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Abstract

In this paper, we investigate solutions and stability properties of switched nonlinear differential-algebraic equations (DAEs). We
introduce a novel concept of solutions, referred to as impulse-free (jump-flow) solutions, and provide a geometric characterization
that establishes their existence and uniqueness. This characterization builds upon the impulse-free condition utilized in previous
works such as [27, 28], which focused on linear DAEs. However, our formulation extends this condition to nonlinear DAEs.
Subsequently, we demonstrate that the stability conditions based on common Lyapunov functions, previously proposed in
our work [16] (distinct from those in [28]), can be effectively applied to switched nonlinear DAEs with high-index models.
It is important to note that these models do not conform to the nonlinear Weierstrass form. Additionally, we extend the
commutativity stability conditions presented in [32] from switched nonlinear ordinary differential equations to the case of
switched nonlinear DAEs. To illustrate the efficacy of the proposed stability conditions, we present simulation results involving
switching electrical circuits and provide numerical examples. These examples serve to demonstrate the practical utility of the
developed stability criteria in analyzing and understanding the behavior of switched nonlinear DAEs.
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1 Introduction

We consider a switched nonlinear differential-algebraic
equation (DAE) of the form

Zo: Ey(z)i = Fy(x), (1)

where z € X is called the generalized state and (z, ) €
TX, where T X is the tangent bundle of an open subset
X of R™ (or more general, X is an n-dimensional mani-
fold), the function o : R — N is a switching signal and
we assume throughout that o is right continuous with
a locally finite number of jumps and N := {1,..., N},
where N € N is the number of DAE models. For each
p € N, the maps E, : TX — R" and F}, : X — R" are
C*-smooth. The non-switching case of (1), i.e., equation
(4) below, is also called an implicit, singular or descrip-
tor system, which, due to its special features, is useful
for modeling e.g., constrained mechanics [39], chemical
processes [22], power systems [49, 37]. In particular, the

* This work was supported by Vidi-grant 639.032.733.

Email addresses: yahao.chen@ls2n.fr (Yahao Chen),
s.trenn@rug.fr (Stephan Trenn).

Preprint submitted to Automatica

DAESs are conventional tools to model electrical circuits
[45, 43] as the use of Kirchhoff’s laws results in con-
straints that are algebraic equations. As a consequence,
switched DAEs of the form (1) emerge naturally in mod-
eling electrical circuits with switching devices. Note that
the switching devices which we consider in the paper are
ideal switches but not ideal diodes, the latter lead to
complementarity systems [6, 7].

For each z € X, the map E,(z) : T,X — R” of each
model =, is a linear map. If E,(z) is invertible for all z €
X, then the switched DAE (1) can be seen as a switched
ordinary differential equation (ODE) & = f,(x), where
Ip=E; 1F, is a vector field. Switched linear and non-
linear ODEs and more specifically, the stability analysis
of such systems, have drawn attentions from researchers
for decades, there is a rich literature devoted to them,
see e.g. the book by Liberzon [24], the reviews [26, 46, 30]
and the references therein. In this paper, we will be
particularly interested in generalizing classical switched
ODE results like common Lyapunov functions stability
conditions [24], commutativity and Lie-algebraic condi-
tions [32, 33, 25] as well as converse Lyapunov theorems
[19, 31, 56].



A special case of (1) is a switched linear DAE of the form
Ao’ : Eo'jj:HO'm7 (2)

where £, : R" — R™ and H,, : R™ — R" are linear maps,
which received increased interests in the recent past, see
e.g., [27, 59, 61, 55, 44] for its stability analysis using
Lyapunov method and dwell time technique, and [29, 60,
41] for commutativity and Lie-algebraic conditions, and
[34, 35] for averaging methods. Compared to the linear
case, much less results on switched nonlinear DAEs can
be found. The first comprehensive paper to discuss the
nonlinear case is [28], in which both common Lyapunov
function conditions and average dwell time conditions
for checking the stability of switched nonlinear DAEs are
proposed, such results are inspirations for the present
paper, but we will take a different approach to define
solutions and to obtain our stability conditions.

One main challenge of studying (switched) DAEs is their
discontinuous behavior, i.e., jumps and impulses. Unlike
ODEs, the C!-solutions of a DAE (see section 2.1) exist
only on a subset of the generalized state space X, which
we will call the consistency space € of the DAE. Even for
a non-switching DAE, it is possible that a given initial
point z; € X isnot consistent, i.e., z; ¢ €. The problem
of finding a consistent point z§ € € from z, is called
the consistent initialization of DAEs. In assumption A4
of [28], the consistent point x{ is given by the following
jump rule (a similar jump rule can be found in [38] for
linear time-varying DAES)

:Cg_ —xy € ker E(:ES_) (3)

However, we have shown in our recent works [13, 15]
that nonlinear coordinate transformations do not pre-
serve the jump rule (3), namely, we may get different
consistent points 7 from (3) depending on which coor-
dinates are chosen for the DAE E (see also Remark 2.6
below). To have a coordinates-free jump rule, the notion
of impulse-free jump solution is proposed in [15] (see also
Definition 2.4 below). Because inconsistent initialization
can be frequently triggered by switching behaviors in
switched DAEs, the main purpose of the present paper
is to extend the impulse-free jump rule to switched non-
linear DAEs and to discuss their solutions and stability.
Some other works related to inconsistent initial value
problems can be found in [48] discussing nonsmooth
DAEs and their applications on chemical processes [47],
in [7] for linear complementarity DAEs (in particular,
state-dependent switching DAESs) of semi-explicit form,
and in [50] for impact mechanics.

There are three main contributions of this paper: Firstly,
we define the notion of impulse-free jump-flow solution
for (switched) nonlinear DAEs (see Definition 3.1); a ge-
ometric characterization of the impulse-free consistent
space, i.e., the space on which impulse-free (jump-flow)

solutions exist (see Definition 3.2), is given for non-
switching DAEs in Theorem 3.3; the extension of such a
characterisation to the case of switched nonlinear DAEs
results in an existence and uniqueness condition (see
Corollary 3.5), which generalizes the known impulse-free
condition of switched linear DAEs (see [27, 28] or Re-
mark 3.6 below) to the nonlinear case. Secondly, with
the help of a notion called the jump-flow explicitation of
DAEs, we give novel common Lyapunov functions con-
ditions for checking the asymptotic stability of switched
nonlinear DAEs (Theorem 4.5), these condition are dif-
ferent from the corresponding results in [53]. Finally, we
give a nonlinear version of the commutativity conditions
for switched linear DAEs (see [29, 60]), we will show in
Theorem 4.10 that in order to guarantee the asymptotic
stability of switched nonlinear DAEs with all models be-
ing asymptotically stable, not only the commutativity
of the flow vector fields but also some extra invariant
distributions conditions are needed.

Some preliminary results on impulse-freeness and com-
mon Lyapunov function conditions of switched nonlinear
DAEs can be found in our recent conference publication
[16], in which we assume that all models of the switched
DAE are globally equivalent to a nonlinear Weierstrass
form (NWF) (see Corollary 3.4). In the present paper,
both the impulse-freeness condition in Corollary 3.5 and
the common Lyapunov functions conditions in Theo-
rems 2.7 can be applied to high-index DAEs which are
not necessarily equivalent to the (NWF'). Additionally,
we give a practical Example 4.7 of a switched electric
circuit to verify our stability conditions and to show the
construction of the common Lyapunov function.

This paper is organized as follows: We review the ex-
istence and uniqueness of C!-solutions and impulse-free
jumps of non-switching DAEs in Sections 2.1 and 2.2, re-
spectively. The results on impulse-free consistency space,
and the existence and uniqueness of impulse-free solu-
tions of switched DAEs are given in Section 3. In Sec-
tions 4.1 and 4.2, respectively, we discuss the stability
of nonlinear switched DAEs using common Lyapunov
function conditions and commutativity conditions. The
proofs are put into Section 5. The conclusions and per-
spectives of the paper are given in Section 6.

Notations: We denote by T, M C R” the tangent space
of a submanifold M of R™ at x € M and by TM the
corresponding tangent bundle. By C* the class of k-
times differentiable functions is denoted. For a smooth
map f : X — R, we denote its differential by df =
S0 e = [2L . 28] and for a vector-valued

i=1 Oz, Oz’ S Oxp
map f : X — R™ where f = [f1,..., fm]’, we de-
dfi

note its differential by df = . For a vector filed

dfm
g : X — TX, we denote its flow map by ®f, i.e.,

glw) = 22D |y Foramap 4: X — RV, ker (),




Im A(z) and rank A(x) are the kernel, the image and
the rank of A at z, respectively. We use GL(n,R) to de-
note the general linear group of degree n (or in other
words, the set of invertible linear maps from R™ to R™).
For two column vectors v; € R™ and vy € R™, we write
(v1,v2) = [vT,vF]T € R™*". Let U C R™ be a neighbor-
hood of x = 0, a continuous function V' : U — R is posi-
tive definite if V(0) =0 and V(z) > 0forallz #0 € U.
A function « : [0,00) — [0,00) is said to be of class K
if it is continuous, strictly increasing, and a(0) = 0. A
function g : [0,00) x [0,00) — [0,00) is said to be of
class KL if B(-,t) is of class K for each fixed t > 0 and
lim B(r,t) = 0 for each fixed r > 0. We assume famil-

t—o0

iarity with basic notions from differential geometry [23]
and nonlinear geometric control theory [20, 36], e.g., sub-
manifolds, distributions, involutivity, zero dynamics.

2 (!-solutions and impulse-free jumps of non-
switching DAEs

In this section, we review some notions related to C!-
solutions and jumps of the non-switching case of (1), i.e.,
a nonlinear DAE of the form

[1]

E(2)i = F(), (4)

where £ : TX — R™ and F' : X — R™ are C*°-smooth
maps, we denote a nonlinear DAE of the form (4) by
=E=(E,F).

2.1 Cl'-solutions of non-switching DAEs

A Cl-curve x : T — X for some open interval Z C R is
called a Ct-solution of Z if E(z(t))i(t) = F(x(t)) for all
t € I. We call a Cl-solution x : T — (U C)X mazimal
(in U) if there is no other solution # : Z — (U C)X with
ZC7Tandx(t) = Z(t) forall t € T.

Definition 2.1 (consistency space and internal regular-
ity). A point 2. € X is called consistent (or admissible
8, 12]) if there exist a C!-solution z : Z — X and t. € Z
such that z(t.) = x.. The consistency space € C X is
the set of all consistent points. A nonlinear DAE = is
called internally reqular (or autonomous) around a point
xp € Cif there exists a neighborhood U C X of z,, such
that for any point zg € €NU, there exists only one max-
imal solution = : Z — € N U satisfying x(to) = zo for a
certain tg € Z.

