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Model reduction setup

Given: Large scale switched DAE

E,it = Ay + Byu, z(ty) € A CR"
y=Cox + Dyu

y o :lto,ty) = Q:=1{0,1,2,...,m} known switching signal
v (Eg, A, B, Cl, Dy) € R™X™ x RX7 5 RPXT x RPX™ x RPX™ mode k € Q
)y n>m,p

Goal

Find reduced switched system with similar input-output behavior

Challenges

No restriction on index of each DAE mode
— Jumps and Dirac impulses must be preserved
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Exam ple (Example 1 from Hossain & T. 2023 (preprint))

Switched DAE withn=4, m=p=1

a(t) =0o0n [0,2),

Simulation for o = 0 and u(t) = sin(¢):

Switched DAE States

o(t) =1on [2,4),
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time t

o(t)=2on [4,5)

Output
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Overview reduction method

Step 1

Rewrite swDAE as equivalent swODE with jumps and Diracs (same state dimension)

Step 2 (cf. Hossain & T. 2023, Automatica)

Remove unobservable and uncontrollable states (reduced realization)

Step 3

Decouple output Dirac inducing states (decoupling assumption)

Step 4 (cf. Hossain & T. 2024, IEEE TAC)

Midpoint balanced truncation on non-output-Dirac-inducing states
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Step 1: swDAE — swODE with jumps and Diracs

Esi = Asx + Bou, x(ty)=z0, y=Csx+ Dou (swDAE)

Theorem
. T . .
LetU” ;= (u",a',... ,uv=1) )T, then there exist matrices such that

zZ= Azifr’z + Bgiffu’ on (8k7 Sk-l-l)v Z(ta) = T
z(s;) = Ji2(s, ) + LU (s,), k>0,

w = Crz + Dyu + Dz"pU”’f, on (g, Skr1)s (swODE)
wlse] = Y [Cia(sy) + D U1 (s5) - DU (sF)] o)
=0

has the same input-output behavior as (swDAE)

Key ingredient: Quasi-Weierstrass form
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Step 2: Reduced realization

;= A, 4 Bdffy, z = ApZ+ Byu,
2(ty) = x0 € Xp 2(ty) = To = Iz € Xy
2(sy) = Jiz(sy) + Jiu, R 2(sy) = Ji2(sg) + v,
w = Cz, @ = C).2,
Pk @ Pk
. N ,
wsk] =Y Clz(s)s, Blsi) = Ciz(sy )
=0 =0

Key ingredients

» Extended reachability subspaces Ro,R1,..., Ra

» Restricted unobservability subspaces U, ,U,_1,...,Uqy

» Weak Kalman decomposition based on the subspace pairs (Ry,U},)
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Step 2 - The subspaces R, and U},

(A | V) = smallest A-invariant subspace containing V
(V| A) = larges A-invariant subspace contained in V

Ext. Reachability Subspaces

Ry :Z'R,k—‘r<Agiff|J]fﬁk_1 +imJy), k=0,...,m,
where Ry, := (AT | im BI) Ry := A

Restr. Unobservability Subspaces

Uy = U N ((TE ) Uy VUS| AFT), k=m—1,...,1,0

where U, := (ker C}, | Aziff), Z/l,icmp =ker[CY/CL/ ... [CPF], Uy :=Uy
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Step 2: The weak Kalman decomposition

Lemma (Hossain & T. 2022, MATHMOD)
Given system (A, B, C) and A-invariant subspaces R 2 im B, U C ker C.
Choose T' = [T, T>, T3, Ty] invertible such that

im 11 :ﬁﬂﬂ, im[T7, 1) :ﬁ, im[T, T3] =U
Then (T~YAT, T~'B,CT) has the form

Ann Ap A1z Ay By
0 Aoy 0 Aou By
0 0 Ags Aszq|’| O
0 0 0 Ay 0

,[0C2 0 Cy

In particular, (A, B,C) and (Ass, Ba, C) have identical input-output behavior.
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Example 1 - Reduced states after Step 2

