-1 2 -1
0 0 O

Aav = II(Fidy + Fody)II =

1t is easy to see that I'A, = A,,. Moreover the initial
condition for (6) and (17) are the same, indeed T'xy =
IIzg. Then the solutions of (6) and (17) keep very close
to each other.

7 Conclusion

A new averaged model for SIS which exhibit state jumps
at the switching time instants has been presented. The
proposed model generalizes the classical averaged model
widely adopted for the analysis of switched PWM sys-
tems with Lipschitz continuous solution. The averaging
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result requires milder assumptions on the system matri-
ces with respect to previous averaging analyses for SIS.
A switched capacitor electrical circuit has been used to
validate the results and to motivate their practical use-
fulness.

Future work will be dedicated to the study of scenar-
ios with time-varying and state-dependent duty cycles.
Furthermore, other directions of future research are the
application of the proposed averaging approach for the
stability analysis of switched impulsive systems and sin-
gularly perturbed systems.

Appendix

7.1  Proof of Lemma 5

Proof. Consider (3)—(4). By using the Taylor approxi-
mation one can write

Gjp= efidiv = 1 4 Fd;p + O(pz) =T+ 0(p) (38)

for all j € X, where [ is the identity matrix. By using (38)
in (4) one obtains

a
Op = [ [ Gipll; =TT+ Ap + O(p?) = @, + O(p%)
j=1
(39)

where II is given by (10), A by (19) and ®, by (18a).
By applying Lemma 3 with Assumption 1, from (25b) it
follows

OF = ®F + O(p) (40)
for all k € {0,...,4,}. By subtracting (21) to (5) one
obtains

x, =z + 9};x5 - @’;zo
< 2+ @y (w5 — 20) + O(p)
=z + O(p) (41)
where in £ we used (40). ]

7.2 Proof of Lemma 6

Proof. Consider (22). By solving (1) and by using (2)
one can write

(k+1)p
pm(ty) =J x(t)at
kp

q dip

=2 | Giw)a(s;,)dy

i—1

4 rdip
- f Gi()IL [ | Gyl v

0 h=1

(42)



for all k € {0,..., ¢, — 1}. Then, from (42) by using (38)
and by noticing the presence of the integral one can
write:

where T is given by (18b), in £ we used Lemma 5 with
Assumption 1 and py is defined by (20b). By dividing
both sides of (43) by p it follows that (33) holds. |

7.8 Proof of Lemma 7

Proof. By definition it is m(t) = m(ty) for any ¢t =
ty = kp, k€{0,...,£,—1} and then in the time instants
multiple of the switching period the condition (34) is
trivially satisfied.

Let us consider the moving average over a time inter-
val of length p which starts in ¢-th mode. For any t €
[3k7ia5k7i+1]; ke {0, - ,gp — 1}, T =1— Sk,is ie. 7; €
[0,d;p], by substituting the solution of SIS (1) in (22)
and by reminding that the duty cycles are constant, one
can write

d;p
pm(t) =pm(sk; +7;) = Gi()Lz(sy ;) dy
a djp "
+ ) Gj() (s, ;)dv
j=i+170
=1 nd;p
+ Z Gj(u})njx(slz-i—l,j)dd]

j=10
; j G ()i (sy, 1 ,)dv.
0

By using (2)—(4) it follows

d;ip i—1
pm(t) = | Gi()T; [ | Gupllwwy dy
Ti w=1
j—1
+ Z f (WO [ [ Gupllwzy v
Jj=i+1 w=1

i—1 d;p j-1
+ ] J G (¥)II; ]1 G pllyay, 40

j=1"0

- i—1
+ J Gi(O)IL; [ [ Guplwry, . (44)
0 w=1

Let us rewrite (42) as follows
4 rdip Jj—1
mity) = Y J G ()T [ ] GupMar at
j=1v0 w=1