The above two notions of consistency space and internal
regularity characterize the existence and the uniqueness
of C!-solutions, respectively. In the following definition,
we recall the geometric reduction method [42, 40, 43, 12],
which is a recursive procedure to construct a sequence of
submanifolds M} whose limit M * coincides locally with
the consistency space € (see Proposition 2.3 below).

Definition 2.2 (geometric reduction method [2, 12,
17]). Consider a DAE E and fix a point 2, € X. Let
Up € X be a connected neighborhood of z,. Step 0:
Set M§ = Up. Step k (k > 1): Suppose that a se-
quence of smooth connected embedded submanifolds
Mg_, € - C M§ of Uy for a certain £ — 1, have been
constructed. Define recursively

My :={z € M{_,|F(z) € E(z)T,M;_}. (5)

As long as x, € My, let M = M, NUj be a smooth em-
bedded connected submanifold for some neighborhood
U C Ug—1. The (local) geometric index, or shortly, the
index !, of = is defined by

vy :==min {k > 0| Mg, = M{}.

Proposition 2.3 ([12]). In the above geometric reduc-
tion method, there always exists a smallest k such that
either v, ¢ My, or Mg | = Mg in Ugyq1. In the latter
case denote k* = k (thus the geometric index vy, = k*)
and M* = M. | and assume that there exists an open
neighborhood U C U471 of x,, such that dim E(x)T, M*
is constant forx € M* NU, then

(i) zp is a consistent point and M*NU =&€NU.
(i1) Z is internally regular around x, if and only if
dim E(z)T, M* = dim M* for allz € M*NU.

Note that M* is called a locally maximal invariant sub-
manifold [2, 12] and the word “invariant” means that
the C!l-solutions starting from any point zd € M* exist
and stay in M* for all t € Z. So any point x; € U \ M*
is inconsistent and there exist no C!-solutions starting
from z .

2.2 Impulse-free jumps of non-switching DAFEs

In our recent contributions [13, 15], we studied impulse-
free jumps for DAEs with inconsistent initial values. The
main idea behind the following definition of impulse-free
jump (solutions) is that we view a jump not only as
an instant change between an inconsistent point and a
consistent one but also as a parametrized curve J(1)?
whose derivatives with respect to 7 satisfy a certain rule,
i.e., staying in ker E, such a rule ensures that the jump
does not cause any impulse.

! Another commonly used DAE index is the so called dif-
ferentiation index, which is the smallest integer v4 such that
the combination of the vg4-times differentiation of the DAE
uniquely determines & as a function of x. Actually, the two
notions of index coincide when the forthcoming assumptions
(RE) and (CR) are satisfied, see [14].

2 Note that 7 is a parametrization variable which is not
necessarily related to the time t.



Definition 2.4 (impulse-free jump [15]). Consider a
DAE = = (E, F), let € be the consistency space of E,
fix an initial point z; € X. An impulse-free jump solu-
tion (trajectory), shortly, an IFJ solution, of Z starting
from zy is a Cl-curve J : [0,a] — X, a > 0, satisfying
J(0) =5 € X, J(a) =zf € € and

V1 €[0,a] :

A jump z; — x7 associated with an IFJ trajectory J(-)
is called an impulse-free jump IFJ of =.

Definition 2.5. (external equivalence) Two DAEs E =
(E,F) and E = (E, F) are called externally equivalent,
shortly ex-equivalent, if there exist a diffeomorphism
¥ : X — X and a smooth map Q : X — GL(n,R) such

~ -1 ~
that () = Q@)E(z) (%2) " and Fy(x)) =
Q(z)F(x). Fix a point z, € X, if ¢ and @ are de-
fined locally around x,, we will speak about local ex-
equivalence.

Remark 2.6. It is important to note that the ex-
equivalence preserves both Cl-solutions and IFJ so-
lutions (and thus IFJs) of DAEs [12, 15]. Note that
the jump rule (3) shown in [28] is not invariant un-
der the ex-equivalence, i.e., given a jump z, — xg
of Z defined by (3) then, in general, the jump
Ty = Y(zy) — T§ = w(xd) of = does not satisfy

g — iy €ker B(if).

We recall the results on existence and uniqueness of IFJs
for index-1 nonlinear DAEs from [15]. For a DAE = =
(E,F) and a consistent point z, € X, define Fy :=
Q2 F, where Qy : U — R(™=")%" ig of full row rank and
@Q2FE = 0, and recall M{ = {x e U|F(z) € ImE(z)}
by (5). We now introduce the following regularity and
constant rank conditions: there exists a neighborhood U
of x. such that

(RE) the locally maximal invariant submanifold M*
around z. exists and Z is internally regular;

(CR) rank E(x) = const. = r for z € U; dimdF3(x) and
dim E(x)T,Mf are constant for x € M{NU.

Theorem 2.7 (Thm. 4.6 and Cor. 4.9 of [15]). Consider
a DAE = = (E,F) and a consistent point v, € X. As-
sume that (RE) and (CR) hold in an open neighborhood
U of x.. Then there exists a neighborhood U. C U of x.
such that the the following statements are equivalent:

(i) The DAE E is of indexz-1 and the distribution ker E
is involutive 3

3 A distribution D is called involutive if for any two vector
fields f1, fo € D, we have [f1, f2] € D.

(i) The DAE = is locally on U., via an invertible
matriz-valued function Q and a diffeomorphism
¥, ex-equivalent to the following index-1 nonlinear
Weierstrass form

(INWF) : {5(1) _ g’(&% (6)

where (£1,&2) = ¢Y(z) € Uy x Uy € R" x R™ and
m=n—7r =dimker E.
(iii) For any point x, € U, such that M* NN - # 0,
0
there exists a unique IFJ xy — x , where N, - C U,

18 the integral submanifold of the distribution ker E
on U, passing through x; .

If one of (i), (ii), (i7i) holds, then the unique IFJ from z,
is given by vy — x§ = Qpr(ry) € M* NN, -, where
Qp r: X — M* is the nonlinear consistency ;)rojector
defined by

Qpr =1y 'omor, (7)

where T is the canonical projection (§1,&2) — (£1,0) and
Y 1s the diffeomorphism in (ii).

The submanifold N - in Theorem 2.7(iii) can be seen as
a local reachable spaoce of IFJ solutions [15]. Note that
if (and only if) the set U of item (ii) above is a star
field (i.e., A&y € Uy, Y& € U, and YA € [0,1]), then
we always have Nz; C U, and M*nN ng # (); thus by

Theorem 2.7(iii) we have that for any point z, € U,,

there exists a unique IFJ starting from x . If for some

point z; € U,, the set M*NN_- is empty, then in order
0

to have a well-defined IFJ for any z; € U,, we need to
take a smaller U, to exclude those points such that Us is
a star field. The results shown above on C'-solutions and
IFJs of nonlinear DAEs have their linear counterparts
which we will discuss in the following remark.

Remark 2.8 (C!-solutions and jumps of linear DAEs).
For a linear DAE A = (E, H), its consistency space €
coincides with the limit 7™ = ¥;, of the Wong sequence
[58] ¥ defined by

Yo=R", Vhp=H'EV k>1. (8
It is clear that the sequence of subspaces ¥} is a linear
version of the submanifolds sequence M. The DAE A
is called regular if det(sE — H) is not identically zero.
Note that the notions of internal regularity and regular-
ity are equivalent [4] for (square) linear DAEs. A linear
reqgular DAE A = (E, H) is always ex-equivalent, via
two constant invertible matrices @ and P, to the Weier-



strass form [57, 3] A = (QEP~',QHP™"), given by

Inl 0 Ii’l T
el | o

Z2
where A; € R"*™ and N € R"2%"2 ig a nilpotent ma-
trix with nilpotency index v, i.e. N*~1 # 0 and N” = 0.
The index of A is defined to be the nilpotency index v of
N, which coincides with its geometric index v, (i.e., the
least integer such that %g—&-l = ”//,,g). The consistency
projector [27, 28] of A is defined by

A; 0
0 I,

I, 0

HE,H = P_l
00

P. (10)

For a given inconsistent point z; € R™\ ¥*, the consis-
tent point xa' € ¥ jumping from x, is unique and is
defined by z§ = Ilg g (x5 ). A jump x5 — z is called
impulse-free if 7 — 25 € ker E. It follows that all the
jumps from any point z;, € R" are impulse-free if and
only if Ellg i = 0, the latter condition is also equiva-
lent to v =1 (i.e., A is of index-1) or ¥* + ker E = R".
It should be pointed out that the involutivity of ker F
and condition (CR) above are always satisfied for any
linear DAE.

3 Impulse-free solutions of switched nonlinear
DAEs

Definition 3.1 (impulse-free solutions). Consider a
switched DAE Z,, given by (1). Let o be a switching
signal with k switches at t1,...,t; € Z, respectively,
where Z = [to, tx+1) is the time interval of interest. An
impulse-free jump-flow solution, shortly, an impulse-
free solution, of Z, is a piecewise Cl'-curve x : T — X
such that for all 0 < i < k, the jump x(t; ) — x(t]) is
an impulse-free jump of Ea(t:r) in the sense of Defini-

tion 2.4 and the curve z(-) is a C-solution of E, i+ on
[ti,tiy1) such that x(t;) = z ().

In this section, we study the following problem: given
a switched nonlinear DAE under an arbitrary switching
signal o : Z — N, where 7 is an interval on which all C!-
solutions of each model are well-defined, when does there
exist a unique impulse-free solution defined on Z7 A sim-
ple solution to the latter problem is to assume that all
models =, of the switched DAE Z, are index-1 and that
all distributions ker I, are involutive, because the lat-
ter conditions imply that each model Z,, is ex-equivalent
to its (INWF') and there exists a unique IFJ at each
switching time by Theorem 2.7. Recall that being index-
1 is not a necessary condition to have IFJs, it is possi-
ble that IFJs exist for high-index nonlinear DAEs (see
Remark 4.7(iii) of [15]). We will show in Corollary 3.5

below that a switched nonlinear DAE with high-index
models can have uniquely defined impulse-free solution
under a sufficient condition, which can be regarded as

a nonlinear generalization of the impulse-free condition
for linear DAEs shown e.g. in [51, 27].

3.1 Impulse-free consistency space for non-switching
DAFs

We start from the definition of impulse-free consistent
space for non-switching DAEs.

Definition 3.2 (impulse-free consistency space). For a
nonlinear DAE = = (E, F), a point 2o € X is called an
impulse-free consistent point if there exists an impulse-
free solution from z. The set of all impulse-free consis-
tent points is called the impulse-free consistency space
of =, denoted by €;p.