Switched DAE States

Reduced System States

3 3 T
2 1 2r b
B —~/ ! : ]
0 0
—Z11
s L1l — 2121
—_—n %
2+ 3| 2+ _33‘1 4
—_y — 232
3 . . 3 . . |
0 1 2 3 4 5 0 2 3 4 5
time t time t
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Step 3 - Decoupling assumption

=4z
2sy) = Iz
o=0C

Decoupling Assumption

3 coordinate transformations 7},

Ck |mp =0, Tk_lA\ka

k%

+ Byu, Z(ty) = %o € Xo,

(S];>+Jlgvka
k .
@lsy) = > Ciz(sy )ot)

1=0

)

[T,icm_p, T]imp] such that

AN I S < R
o J=m"

imp
0 A

!
(9/12)

Stephan Trenn (Jan C. Willems Center, U Groningen)



Steps 1-4
oD

Step 3 - Decoupllng assumption

Almp imp + Blmp Zimp(ta) _ 1,0 imp c X|mP

= AJPLIMP L BP0 = ™ e AP,

Z"“"(SD = JE (s ) + ]klmp 2
Zlmp(s;-) _ ngmpzﬂnp(slz) + J]g Ukv
W= C’]':”)zW + O G Z CimpAiimp ()54 5

Decoupling Assumption

3 coordinate transformations T}, = [T,me,T,me] such that

&= imp
Ck |mp =0, Tk_lAka — |4 0

imp
0 A

} , T JET = % 0

!
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Step 4 - Midpoint balanced truncation

£MP — AIMPimp y BIMPy ime () — 4imP e ximP,
P (sh) = JE AP (5) + Jk'""’ (swODE)

@ = CJP=e

Lemma (Input-dependent jumps)
2MP solves (swODE) <= Zimp — 2y + Zu, Wﬁre

2y, is the solution of (swODE) with v = 0 and xiomp =0 and
2y Is the solution of (swODE) with u = 0 < discrete-time system
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Step 4 - Midpoint balanced truncation

S AT | B, () = 4T € AT

() = T 'mp(sk)uk'""’ N
@ = CmPmP

Midpoint balanced truncation method

1.  Calculate midpoint reachability and observability Gramians for z,,
cf. Hossain & T. 2024, TAC
Calculate suitable discrete-time reachability Gramians for z,

Define overall reachability Gramians as weighted sum of midpoint and
discrete-time reachability Gramians

4.  Apply balanced truncation with respect to Gramians,
cf. Hossain & T. 2023, Automatica

(swODE)

Stephan Trenn (Jan C. Willems Center, U Groningen)

(10 / 12)



€’4 / niversit Steps 1-4
Eroningon [Eamasan ]

Example 2 (Illustration of Step 4)

(swODE) size: ng = 50, n; =60, no =40, m=p =1, dimXy =5

Truncation balance for Hankel singular values: 1073 w 7ip =8, 1 = 10,
Simulations for input u(t) = cos(t) and with random initial value:
Output comparison
1000 : ~UpUR comparison :
y /
soof |~ ~ Y ]
O -
-500 1 1 1 1 1
0 1 2 3 4 5 6
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Summary

Eqsi = Ayx + Byu, x(ty) =z € Xp,
y=Cyx+ Dyu
» Model reduction method for general (regular) switched DAEs - arbitrary index
» Consideration of finite-time interval - no stability assumptions

y Properly handles jumps, Dirac impulses and non-zero initial values
y Matlab implementation available on Zenodo doi:10.5281/zenodo.8133789

Remaining issues

1.  No guaranteed error bounds

2. Steps 1 and 2 needs exact rank decisions

3. Decoupling assumption in Step 3 not constructive
4. Step 4 needs large matrix exponentials

5. Switching signal needs to been known a priori
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