=fw&w>

+2j

a d;p j—1

+ GO [ | Guplluwzy . (45)

j=i+170 w=1

1—1
I1; ]_[ G plly iy dip

-1

I; H G Iy dip

By taking the difference between (45) and (44) one ob-
tains

p(m(t) f G ()1, HGpr T —xy, )d

1—1 djp
+ Z fo Gi( H G plly (), — 7,)dY.
=1 =1

(46)
By using (3)-(4)

a
T, = Opr, = HHZ-:C,; + O(p)

i=1

= Iz + O(p), (47)

together with G;(¢) = I + O(p) and Gy, = I + O(p),
from (46) one can write

p(m(t) = m(ty)) = 7 | | (T = Dy,
w=1

i—1

+Zd,p1_[n (T — Dy +0(p?).  (48)

7j=1 w=1

By using (5) and (40) in Lemma 5, the expression (48)
can be rewritten as

p(m(t) —mf(tr)) =
(n]_[ﬂ JerJan)H Dokzg + O(p?).

(49)

where 7;, =t —

sk and k = |t/p].



From Assumption 2 and Remark 4 there exists a matrix
T, such that (30) holds and then one has

T, — NOET ! =T, — 1T, ' T,85T, !

p—p

10 1o . A
- TIT ~T,T,Y | T,9kT;
R, ~R, I

~

I10|[ro I 0 10 R
= - T,
R, I||0V]||-R, I 01
00 (I + Aip)* 0
VI 0 (V + Agp)*

(50)

0 0
0 (V=D +Ap)|

Since V is Schur it follows there exist constants 81 € Ry,
e € (0,1) and p. € R* such that, by taking the norms
on both side of (50) it is

| T, — DET Y| < Bre® (51)

for all p € (0, p.]. Moreover one can write

|01 = Dy = |7, T,(I = DT, T
< [T 17 (0 — I)‘P’,iTp T

< Bol|T,(I = LT | < Bofre®, (52)

where 3y € R is such that

IT T < Bo (53)

which exists for sufficiently small p because R, in (31)

is O(p).

Then, by dividing both sides of (49) by p, by considering
that ; = O(p), by taking the norms on both sides, given
the initial condition x; and by using (52), it follows that
there exists an o; € R™ such that the following condition

Im(t) — tk|<ll< HH +Zd HH>

(I = 1)y ag | +aip

(IHH H+ZH]_IH II>

w j=1 w=

| = D@yl | + aip

7 J
< 2 I n M| BoBre" |25 | + aip

j=1 w=1

<Be® + a;p (54)
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is satisfied for any t € [sk 4, Ski41), i =t —
ke{0,...,£, —1} and p € (0, pc], where

Sk,i, for all

q J
B =BoBilzg | DI ] Mal-

j=1 w=1

By considering (54) for all i € ¥ it follows that (34)
holds for all ¢ € (0,7 — p] and any p € (0, p.] with a =
max;ey ;. |

7.4 Proof of Theorem 8

Proof. Let us consider (16) and (22
norm of the difference one can write

). By taking the
Ilm(t) — p(®)] = [m(t) -

(a)
< aip + ﬁlalf + |m(t)
(b)

m(t) + m(te) — p(t)|

— pu + por — p(t)]
< asp + Biel + [ — p(t)]|
(c)

< asp + Bief + [T [ze — £(1)]
< agp + frey + T [zx — E(kp)|

+ TS (Rp) = €@ (55)

holds for all p € (0,7,,], t € (0,], k = [t/p], where in
(a) we used Lemma 7 with « called «y, 8 called 81 and
e called €y, in (b) we used Lemma 6 which allows one

to write (33) as |m(tg) — pr] < agp and we defined
az = 2max{ag, as}, in (¢) we used (20b) and (16D).