From Definitions 3.1 and 3.2, it is clear to see that
the consistency space € C €;p. For a linear regular
DAE A = (E, H), the impulse-free consistency space
coincides with the consistent initial differential variables
space (see Chapter 3.1 of [1]), i.e., the set of points zg
such that there exists a Cl-solution z(t) of A satisfying
Ex(0) = Exo, which can be characterized by

Q:]FZA//*—errE, (11)

where ¥* = 7, is the limit of the Wong sequences 74,
given by (8). For a nonlinear DAE = = (E, F) with
ker E(z) being involutive, the set € is, roughly speak-
ing, the union of the integral manifolds ng of ker E(x)

for all z5 € M*, which is in general not a smooth sub-
manifold. We show below that under certain constant
rank and involutivity conditions, the set €;p coincides
locally with a smooth submanifold M7, which can be
parametrized as the zero level set of certain functions.

Theorem 3.3. Consider a DAEE = (E, F) and a con-
sistent point x. € X, let M* be the locally mazimal in-
variant submanifold of = around x., assume that there
exists a neighborhood U of x. such that condition (RE)
is satisfied and there exists a distribution D(x) such that
onU:

(D1) D(z), ker E(x) and D(z) + ker E(x) are of constant
dimensions and involutive.
(D2) D(z) =T, M*, Ve € M*NU.

Let M7 C U be the integral submanifold of the distri-
bution D(x) + ker E(x) passing through x., then there
ezists a neighborhood U, C U such that the impulse-free
consistency space €rp satisfies

Q[FQUC:MI*FQUC:{.’EEUC|§2(.’E):O},



where & = (&3,...,65%) and &(z.) = 0, the codistri-
bution span {dfé7 . ,df;”} annihilates the distribution
D(x)+ker E(x). Moreover, the IFJ from any initial point
g € Mip NU, is uniquely defined.

The proof is given in Section 5. The following corol-
lary says that if a DAE is ex-equivalent to the nonlinear
Weierstrass form [12, 16], then it is straightforward to
obtain M* and M.

Corollary 3.4. Consider a nonlinear DAEZ = (E, F)
and a consistent point x.. Assume that on a neighbor-
hood U, of x., the DAE = is ex-equivalent, via a diffeo-
morphism ¥ = (Y1,12) = (£1,&) : U = Uy x U and
an invertible map Q defined on a neighborhood U, of x.,
to the following nonlinear Weierstrass form

(NWF) : &= 18,
N& = &,
where f* : U, — TU, is a vector field on U, C R™

and N is a constant nilpotent matriz. Then con-
dition (RE) holds and the distributions ker E and

D = span{a%i,...,%} satisfy (D1) and (D2) of

Theorem 3.3. Moreover, we have

M*NU.=¢NU. = {z € U.|z(z) =0},
MipNU,=CpNU. ={x € U.| Nipo(z) = 0} .

3.2  Ezistence and uniqueness of impulse-free solutions
for switched nonlinear DAEs

We extend the results of Theorem 3.3 to the switched
case as a corollary shown below.

Corollary 3.5 (impulse-free solution). Consider a
switched DAFE Z, under an arbitrary switching sig-
nal o : T — N and let z., be a consistent point of
the model 2, i.c., xo, € €(2,), for p € N. Assume
that each DAE model =2, satisfies (RE), (D1) and
(D2) around x.p,. By Theorem 3.3, for each model
Zp, there exists a neighborhood Uy of xcp such that
M;in(Ep) NUep = €rp(Z,) N Ugp. Suppose that all C'-
solutions of each model E, defined on €(Z,) N U,p can
be extended on the interval Z. Then, given any initial
point 2o € M{p(Es(o)) N Uco(ty), there exists a unique

N

impulse-free solution x : T — |J Uep of Eo if
p=1

Vp,ge Nt M*(E,)NUyp C Mip(Ey) NUeq.  (12)

Remark 3.6. For a switched linear DAE A, with all
models A, = (E,, H,) being regular, the distributional

solution of A, is impulse-free [27, 28] if

Vp,q eN: Eq(I*HEq,Hq)HE,,,Hp :O7 (13)
the latter condition holds if and only if ImIlg, g, C
ker E4(I —Ilg, m,), or, equivalently,

VpgeN: VH(A,) C VA, +ker B,

where 7* is the limit of the Wong sequence %; of (8). Be-
cause €(A,) = ¥V*(Ap) and €rp(A,) = “//*( q)t+ker E,
(see (11)), it is seen that condltlon (12) is a nonlinear
generalization of the linear impulse-free condition (13).

Example 3.7. Consider a switched nonlinear DAE E,
with the generalized states x = (21, 72,23) € X = R?,
and two models =1 = (E1, F1) and 2y = (Es, Fy), where

1 0z T2—I1
E1(1‘) = { 000 } , Fl(x) = TotT173
z3 1 21 z3(r1+w3+1)

214100
Es(z) = {;iﬂ 0 0]
00

] Fy(z) = |:172+$1(w3+1):|

r1tz3

By (5), M1(E1) = {# € R®|zy + 123 =0}, M*(Z;) =

Ms(21) = {x ER3|zy+ a3 = 23(201 +23+1) = O}
and
M*(Z5)=M;(Z2)={z € R*| 2o + m1z3=21 + 23=0} .

The point z. = (0,0,0) is a consistent point for both
=1 and Z,, we consider Z; on the neighborhood U; =
{x e R3 |2y + a3 > —1} of x. such that M*(Z1)NU;, =
{x ER3 |z =23=0, 21 > 0} is a smooth embedded
connected submanifold and is locally invariant; we exam-
ine Z5 on the neighborhood Us; = {:v € R3 |z1 +1 > 0}
in order that rank Fs(z) = const. on Us.

Observe that E; is index-2 and satisfies (RE) by
dim Fy (2)T,M*(Z;) = dimM* = 1 and Proposi-
tion 2.3(ii). The distributions D; = span{ O g 8‘22 }

and

0 0 0
ker F; = span {xlaxl + (x123 — xg)@T@ + 8333}

satisfy conditions (D1) and (D2) of Theorem 3.3 on U; .
Choose 912(x) = zo + x5 such that span {dy2} =
(Dy + ker E1)*. Tt follows that

M}‘F(El)ﬂUlz{x S R3 | ro +x123 = 0,21 + 333>—1} .

Actually, the DAE = is locally on U; ex-equivalent, via
the diffeomorphism
P1(z) =

(i’l,fg,.’zg) = (ew?’xl,xg + 1’11’3,1’3)

4 For distributional solutions theory of linear DAEs, see e.g.,

[18, 54, 52]
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Fig. 1. Above: red line: M*(E:1) N Ui, mesh sur-
face: M;r(E1) N U1, blue curve: M*(Z2) N Uz, the set
Mip(E2)NUs = Uz = {z € R® |21 > —1} is clear to see and
thus is not shown; Below: red curve with arrows: C!-solutions
of =1, blue curve with arrows: C'-solutions of =4, dashed
lines: IFJ solutions.

e3 —e®3 0

andQl(:c):[g 1 0},to

0 1

1007 [#1 —hi-Es
1 |:000:| Zy | = _ X2 ) (14)
010 Z3(e” "3&1+23+1)

T3

[1]:

which is in the form (29) but not in the (NWF) of
Corollary 3.4. The DAE Zs is of index-1 and locally on
U, ex-equivalent to

100} 2l z_li11:|
2000 |#| =| "% , 15
[ 2] - 1% a9

via the diffeomorphism s ()

[1]

- (£17i‘27i‘3) = (1‘1,1‘2 +
1 00 = .
x123,21 + 23) and Q2 = Bl (1) (1)} Observe that =9 is

in the (NWF') (more precisely, it is in the (INWF') of
(6)). It follows that

M;F(Eg) NU; =X NU; =Us.

It is seen that M*(E1) N Uy € Mjp(E2) N Uz and
M*(E3) NUz € Mfr(E1) NU;. We draw those sub-
manifolds on the above subfigure of Figure 1. By Corol-
lary 3.5, for any switching signal o : Z — A such that
Cl-solutions of Z; and =, are well-defined on Z, there
exists a unique impulse-free solution = : Z — U; U Us
for any initial point xg € M} (Z4(1,)) N Us(t,)- For ex-
ample, we fix a switching signal o : [0,00) — N with
o(0) = 1 and two switches at t; = 0.4 and ¢t = 1.4, re-
spectively, choose an initial point z, = (4/e,—4/e,1) €
Mjr(E1) N Uy, the impulse-free solution of =, starting

from x, is shown on the below subfigure of Figure 1.
Observe that the dashed curves are IFJ solutions which
satisfy the jump rule in Definition 2.4. Moreover, it is
seen that the impulse-free solution of =, converges to 0,
we will discuss its asymptotic stability in the next sec-
tion, see Example 4.9 below.

4 Stability analysis of switched DAEs under ar-
bitrary switching signal

Throughout the remaining parts of the paper, we focus
on switched nonlinear DAEs =, with all models =, being
index-1. More specifically, we will make the following
assumptions (S1) and (S2). If a model =, has an index
higher than one, it is possible (see Example 4.9 below)
to use the results in Proposition 4.8 to replace =, with

an index-1 DAE ép, which has the same impulse-free
solution as =, for any initial point xg € Crp(Z,).

(S1) There exists a neighborhood U, of z. = 0 such
that each DAE model E,, p € N, is locally on U,
ex-equivalent to its (INWF), given by (6), via a
smooth map @, : U. = GL(n,R) and a diffeomor-

phism % = (wlpﬂ/)Qp) = (51;075212) :Ue — UCP'

Moreover, all points (§1p, Ad2p) € Uep, YA € [0,1]

and V(&1p, &2p) € Uep.
(S2) AllC!-solutions of =, on U.N€(Z,) can be extended
onZ = [0, +00).

Remark 4.1. Note that (S1) implies (CR) and (RE)
and by Theorem 2.7, (S1) is equivalent to

(S1)’ there exists a neighborhood U, of z. = 0 such that

for any initial point z; € U,, there exists a well-
defined IFJ z; — xar and its associated IFJ trajec-
tory J(7) € Ue, Y0 < 7 < @ for the model E,.

It is seen that under condition (S1) (or (S1)’), condition
(12) is always satisfied because (S1) implies M5 (Zq) N
U. = U, ¥Yq € N. Hence if (S1) and (S2) are both
satisfied, by Corollaries 3.4 and 3.5, there exists a unique
impulse-free solution z : [0,4+00) — U, for any initial
point 2o € U.. Note that for the case that (S1) holds
only on U, \ {0}, the latter conclusion is still true if
x(t) = 0 is the unique solution for z. = 0.

To both linear and nonlinear DAEs, one can attach a
class of control systems, called the explicitation of DAEs,
which is a general framework to use control theory to
solve DAE problems, see e.g., [8, 11, 12, 10, 9] for details.
Now we recall the following notion of jump-flow explic-
itation [16], which is a control system, associated with
any DAE being ex-equivalent to the (INWF').

Definition 4.2 (jump-flow explicitation of DAEs).
Consider a DAE = = (E,F), assume that = is ex-
equivalent to the (INWF) of (6) via an invertible ma-
trix Q(z) and a diffeomorphism ¢ = (11, 12) = (&1, &2)



defined on X, the jump-flow explicitation of = is the
following nonlinear control system

m

e JE= @)+ gi@i=f@) + g (@),
y=h(e),

denoted by 3¢ = (f¢€, g%, h®), where v € R™ is a vector of
control inputs, m = n — r = dimker E. The vector field
f€¢: X — TX, the matrix valued-function ¢g¢ : X —
R™™ (whose columns gf : X — TX,1 <4 < m are
vector fields) and h¢ : X — R™ are defined by

o\t AN,
ri=(52) el =(50) 1R wemve

Remark 4.3. The vector f¢ plays a similar role as
the flow matrix A4 = p—1 [’%1 8] P for a linear DAE
A, see e.g., [27], [63]. The ODE & = f¢(x), which is
the zero dynamics of the control system ¢, has the
same C!-solutions with the DAE =. Moreover, because
of Im ¢g¢ = ker F, any IFJ solution J : [0,a] — X of Z by
Definition 2.4 can be seen as a solution of the control sys-
%(:) = ¢°(J(7))v(J(7)) for a certain choice of input
v which renders the solution J(7) from J(0) = 25 € X
to zf = J(a) € €. It follows that the nonlinear consis-
tency projector Qg r, given by (7), coincides with the
flow map CDf of the vector field v¢ = g°v, i.e.,

(16)

tem

zy = Qg r(g) = 24 (xg).
A particular choice of v is v(z) = —h®(x), ie., v¢ =
—g°h®, then we have a = oo because the solution J :
[0,+00) = X of ¥ = —g°h°(J) (the latter is % =
0, ddif = —& in (&1, &2)-coordinates) is an IFJ solution
of =Z. The impulse-free solution of = for any initial point
¢ can be expressed as z(t) = & ol Foxg, where ol
is the flow map of the vector field f¢. Furthermore, the
following properties hold for the jump-flow explicitation

¢ € kerdh®,
dh® 'ge = Ima

Im ¢g° Nkerdh® =0,

dim(Im g° @ ker dh®) = n. (17)

4.1 Stability analysis of switched DAFEs via common
Lyapunov functions

Given any internally regular DAE E = (E, F), if F(0) =
0, then 2. = 0 is clearly consistent and is also an equilib-
rium of Z, because x(t) = 0 is the only C'-solution pass-
ing through z. = 0. For a switched DAE =,, we make
the following assumption to guarantee that z. = 0 is a
common equilibrium for all models E, = (E,, F},):

(S3) the vector-valued functions F},(x) satisfy F},(0) = 0,
Vp e N.

Consider a switched DAE =, satisfying (S3) and a do-
main D C R™ containing z. = 0, fix a switching signal o,
suppose that for any initial point zg € D, the impulse-
free solution x : [0, +00) — D of Z, is well-defined.

Definition 4.4 (stability). The equilibrium z. = 0 is
called stable if for any e > 0, there exists § > 0 such
that the implication ||z(0)|| < § = ||z(¢)|| <€, Vt > 01is
true for all impulse-free solutions x of =,; the DAE =,
is called asymptotically stable over D if x. = 0 is stable
and all impulse-free solutions on D converge to zero, or
equivalently, if there exists § : [0,00) X [0,00) — KL
such that [|z(¢)|] < B(||zoll,t), Vt > 0, Yo € D.

The following theorem is the “index-1” and “local” case
of Theorem 15 in [16], the latter was given under the as-
sumption that each DAE model =, is ex-equivalent to
its (NWF) (see Corollary 3.4) on the whole generalized
state space X. We will show in Example 4.9 below that
with the help of the novel results in Proposition 4.8 be-
low, the results of Theorem 4.5 can be also applied to
switched DAEs with high-index models which are not
necessarily ex-equivalent to the (NWF).

Theorem 4.5. For a switched nonlinear DAE E,,, given
by (1), assume that there exists a neighborhood U, of x. =
0 such that (S1)-(S3) are satisfied on U,. Let a control
system X0 = (f;, gy, hyy) be the jump-flow explicitation of
the model 2, for eachp € N'. Then the switched DAE E,,
is asymptotically stable over U., uniformly for arbitrary
switching signal o if there exists a common C'-positive
definite (Lyapunov) function V : U, — [0,00) such that
the level set L, := {x € U, |V (z) < a} is compact for
every a € V(U,) andVp,q € N :

ov(z) .. .
") i) <0, vee (M E) U0\ (0}, (19)
W) @) <0, Vo e M (=) N0, (19)
where vy, := —gphy, is a vector field on U. and M*(Z,) N

Ue.={ze€U| hi(x)=0}.

Conditions (18) and (19) mean that the Lyapunov
function V() decreases along the flow dynamics (C!-
solutions) and the jump dynamics (IFJ solutions) of the
model Z,, respectively. It was shown in Lemma 16 of
[16] that condition (19) is equivalent to condition (14)
in Theorem 4.1 of [28]), i.e.,

V(Qg,.r,(z) —V(r) <0, Vzxe M (Z,)NU., (20)
where (g, r, is the nonlinear consistency projector of
Zp. The differences between Theorem 4.5 and Theo-
rem 4.1 of [28], and the advantages of using jump-flow
explicitation are explained in Remark 17 of [16]. We give
the full proof of Theorem 4.5 in Section 5, which was
absent in [16].



Any linear regular index-1 DAE A = (E,H) is ex-
equivalent (via two invertible constant matrices @) and
P) to the Weierstrass form (9) with N = 0. The jump-
flow explicitation of the linear DAE A is a linear control
system A¢ = (A€, B¢,C¢) : & = A°c + B®u, y = C°uz,
where

[oL.]P.

(21)
By choosing a common Lyapunov function in the
quadratic form V (z) = 27 Lz, we can straightforwardly
formulate the linear version of Theorem 4.5 as a linear
matrices inequalities (LMIs) problem:

L PANCE

Corollary 4.6 (linear case). Consider a switched linear
DAE A, of the form (2) with all models A, = (E,, Hp)
being index-1 reqular linear DAEs. For eachp € N, let
A5 = (A5, By, Cy) be the jump-flow explicitation of the
model A, = (Ep, Hy). Then A, is asymptotically sta-
ble under arbitrary switching signal o if there ezists a
positive-definite matriz L = LT > 0 such that

CHT((ATL + LA%)CE <0
vp’qEN: {( Ie))T(( pe) e ep)e’?" e
(Cq) (LBpCp + (BpCp) L)Cq >0,

where C is a full column rank matriz satisfying Im C; =

ker C;;.

Example 4.7. Consider a switched electrical circuit
shown in Figure 2 below. The circuit consists of a non-
linear resistor IV, a nonlinear capacitor with voltage-
related capacitance C(v.), an inductor with constant in-
ductance L and a switching device S. Let

§=(n,y,2) =

be the generalized states, where ¢ = x is the current and
veo = z is the voltage of the capacitor and v = y denotes
the voltage between the nodes 1 and 2. The capacitance
C(v.) and the characteristic of the nonlinear resistor
a(in,vn) = 0 are given by

(i,v,v.) € X =R3

Cve) = vé +1, aliy,on)='in —v?’v =0.

Notice that we have i —v3 = £ — > = 0 when S is open
and iy =i —iy =i —v> =z —y® when S is closed.
Using the Kirchhoff’s laws, the circuit can be modeled
by a switched nonlinear DAE 2, with two models =,
(representing that S is open) and 2y (representing that
S is closed), where

and

C(ve) 18
1=
VCo=% R
V=Y < N
L
1=x 2

Fig. 2. A nonlinear switching electric circuit

The two models are ex-equivalent on U, = X to their
(INWF), given by, respectively,

7 _ 33
= 1007 |2 o
Ey:|000] |a| =%
000J || z
and ) s
= 1007 [ 2 T
= [334][3] - R]
Y L ]

via suitable invertible matrix-valued functions @1 and
Q@-2, and the following coordinates transformations
1/}1 = (Zafag) = (Z,LIE 7y37y+z) and 7/}2 = 7/]1-

Both Z; and =5 are ex-equivalent to their (INWF) on
U. = X and satisfy conditions (S1)-(S3) on U... Then by
Definition 4.2, we construct the jump-flow explicitation
= (ff,9%,h7) and X5 = (fg,95,h5) of E1 and Ey,
respectively, where

—3y? 3 [1 3y2 } .3
e __ —z _ e _ |x—y
fl - -1 t 2110 gl — 10 h )
1 +1 0 0 y+z
9.2 —R(wfy )—z
fe — iyl . oT— 3—z3 + T
2 2+1 0 )
1 0

3y
g5 = "1 | hs=vee.

Consider the following common Lyapunov function can-
didate defined on U, = X:

R R L 1
V(©) = V(w,y,2) = 724+ 52+ 5 (@) +5(y+2)"

4 2 2

Define v{ := —g{h§ and v§ := —g5hs, it follows
that Ly V(E) = ‘"’S—f)ff(s) = —Re4 Ly V() =
PTOwe(e) = Ll — y*)2 — (y + 2)% L V(E) =
LEf5(€) = —R(x —y*)? — Rz*, Lug V() = —(y+2)2.

Thus by M*(Z,) = {feX‘x—y?’:y—i—z:O} and
M*(Z)={£eX|y+2=0}, we get

Lf (=) = —Rz* <0, V& € M*(Z1) \ {0},
Olar(zs) = —L(z — y°)* <0, V€ € M*(2y),
&)l (=, <0, Y6 € M*(E2) \ {0},

)

I3 |M*(El) =0, V¢ € M*(El)

1

V(
V(
Lfe (
V(



Fig. 3. Magenta curve: M*(Z1), light blue surface: M*(E2),
dark red curve: Cl-solutions of =1, dark blue curve:
Cl'-solutions of =5, dashed lines: IFJ solutions.

It follows that conditions (18) and (19) of Theorem 4.5
are satisfied on U. = X. Hence, the switched DAE =, is
globally asymptotically stable, uniformly for arbitrary
switching signal o. For example, let L = R = 1, we take
an initial point £y = (0,0, 1) (which is not consistent for
both Z; and =Z5) and choose a periodical switched signal
o with the period T' = 0.4 and 0(0) = 1, the impulse-free
solution of E, starting from & is drawn in Figure 3.

Now we show how to use the results in Section 3 and
Theorem 4.5 to check the stability of high-index DAEs
which may not be ex-equivalent to the (NWF).