Let us consider the term ||z — &(kp)| in (55). By solv-
ing (16a) and by using (21) one can write

E(kp) — 2z, = (e(%fl)k — @];) xg- (56)

From (56
follows

) and by using arguments similar to (52) it

l(kp) = 21l < | (e®~D% — @k) o]
< Bol T, (e~ — @F) T o] (57)

where T}, is given by (31) and we used (53). From Re-
mark 4 one can write

Tp(q)p - I)Tp_l = [Aép V—Ig-Azp] ) (58)



and then

T, (e Dk — 0}) 7,

Tp(®p—D)T; "k _ (qu)pT;1)k
A 0

- 6([ 6" v_rtasp) )k

_ [@Aw)k 0

0 (eV—T+A2pyk

=e
| I+Ap 0 k
0 V+Aap
] _ [(I+A1p)k 0 ]
0 (V+Azp)* |-

(59)

Considering the Taylor expansion of the exponential
function, we have e*? = I + A;p + O(p?) and hence

being k = |t/p],

(eMP)* = (I + Ayp)* + O(p). (60)
By using (60) in (59) one has
®,—1N)k k-1 _ [ O 0
T, (e( )k _ fl)p) Tp = [ 0 (evquQp)k_(V_’_AQp)k] .

(61)
Since the matrix V' is Schur by hypothesis, for suffi-
ciently small p the eigenvalues of V 4+ Agp have magnitude
smaller than 1 and V — I + Agp is Hurwitz (and hence
the eigenvalues of eV =1 T42P also have magnitude smaller
than 1). Consequently, there exist constants 3a, 33 € Ry,
£2€(0,1) and p_, € R* such that

(V=T AP)E] < Baes (62a)
[(V + Aop)|* < Bael (62b)

for all p € (0,p.,]. By taking the norms on both sides
of (61) and by using (62) it follows that there exists a
constant ay € RT, such that

I, (o

where 84 = 2max{fs, f3}. Then from (57) with (63) the
following inequality

®,—D)k

— ) T, < aup+ Back. (63)

1€(kp) — 2] < asp + Bsel (64)

with a5 = a4fllxo|, 85 = BoB4llxo|, holds for all p €
(0,5.,], t € (0,7], k = [t/p].

By substituting (64) in (55) it follows

[m(t) — u(t)]| < asp + Boch + [T |€(kp) — £(B)] (65)
with ag = 2max{asz, a5}, B = 2max{f,Ss} and
es = max{er,ea} and for all p € (0,p,,] with

ﬁEs = min{ﬁ61 I ]562 }
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By considering the last term in (65) and the solution
of (16a), for any t € [kp, kp + p) one can write

§(t) = &(kp) = (e3P =DE=R) 1) ¢(kp)
_ (e@ﬂx%fk) - 1) €(kp).

By using (53) in (66) it follows

(66)

&) — €kp)] = 1 (ef
= | (e(%—f)i — e(%—f)k) 2o
< ﬁoqu (el — =Dk ) T

2 o [( VB —(etany: 0

(eV71+A2p)% —(eV T HAzpyk

®,—I)(5—k) _ ]) e @=Dkg |

| o

At
w—renany. | o]

Alk,p 0
= ol | ©

(e V—I+A2p)%7

(67)

where in (a) we used arguments similar to those used
for (59). By taking the Taylor series one can write

At

et — eMFP = Ay (t — kp) + O(p%)

=0(p).  (68)

Since V is Schur then V' — I is Hurwitz and there exists a
sufficiently small p such that V' — I 4+ Agp is Hurwitz and
eV —1+82P 5 Schur. Then there exists a constant 37 € RS
such that

‘|(6V—I+A2p)ﬁ (ev I+A2p)kH
< [(eVTHAR) |5 | (VT HAep) |
< Brel + Boeh. (69)

By using (68) and (69) in (67) it follows that there exists
a constant a; € R™ such that

[£(t) — &(kp)|

with Bs = 200|zo| max{Bz, f7}. By substituting (70)
in (65), it follows that (23) holds with & = 2 max{«g, ar},
B = 2max{fs,Ps} and ¢ = max{es,e3} and for all
p € (0,pc] with p. = min{pe,,pe, }-

< arp + Bg&‘é (70)
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