Proposition 4.8 (index-reduction). Consider the
switched DAE E, in Corollary 3.5. Assume addition-
ally that F,(0) = 0 and T = [0,00). Then, there exists
another switched DAE =, defined on the neighborhood
U:. of x. = 0 such that each model ép of 2, 18 in
the (INWF) and the two switched DAEs 2, and Z,
have the same impulse-free solution x(-) for any initial
point g € Mjp(Eq)) N U.. Moreover, we have that

=, satisfies conditions (S1)-(S3) and the solution x(-)
is asymptotically stable over U, if conditions (18) and
(19) are satisfied for the jump-flow explicitations of the
models of E,.

Proof. Consider the DAE = in Theorem 3.3 and the fol-
lowing index-1 DAE = defined on U,, given by

= {51 = F1(£1,0,0) p(z)=¢ ~ 2 i = F((2),0,0)
214 0 = &2 =0 0 = P2()
0 = &3 0 = P3(x),
where w = (¢1a wQa ¢3) = (51) 527 53) and E Is con-

structed from (29) and is in the (INWF). Then =
and Z have the same impulse-free solution for any
initial point zo € Mj;r NU, = €;p N U.. Indeed,
recall from the proof of Theorem 3.3 that is ex-
equivalent to = and =

(v

E, given by (29). Notice that
have the same C!-solutions £(t) = (£1(¢),0,0) for any
initial point (&,0,0) € »(M* N U.), where & (t)

10

is a solution of the ODE & = F1(£1,0,0), and the
same IFJ: (£10,0,&30) — (£19,0,0) for any initial
point (£14,0,&59) € Y(Mjr N U.), so E and E have
the same impulse-free solution for any initial point
& € Y(Mjr NU,.). The ex-equivalence preserves both
C'-solutions and impulse-free jumps (see Remark 2.6),
so the ex-equivalent DAEs = and Z, and also = and é,
have corresponding impulse-free solutions. Therefore,
= and =, which are both represented in z-coordinates,
have the same impulse-free solutions for any initial
point zg € Mjr NU..

Using the method above, for each model 5, of Z,, we
can construct a DAE ép which has the same impulse-
free solutions with =,. Let =, be a switched DAE with
models =, and with the same switching signal o(t) as
Zs. Then z(-) is the impulse-free solution of Z, starting
from x9 € M}r(ZEq(0)) N Ue if and only if it is that of
E,. Clearly, 2, satisfies (S1)-(S3), we can check its
asymptotically stability by (18) and (19) of Theorem 4.5,
which would imply the asymptotically stability of any
solution z(-) of =,. O

Example 4.9 (continuation of Example 3.7). Consider
the switched DAE Z, in Example 3.7. The DAE Z; is
index-2 and is not ex-equivalent to the (NWF'). Using
the method in Proposition 4.8, we construct a DAE =,
from (14) and transform it into Z;:

—z1
|:m2+1113:| .

x3

The DAE Z; has the same impulse-free solution with =
for any initial point g € M[(E1) NU;. Now Z; and =,
are ex-equivalent to E; and Zg (see (15)), respectively,
onU,=U,NU; = {xERs}xl > -1, z1+ 33> -1},
and Z; and = are both in (INWF). It can be
seen that conditions (S1)-(S3) are satisfied on U,
for the switched system éa with models él and
2, = Z,. By Definition 4.2, we construct the jump-
flow explicitation systems 3¢ = (ff, g%, hS) and

Y6 = (fS,95,hS) for 21 and Z, respectively, where
T

i@ = [#5]. 6@ = [1onta] hi@) =

_ 1 0 0
[z, fi(a) = 525 [mom ], g5@) = [1-m],
xr1x3
hS(z) = ["2717 ]. Thus v§ := —g§h{ = |:—I2—I1(I3)2:|
.

0
and v§ = (I1)212:|. Choose the following

—xT1—I3

—gshs = {

Lyapunov function candidate

1 1 1
V(Qf) = 5(1‘1 + ZCS)Q + 5(5(12 + 371.’)33)2 + 5(3?3)2.



It follows that LyseV(x)ar+(z,) = —2f < 0, Vo €
(M*(E1) NU) \ {0} LogV(@)|nr-(z2) = —(23)* <0,
. \2
Vo € M*(E2) NUe; LysV(2) a2y = — 25 < 0,V €
(M*(Z2)NU)\{0}; LoV (@) a1+ (2,) = —(21+23)* <0,
Vo € M*(Z1) N U,. Hence (18) and (19) hold, we have
that =, and thus Z, are asymptotically stable over U,
under arbitrary switching signals for any initial point
zo € Mip(ZEs(0)) N Ue.

4.2  Commutativity and invariance conditions for

switched nonlinear DAFEs

It is well-known (see [32, 24]) that for a switched non-
linear ODE & = f,(x) with all models being asymptot-
ically stable, if

aq ap
_Tj;fp_ifqzov

Vp, q eN: [fp»fq] = o

then the switched ODE is asymptotically stable for ar-
bitrary switching signal ¢. In this section, we discuss
how to generalize the above commutativity condition to
switched nonlinear DAEs. The results in [29] show that
for a switched linear DAE A, given by (2), with all mod-
els being regular and asymptotically stable, the commu-
tativity of the flow matrices A4 (i.e., A of (21)) for
each model, i.e.,

Vp,q € Nt [A, Ag] = Ag A — AT AL =0, (22)
implies the asymptotical stability of A, under arbitrary
switching signal o. We will show in the following the-
orem that for a switched nonlinear DAE E,, not only
commutativity conditions (i.e., (23)) but also certain in-
variant distributions conditions (i.e., (24)-(25)) are re-
quired to guarantee the asymptotically stability of =,
under arbitrary switching signal.

Theorem 4.10 (commutativity and invariance condi-
tions). Consider a switched nonlinear DAE 2, , given by
(1). Assume that there exists a neighborhood U, of x. = 0
such that (S1)-(S3) are satisfied on U.. Suppose that
each model E, of 2, is asymptotically stable over U..
Then E, is asymptotically stable, uniformly for arbitrary
switching signal o, over Uy, if Vp,q € N :

[f5: fg] =0, (23)
[f5:Gql € Gy, [fy  Hyl € Hy, (24)
(95 -dhy)-Go € Gg, (g, -dhy)-Hg S Hg,  (25)

where f; U, —» TU,, gf, U, — R"™ ™ gnd h; :
Ue — R™»*™ are from the jump-flow explicitation 37 =
(f5>9pPy), given by (16), of the model Z,, and where

Q; =Im g; = ker £, and 7-[; = ker dh; are distributions.
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The following lemma shows that (25) can be replaced
by condition (26) below, the latter is crucial for proving
Theorem 4.10.

Lemma 4.11. Condition (25) is equivalent to

(G, NGy) @ (HyNGy) =Gy,

(Gy NHg) © (H, NHg) = H.

(26)

The proofs of Lemma 4.11 and Theorem 4.10 are given
in Section 5.

Remark 4.12. For a switched linear DAE A, with all
models A, = (E,,H,), p € N, being index-1, regu-
lar, and asymptotically stable, the linear commutativity
condition (22) implies the linear version of the invari-
ance conditions (24)-(25), i.e., Vp,q € N': As - By C B,
Ap - Cq € Cg, BoCp - By € By, BoCy - Co C Cg, where
Ay, By, Cp are system matrices of the jump-flow ex-
plicitation of A, given by (21), the subspaces B, =
Im By and C; = ker C. Indeed, we know from Lemma 9
of [29] that (22) implies Vp,q € N : [A5 g, u,]| =
Mg, u,, g, 1,] = 0. Moreover, we have Vp € N :
Ug, n, = In — B,Cy by (10) and (21). Then by a direct
calculation, we get

Vp,q e No [A, ByCl] = [B,Cp

pCpr BeCql = 0.
Recall by constructions that B, = Im ByC} and %f, =
ker B§C§. Scz by A§~B;C§ = B§€§~é4;,:ve lsave Ag)' é =
Im B{C¢ - Ay C By and {0} = ByCy - A5 -Cg = Ag-Co C
Cg. Similarly, the condition [B;Cy, BfC;] = 0 implies
BeCe - B C BS and BCS - C: C (.
It is known (see e.g., [32, 56]) that for pairwise commut-
ing asymptotically stable nonlinear ODEs
= fp(x), peN, (27)
it is possible to find a common Lyapunov function. In
particular, assume that the family of systems in (27) is
defined on a ball B, := {z € R"|||z|| < r}. Then there
exist 79 € (0,7) and a positive-definite C'-(Lyapunov)
function V' (x) such that £, := {x € B,, |V (z) < a} is
compact for every a € V(B,,) and 8‘(;(95) fp(z) <0,
Vp € N, Va € B,,/{0} (see Theorem 4 of [56]). We now
use the latter result to construct Lyapunov functions
for asymptotically stable switched nonlinear DAEs sat-

isfying the commutativity and invariance conditions of
Theorem 4.10.

Corollary 4.13 (converse Lyapunov theorem). Con-
sider the switched DAFE Z, satisfying (S1)-(S3) on a
neighborhood U, of x. = 0. Suppose that the jump-flow
explicitation ¥, = ( 5> 9p, hy) of each model =, satis-
fies the commutativity and invariance conditions (23)-
(25) on U.. Assume that all models 2, = (E,, Hp) are



asymptotically stable on a ball B, C U.. Then there exist
ro € (0,7) and a positive-definite C'-(Lyapunov) func-
tion V(z) such that L, := {x € By, | V(x) < a} is com-
pact for everya € V(U,.) and satisfying (18)-(19) of The-
orem 4.5 on By, .

The proof is given in Section 5. We now illustrate the
above results by two examples.

Example 4.14. Consider a switched DAE =, de-
fined on X = R? with two models =; = (Ey, F}) and

—_ —_ : —x
Ey = (B2, Fy), where 21 : [J§][5] = [I_ys
Hy [é —3592} (4] = [y*R(;*yQ)}, where C, L and R
are all positive constant scalars. Clearly, assumptions
(S1)-(S3) are satisfied globally, in fact, =; and Z, are
ex-equivalent to, respectively, the following two DAEs
=1 and =, represented in the (INWF), via the same
coordinates transformation (Z,9) = ¢ = (z — y3,y),

= i —? = i —R&/L

s [g]=[e] 2 enf5]=["]

T

and

The jump-flow explicitations of =; and =5 are, respec-
tively, 5§ = (ff,95.h5) and 5 = (f5. g5,h5), given by

= (2) o) o= (%) Tl ks =y

-1 5 -1
f5=(3) [ met]ies = (5) 190 ks =
Observe that Gf = Im g¢{ coincides with H§ = ker dh$§
and H{ = ker dh§ coincides with G§ = Img5. Then it
is easy to verify that conditions (23)-(25) are all sat-
isfied. Since both Z; and Z, are asymptotically sta-
ble, we conclude by Theorem 4.10 that = is asymp-
totically stable under arbitrary switching signal. More-
over, we can choose the common Lyapunov function
V(z,y) = 3y*+%(z—y?)?. It can be checked that V (z, )
satisfies conditions (18) and (19) of Theorem 4.5.

Note that the above switched DAE =, is an academic
example, we show below that it can be easily realized by
slightly modifying the electrical circuit shown in Exam-
ple 4.7, we change the nonlinear capacitance C(y) to a
constant one C and add an additional switching devices
S7 parallel to the capacitor (although to short-circuit
the capacitor may not have a strong practical meaning
for real electrical circuits). The switches S and S; are
required to be simultaneously open or closed.

C S
I -
BN R
v=y < N

L

1=x

Fig. 4. The modified nonlinear switching electric circuit
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The second example is to show the importance of the in-
variance conditions (24)-(25), a nonlinear switched DAE
satisfies (23) but not (24)-(25) could be unstable (which
is different from the linear case, see Remark 4.12).

Example 4.15. Consider a switched DAE =, defined

on R? with two models Z1 = (Ey, Fy) : [E] = [*f]

and 2y = (Fa, F) : [12’1(8”71/)] = [_wvj;(;)’y)}, where

V1 (x,y) = 2e>VF —e=2 —1 and (2, y) = \/x+y. Con-
sider =, on the set U, = {(a:,y) € R? ’ x>0,y < O}.
The mode Z; is already in (INWF) and =5 can trans-
formed into [§] = {—;ﬂ via (£,§) = ¥ = (1, s)
on U, \ {0} (so x. = 0 is a singular point for the ex-
equivalence but the impulse-free solution exist for all

x € U, see Remark 4.1). The jump-flow explications
are given by X{ = (ff,gf,h{) and X5 = (f5, g5, h3),

where f¢ = *5/5 s 98 = [0 s =y, f5 = [70\?}’
95 = S - {“ﬁfj;y}, h§ = 1s. It can checked

that condition (23) is satisfied but (24)-(25) do not hold.
Both Z; and =5 are asymptotically stable on U, but it
can be seen from the following figure that =, can be un-
stabilized via impulse-free jumps (note that =2, remains
unstable for switching signals with small enough dwell-
time).

Fig. 5. z-axis: M*(E1), blue curve: M*(Z2), dashed blue
curve: jumps of =1, dashed blue curve: jumps of Z.

5 Proof of the results

Proof of Theorem 3.3. Since the distributions D(x),
ker E(z) and D(z) + ker E(x) are all of constant dimen-
sions on U by (D1), we have dim(D(x) Nker E(x)) =
dim D(z)+dim ker E(z)—dim(D(x)+ker E(x)) = const.
(by e.g., Theorem 2.3.1 of [5]) and thus dim E(x)D(x) =
const., for all x € U. Then by (D2), we have that
dim E(z)T,M* = dimE(z)D(z) = const. for all
x € M*NU. Observe that dim E(z)T,M* = dim M*
by (RE) and Proposition 2.3(ii). Thus we have
dim E(x)D(x) = dim D(x) on U, which implies that
ker E(z)ND(x) = O for all z € U. Since the distributions
D(x), ker E(x) and D(x)+ker E(x) are all involutive, by
Frobenius theorem (see e.g., [23]), there exist a neighbor-
hood U, C U and smooth maps & : U, — U,y C R™,



52 : Uc — UCQ - R™2 and 53 : UC — ch - R"™3 such that

span {d&},...,dés?} = (D + ker E)*
span {df%, .. ,df;”,dgé, . ,d§g3} =D+,
span {d¢7,...,d¢M,dég,. .., dEh?} = (ker B)*
(28)
and &3(z.) = 0, &3(x.) = 0, where L denotes the left

annihilator of a distribution, the functions £/, 1 < i < 3,
1 < j < ny, are the rows of the vector &;, where n; =
dim D, ng = dimker E and ny = n — (n1 + n3). Now by
ker EN'D = 0, we have

span{dﬁf, 1<i<3, 1§j§nz}:T*U0,

where T*U, denotes the cotangent bundle of U,, thus
& = (&1,&2,&3) are local coordinates and ¢ = £ is a local
diffeomorphism on U,. Then via ¢, the DAE E is locally
on U, ex-equivalent to

é
&2
3

[ B1(€) Ba(6) 0] = F(§),

-1
where [ Eyoyp Eyop Esopp| = E (a—f) with E5 01 = 0
and F o1 = F. Note that F3 o1 = 0 because Im E3 =
Eker [dgl] = 0 by (28). Now since rank F(z) =

const. = n — ng, there exists Q : ¥(U.) — GL(n,R)
such that

&1 -
Q&) [E1(6) B2(¢) 0] lsl =Q§F()
N (29)
~ I,, 00 &1 F1(£1,€2,¢3)
Sa-k [ 0 In, 0} €2 | = | F2(61,82:85) | -
0 00 &3 F5(€1,62,€3)

Notice that by (D2), we have

PM*NU.) = {§ € (U,

)| &2 =0, & =0},

Now by taking a smaller U, if necessary ®, given any ini-
tial point ;' = (&19 &30, €30) € Y(Ue), there exists an
IFJ of = of (29) starting from &; if and only if &5, = 0.
The latter conclusion comes from Definition 2.4, since
by which the direction of the IFJs of = should stay
in ker £ = span {8%17 ey 85%}, i.e., only &3-variables

3 3

are allowed to jump. Moreover, from any initial point
& = (£10,0,&5), there exists a unique IFJ & — &5 =
(¢/5,0,0) € (M* N U.) with &y = &;. Thus by Def-
inition 3.2, the impulse-free consistency set €;p(E) =

5 we may need to take a smaller U. to guarantee U3 is a

star field such that the jump &5, — 0 exists on Ucs
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{¢ e 77/1( ) | &2 = 0}. Since the ex-equivalence preserves
both C!-solutions and IFJs (see Remark 2.6), we have
for the original DAE = that

CrrNU.={z €U, |&(x) =0} = MjrNU,.

Clearly, M;, is the integral submanifold of D(z) +
ker F(z) passing through z. as &(z.) = 0. Moreover,
there exists a unique IFJ z; = v~ 1(&) — 2 =
Y~L(&F) for any initial point 2y € M} N U.. O

Proof of Theorem 4.5. We show that ¢t — V(z(t)) is
monotonically decreasing for any jump-flow solution
x : [0,00) = Ue. of Z,. Let 0 = tg < t1 < to <

. < tx < ... be the switching times of the switch-
ing signal o and let Z; := (¢;,t;41). On each interval
7, C [0,00), z(-) is a C'-solution of the model Z,,
where p = o(t) for any t € Z;, so x(-) is also a solution
of the ODE & = f7(z) defined on M*(Z,) (see Re-
mark 4.3). By (18), we have V(z(t)) = %f;(m(t)) <0,
Vt € Z;. For any switching time ¢;, denote ¢ = o(t; )
and p = o(t]), then z(t;) € M*(Z,) N U, and
2(t7) = Qp, r,(2(t7)) € M*(E,) N Ue, thus by (20),
we have V (z(t])) — V(z(t;)) < 0. Hence t — V(z(t))
is decreasing on the whole interval [0, 00).

Step 2: We show z. = 0 is stable. Fix € > 0, choose r €
(0,¢] and let B, := {z € U.|||z|| < r}. Then we prove
that there exists 3, > 0 depending on r such that the set
Ls, :={z € U.|V(x) < S} is strictly contained in B,,
ie., Lg, € B,. Assume the contrary, i.e., for all 3, > 0,
there exists ¢ € Lg, satisfying ||z|| > r, which implies
that there exists a sequence (xn)neN € £1 such that

[|z,|| > 7. By construction, hm V(zn) = 0. Moreover,

since L 1 is compact by assumptlon (for sufficiently large

n), there exists a subsequence of (x,) whose limit z*
exists and satisfies ||2*|| > r. Then we get lim V(z,) =
n—oo

V(z*) > 0, which is a contradiction, so we can choose
Br > 0such that L5, C B,. Recall from Step 1 that ¢t —
V(z(t)) is decreasing, it follows that Lg, is an invariant
set for any jump-flow solution z(t) starting from x(0) =
xo € Lp, because V(x(t)) < V(x(0)) < B, implies that
x(t) € Lg,, Vt > 0. Since V() is continuous and V' (0) =
0, there exists § > 0 such that Bs C Lg, . We thus have
z(0) € Bs € Lp, = z(t) € L, € By, which implies
that ||z(0)|| < 6 = ||=(t)|| < €, hence x. = 0 is stable.

Step 3: We prove that all jump-flow solutions z(t)
converge to zero. Seeking a contradiction, assume
that «(t) does not converge to zero. Then, since
V(z(t)) is nonnegative and decreasing, we have
tlirgo V(z(t)) = ¢ > 0. Notice that the set L.q =

{r eU.|e<V(z) <V(x(0)) =d} is compact by as-

sumption, it follows that, for each p € N, the con-

O fe ()
ox P

its maximum

tinuous function attains



sp < 0 within L. 4. Then with s = maxpen sp, We
have that V(x(t)) < s < 0 for all ¢t € Z; for any inter-
val Z; = (t;,ti+1) C [0,+00) without switching times.
Consequently, for any k£ > 1,

Vix(ty)) =

z(ty) +Z/

Z (V(@(th) = V(a(t))) < V(x(ty)) + sti.

1=0

))dt+

So for t;, > *@

V(x(t;)) < 0, which is a contradiction. Hence all jump-
flow solutions x(t) converge to zero. O

, the above relation results in

Proof of Lemma 4.11. Since X5 = (f¢,gq,hg) is the

q’ &
jump-flow explicitation of Z=;, we have a:,: L9 =
0
[Imq} and hg = 1, where 1, = (P14,%2) =

(€14, &2q) is the diffeomorphism transforming Z, into
its (INWF). Thus condition (25) is equivalent to

-1
g e e 0Yq Oq e Othy
aﬁ'(gp'dhp)'<aﬁ> <w>lmgqg1m(w>gq,
% (ge - dhg) - (%) (%) kerdhg © 5 kerdn,
ie.,

0 0
i [2,] i [2].

(30)
Iker [0 Img | C ker [0 Imq |,
where T® = 221 (g . dhe) (3% 1y (Uz) — R,

Notice that by dh, - g; = I, of (17), we have Im (gj, -

dh;) = Img; and ker(g; . dh;) = kerdhs,. It follows
that ImI'® = 8% ge and kerI'® = 852‘1 7—[;. Recall that
3’”qge = Im [ mq} and %'H; = ker [0 Im,]. So by

expressing condition (26) in &, = 14-coordinate, we get

z’wq (ge n ge) @ 01q (He N ge) awq ge
(ImI*NIm [9])®(ker T°NIm [9])=Im [}]  (31)
and 224 (Ge NHE) @ Za (HE NHE) = S2HE
(ImT°Nker[o 1)) (ker T*Nker [0 1])=ker[o1]. (32)

Now, assume (25) holds, then the matrix-valued function
I'¢ is block diagonal by (30), i.e., I'® = {FOT 19;], where
IS g(Us) = R™*™ and T'§ @ g (Uy) — R™a*™a,
Thus ImI'{ @ kerI'f ~ R™ and ImT'§ @ kerI'§ ~ R™«
because ImI'¢ & kerI'® = 81’0“ g, @ 8que ~ R" by
(17). By a direct calculation, it follows that both (31)
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and (32) hold. Conversely, if (31) holds, then the left-
multiplication of (31) by I'¢ yields

re (ImFeﬂIm [IﬁqD = I°Im [ mq}.

-1

Observe that I'* = % - (g5 - dhs) (%) —
-1 _1

% (%) [8 I(l] % (%) has the property that

re.re = re It follows that I'*(ImTNIm [9]) =

(ImI¢ N Im [?]), SO

ImD® - Mq} - (ImFeﬂIm [ng]) C Im wq} .
Similarly, it can be shown that (32) indicates the inclu-
sion I'®ker [0 Im, ] C ker [0 Im,]. Hence (31) and (32)
imply (30) and the latter is equivalent to (25). O

Proof of Theorem 4.10. Step 1: By Hg © G; = TU.
of (17) and (26) (which is equivalent to (25) by
Lemma 4.11), we have

(Hy "Hg) © (G, NHy) & (H,NGe) D (G, NGy) =
Recall that the distributions G,, and H,, for all p € N are
of constant dimensions and involutive by constructions.
It follows that the intersections G5 NGy, HyNGe, GENHy,
HE N HE are all of constant dimensions and involutive
as well. Thus by Frobenius theorem, we can choose local

coordinates £ = (&1,&2,€3,€4) = Ype(x), Where 1y, :
U. — R” is a local diffeomorphism, such that

0 0 0
Span{ag%, 735?1}_ gpq(HeﬁH )

0 0 0
Span {8617 B aé-ng } - g)pq (ge N He)

32 82 oY (33)
Span{af%; aaggg} 8pq(7'leﬂge)

0 0 31[}pq .

—_— ., — n

o { o+ g | = o2 9050

where ny = dimH; N Hg, ng = dimG, N Hg, n3 =
dimHyNGy, ny = dim G, NGy and ny +ng+n3+ng = n.
Since f, € H, and H,, is involutive, we have [f,, H,] C
H,. Notice that [fp,G,] = 0 C G, by construction. Thus
by (24), we get Vp,q € N :

©HENHE) C (£, HE) O[S, HE] © HE NHE,

;
G HIC I GIn A C s
5, Hy ML) € L7, H5) 1177, 6] € M5 0 G
55:901G;) € U5 31 N 15651 € 65,165



Then by (33) and (34), the vector fields f and f; are of
the following form in & = (&1, &s, €3, &4)-coordinates

(% fa(&n) % fae)
ze_ OUpq ge_ | Fi(&2) 7o OWpg .o | F2(&2)
=gz o= | Fuen | fa= 30 1a= | feea)
Fa(€a) Fa(€a)

(35)

Since f5 € Hy, and f; € Hg by (17), it can be deduced
from (33) and (34) that

(&) =0, fi(&)=0, f2(&)=0, fi(&)=0. (36)

Note that the nonlinear consistency projectors (see (7))
of the models =, and Z; are, respectively,

—1 —1
QEp,F,D = wpq Oﬂ—powpm QEq,Fq = wpq Oﬂqowpq» (37)

where ), (&1,62,3,84) = (£,0,€3,0) and Tq
(51)52753764) = (517527070)'

Step 2: We show that Vp,q € NV :

e

ol 0 Qp o ®l
I Iz
(bs OQEqu O(I)t

o e,y = (38)
o QEp,Fp7

where @{” and <I>£q are the flow maps of f7 and f¢,

respectively. Indeed, first it can be seen from (35) and
(36) that

. 0 a fq
(I)f” o q D, P01
¢ Omp O oMy = 8 ,
0
fe

Py

Observe that (23) implies [f¢, f¢] = 0, we thus have

D€l prlq
[/, f4] = 0, which is equivalent to (see Proposition 1.7
ral ral ral
of [21]) @ { odlt = dli o <I>fp It follows that
@{” om0 o dli o Tg = ®li o Tg © <I>{” O Tp. (39)

It is well-known (See Proposition 1.11 of [21]) that fe =
ag;)q [, implies <I>tp Upq oCI)t 01/) . Then by (39) and
(37), we have
fa fe
Ypq 0 Py" 0 QEP,FP oy’ o QEq,Fq
bpg 0 ®L" 0, 1, 0 B

-1
0OYpy =
1

OQEvaIJ °© pq

Hence the commutativity condition (38) holds.
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Step 3: We prove that =, is asymptotically stable. Recall
that all models =, of 2, are asymptotically stable, which
means (see Definition 4.4) that for each p € N, there
exists 3, : ||Uc|| x [0,400) — KL such that for any
initial value xo € U,, the impulse-free solution x,(t) of
=, satisfies Vt > 0 and Vzo € U, :

fﬁ
|lzp(@®)]] = [|®;" © Qm,,F, © Zol| < Bp(0, ).

Because N is finite, there exists a function 3 : ||U.|| x
[0, 400) — KL such that 8,(xo,t) < B(zo,t), Vp € N,
Veg €U, VE> 0. Let 0 =t <ty <to <...<tp<...
be the switching time of o, then given an initial point
xo € U., the impulse-free solution x(t) of E, can be
expressed as

Iy Iy
k . P1
x(t) (I)t t, © QEpk Fpp °© °© (I)tz—h °© QEP] Fpy ©
o
(I)h—to © QEpanPo © Zos

where t € [ty,tx11) and p; = o(t]") for 0 < i < k. Then
by the commutativity condition (38), we have

_ &I fs In
:L‘(t) = ¢AtIOQE17FIO(DAt2 OQEzszo' o <I>AtNOQEN,FJ\J OoZo,

where At, is the total amount time of activation of the
p-th model in [0, t). Note that A¢, = 0 if the p-th models
is not activated and Z;V:l At, = t. Since ||(I){‘; oQp, F,0
xo|| < Bz, t), Vt > 0, Vzg € U, Vp € N, we have
z(t) < B(-, At1) o+ 0 B(|[zol|, Atx). By Lemma 2.2 of
[32], there exists a function 3 : [|U;|| — KL such that
B(, Atr)o---of([[xol|, Atn) < B(||zoll, Aty +---+ALy).
It follows that (t) < B(||xo]|, t), hence E, is asymptot-
ically stable. O

Proof of Corollary 4.13. Deﬁne k = 2N distributions
N—1
ﬂ H’L7 DQ = ( ﬂ Hz) nng

=1
N—1
e Dpq = ﬂ Gi | NHyN, Dy := ﬂ G;. Similarly as
i=1
Step 1 in the proof of Theorem 4.10 above, it is possible

to show D; ND; =0, Vi # j and

Di,lgigﬁ,by’Dlz

Di®Dy® - ®Di1® D =TU..

By the involutivity of D;, we can choose new coordinates

& =1(&,8&,...,&—1,&) to rectify the distributions D;,
1<i<kasD; = span{%,..., Bgafi } = %Di, where

= dimD;. It follows from (24) that [f5,Di] € D;

(equivalently, [ ;f, D;] € ﬁi), 1<i<kandpe N.Thus



we have

faen)
F2 (&)
~ 19 _ P
fo=rete=| ;| pen
f;_l(gnfl)
fr )

Since f; € Hy,, Vp € N, we have
f;(ﬁi)EO, VpeN, Vi:D;NH,=0.

It follows that f;(fz) is either zero or a vector field de-
fined on D; with asymptotically stable flow dynamics.
Moreover, by (23), we have [f;,,f;] =0, Vp,qg € N,
V1 < ¢ < k. It is known from Theorem 4 of [56] that

for each 7, there exist ro; € (0,7) and a positive def-
inite C1-function V;(&) = Vi(;(z)) such that £,, :=

{z € By, | Vi(¥s(2)) < a;} is compact and V&; € B\
{0} :
a‘gfi)f;(&) <0, VYpeN,Vi:fi#0.  (40)

Notice that fz’f = 0, Vp € N, so we define V(&) =
%g,{gﬁ (for the oth(jr f;, i # K, there exists at least one
p* € N such that fi. # 0). Then we claim that

V((z) =V(©) = Vi(&)
=1

is a common Lyapunov function satisfying (18) and (20)
(and thus satisfying (19)). Indeed, there exists a positive
scalar rg < 79;, V1 < i < & such that Vp € AN and
Vz € By, \ {0}, we have

V(&)
0&i

S ) VO3 WlEd

ox o0& P
and Vz € B,,,, we have

V(p(x) = V(¢ o Qg, F, () = V(E) — V(my(£))
= ) V&) =0,

#:D;NGp=0

where , is the canonical projection ¥(U.) — ¥(U.),
attaching & — &, Vi : D;N G, = 0 and at-
taching §; — 0, Vi D; N H, = 0. Note that
L, := {z € B,, |V(¥(z)) <a} is compact, hence the
corollary holds. O
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6 Conclusions and perspectives

We introduce the concept of impulse-free solutions for
switched nonlinear DAEs, referred to as jump-flow so-
lutions in this context. This notion differs from the
distributional solution framework employed in previ-
ous works such as [27, 28]. By employing geometric
methods, we establish conditions for the existence and
uniqueness of such solutions. Moreover, we extend vari-
ous concepts and results from switched linear DAEs to
the nonlinear case, including the consistency projector,
impulse-free conditions, and stability analysis utilizing
common Lyapunov functions and commutativity condi-
tions. To analyze stability, we employ a novel concept
called jump-flow explicitation, constructed based on a
nonlinear Weierstrass form. This explicitation technique
not only facilitates the construction of common Lya-
punov functions but also plays a crucial role in deriving
commutativity and invariance conditions. As part of
future research directions, we will focus on investigat-
ing the stability of impulse-free solutions for switched
nonlinear DAEs with unstable models, employing the
jump-flow explicitation approach. Additionally, explor-
ing the impulse-freeness and stability of state-dependent
switched nonlinear DAEs are intriguing topics for fur-
ther investigation.

Acknowledgments

The authors would like to thank the anonymous review-
ers whose suggestions and remarks have improved the
final presentation of the paper.

References
[1] Thomas Berger. On Differential-Algebraic Control
Systems.  Technische Universitdt Ilmenau, Univer-
sitatsverlag [lmenau, 2013.

Thomas Berger. Controlled invariance for nonlinear
differential-algebraic systems. Automatica, 64:226-233,
2016.

Thomas Berger, Achim Ilchmann, and Stephan Trenn.
The quasi-Weierstraf§ form for regular matrix pencils.
Linear Algebra and its Applications, 436(10):4052-4069,
2012.

Thomas Berger and Timo Reis. Regularization of lin-
ear time-invariant differential-algebraic systems. Syst.
Control Lett., 78:40-46, 2015.

Dennis S. Bernstein. Matriz Mathematics: Theory,
Facts, and Formulas with Application to Linear Systems
Theory. Princeton University Press, 2005.

Bernard Brogliato. Some perspectives on the analysis
and control of complementarity systems. IEEE Trans.
Autom. Control, 48(6):918-935, 2003.

Bernard Brogliato. Analysis of the implicit Euler time-
discretization of semiexplicit differential-algebraic lin-
ear complementarity systems. SIAM J. Control Optim.,
60(4):2159-2183, 2022.

2]



(10]

(11]

(12]

(13]

(14]

(15]

[16]

(17]

(18]

(19]

20]

(21]

22]

23]

(24]

(25]

[26]

Yahao Chen.  Geometric Analysis of Differential-
Algebraic Equations and Control Systems: Linear, Non-
linear and Linearizable. PhD thesis, Normandie Uni-
versité, 2019.

Yahao Chen. Feedback linearization of nonlinear
differential-algebraic control systems. Int. J. Robust &
Nonlinear Control, 32(3):1879-1903, 2022.

Yahao Chen and Witold Respondek. From Morse trian-
gular form of ODE control systems to feedback canon-
ical form of DAE control systems. J. Franklin Inst.,
358(16):8556-8592, 2021.

Yahao Chen and Witold Respondek. Geometric anal-
ysis of linear differential-algebraic equations via linear
control theory. SIAM J. Control Optim., 59(1):103-130,
2021.

Yahao Chen and Witold Respondek. Geometric analy-
sis of nonlinear differential-algebraic equations via non-
linear control theory. J. Diff. Eqns., 314:161-200, 2022.
Yahao Chen and Stephan Trenn. An approximation for
nonlinear differential-algebraic equations via singular
perturbation theory. IFAC-PapersOnLine, 54(5):187—
192, 2021.

Yahao Chen and Stephan Trenn. On geometric and
differentiation index of nonlinear differential-algebraic
equations. IFAC-PapersOnLine, 54(9):186-191, 2021.
Yahao Chen and Stephan Trenn. Impulse-free jump
solutions of nonlinear differential-algebraic equations.
Nonlinear Analysis: Hybrid Systems, 46:101238, 2022.
Yahao Chen and Stephan Trenn. Stability analysis of
switched nonlinear differential-algebraic equations via
nonlinear Weierstrass form. In European Control Con-
ference, pages 1091-1096, 2022.

Yahao Chen, Stephan Trenn, and Witold Respondek.
Normal forms and internal regularization of nonlinear
differential-algebraic control systems. Int. J. Robust &
Nonlinear Control, 31(14):6562-6584, 2021.

Daniel Cobb. Controllability, observability, and dual-
ity in singular systems. IEEE Trans. Autom. Control,
29(12):1076-1082, 1984.

Wijesuriya P Dayawansa and Clyde F Martin. A con-
verse Lyapunov theorem for a class of dynamical sys-
tems which undergo switching. IEEE Trans. Autom.
Control, 44(4):751-760, 1999.

Alberto Isidori. Nonlinear Control Systems. Com-
munications and Control Engineering Series. Springer-
Verlag, Berlin, 3rd edition, 1995.

Bronislaw Jakubczyk. Introduction to Geometric Non-
linear Control: Controllability and Lie Bracket. Inter-
national Atomic Energy Agency, 2002.

Aditya Kumar and Prodromos Daoutidis.  Control
of Nonlinear Differential Algebraic Equation Systems:
With Applications to Chemical Processes. Chapman and
Hall/CRC, 2020.
John M Lee.
Springer, 2001.
Daniel Liberzon. Switching in Systems and Control.
Systems and Control: Foundations and Applications.
Birkh&user, Boston, 2003.

Daniel Liberzon. Problem 6.4 Lie algebras and stability
of switched nonlinear systems. In Unsolved Problems in
Mathematical Systems and Control Theory, pages 203—
207. Princeton University Press, 2009.

Daniel Liberzon and A Stephen Morse. Basic problems
in stability and design of switched systems. IEEE Con-

Introduction to Smooth Manifolds.

17

27]

(28]

29]

(30]

31]

32]

33]

34]

[35]

(36]

37]

(38]

39]

(40]

[41]

[42]

[43]

trol Systems Magazine, 19(5):59-70, 1999.

Daniel Liberzon and Stephan Trenn. On stability of
linear switched differential algebraic equations. In Proc.
IEEE 48th Conf. on Decision and Control, pages 2156—
2161, December 2009.

Daniel Liberzon and Stephan Trenn. Switched non-
linear differential algebraic equations: Solution the-
ory, Lyapunov functions, and stability. Automatica,
48(5):954-963, May 2012.

Daniel Liberzon, Stephan Trenn, and Fabian R. Wirth.
Commutativity and asymptotic stability for linear
switched DAEs. In Proc. 50th IEEE Conf. Decis. Con-
trol and Furopean Control Conference ECC 2011, Or-
lando, USA, pages 417-422, 2011.

Hai Lin and Panos J Antsaklis. Stability and stabiliz-
ability of switched linear systems: a survey of recent
results. IEEE Trans. Autom. Control, 54(2):308-322,
2009.

Jose L Mancilla-Aguilar and Ronaldo A Garcia. A
converse Lyapunov theorem for nonlinear switched sys-
tems. Systems & Control Letters, 41(1):67-71, 2000.
José Luis Mancilla-Aguilar. A condition for the stability
of switched nonlinear systems. IEEE Trans. Autom.
Control, 45(11):2077-2079, 2000.

Michael Margaliot and Daniel Liberzon. Lie-algebraic
stability conditions for nonlinear switched systems and
differential inclusions. Syst. Control Lett., 55(1):8-16,
2006.

Andrii Mironchenko, Fabian Wirth, and Kai Wulff. Sta-
bilization of switched linear differential algebraic equa-
tions and periodic switching. IEEE Trans. Autom. Con-
trol, 60(8):2102-2113, 2015.

Elisa Mostacciuolo, Stephan Trenn, and Francesco
Vasca. Averaging for switched DAEs: Convergence, par-
tial averaging and stability. Automatica, 82:145-157,
2017.

Henk Nijmeijer and Arjan J. van der Schaft. Nonlinear
Dynamical Control Systems. Springer-Verlag, Berlin-
Heidelberg-New York, 1990.

Fabio Pasqualetti, Florian Dérfler, and Francesco Bullo.
Attack detection and identification in cyber-physical
systems. IEEE Trans. Autom. Control, 58(11):2715-
2729, 2013.

Patrick J. Rabier and Werner C. Rheinboldt. Dis-
continuous solutions of semilinear differential-algebraic
equations—I. Distribution solutions. Nonlin. Anal. Th.
Meth. Appl., 27(11):1241-1256, 1996.

Patrick J Rabier and Werner C Rheinboldt. Nonholo-
nomic Motion of Rigid Mechanical Systems from a DAFE
Viewpoint, volume 68. Society for Industrial and Ap-
plied Mathematics, 2000.

Patrick J. Rabier and Werner C. Rheinboldt. Theoreti-
cal and numerical analysis of differential-algebraic equa-
tions. In P. G. Ciarlet and J. L. Lions, editors, Handbook
of Numerical Analysis, volume VIII, pages 183-537. El-
sevier Science, Amsterdam, The Netherlands, 2002.
Phani Raj and Debasattam Pal. Lie algebraic criteria
for stability of switched systems of differential algebraic
equations (DAEs). IEEE Control Syst. Lett., 5(4):1333—
1338, 2020.

Sebastian Reich. On an existence and uniqueness theory
for nonlinear differential-algebraic equations. Circuits
Systems Signal Process., 10(3):343-359, 1991.

Ricardo Riaza. Differential-Algebraic Systems. Analyt-



(44]

(45]

[46]

(47]

(48]

(49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

(58]

[59]

(60]

[61]

ical Aspects and Circuit Applications. World Scientific
Publishing, Basel, 2008.

Shravan Sajja, Martin Corless, Ezra Zeheb, and Robert
Shorten. Some stability tests for switched descriptor
systems. Automatica, 106:257-265, 2019.

S. S. Sastry and Charles A. Desoer. Jump behavior
of circuits and systems. IEEE Trans. Circuits Syst., I:
Fundam. Theory Appl., CAS-28:1109-1123, 1981.
Robert Shorten, Fabian Wirth, Oliver Mason, Kai
Waulff, and Christopher King. Stability criteria for
switched and hybrid systems. SIAM Review, 49(4):545—
592, 2007.

Peter Stechlinski, Michael Patrascu, and Paul I Barton.
Nonsmooth differential-algebraic equations in chemi-
cal engineering. Computers € Chemical Engineering,
114:52-68, 2018.

Peter G Stechlinski and Paul I Barton. Dependence of
solutions of nonsmooth differential-algebraic equations
on parameters. J. Diff. Eqns., 262(3):2254-2285, 2017.
Yoshihiko Susuki, Takashi Hikihara, and Hsiao-Dong
Chiang. Discontinuous dynamics of electric power sys-
tem with DC transmission: A study on DAE system.
IEEE Trans. Circuits Syst., I: Fundam. Theory Appl.,
55(2):697-707, 2008.

A. Tornambe. Modeling and control of impact in
mechanical systems: theory and experimental results.
IEEE Trans. Autom. Control, 44(2):294-309, 1999.
Stephan Trenn. Distributional differential algebraic
equations. PhD thesis, Institut fiir Mathematik, Tech-
nische Universitat Ilmenau, Universitatsverlag [lmenau,
Germany, 2009.

Stephan Trenn. Regularity of distributional differen-
tial algebraic equations. Math. Control Signals Syst.,
21(3):229-264, 2009.

Stephan Trenn. Switched differential algebraic equa-
tions. In Francesco Vasca and Luigi Iannelli, editors,
Dynamics and Control of Switched Electronic Systems
- Advanced Perspectives for Modeling, Simulation and
Control of Power Converters, chapter 6, pages 189-216.
Springer-Verlag, London, 2012.

Stephan Trenn. Solution concepts for linear DAEs: a
survey. In Achim Ilchmann and Timo Reis, editors, Sur-
veys in Differential-Algebraic Equations I, Differential-
Algebraic Equations Forum, pages 137-172. Springer-
Verlag, Berlin-Heidelberg, 2013.

Stephan Trenn. Stability of switched DAEs.
Systems with Constraints, pages 57-84, 2013.
Linh Vu and Daniel Liberzon. Common Lyapunov func-
tions for families of commuting nonlinear systems. Syst.
Control Lett., 54(5):405-416, 2005.

K Weierstrafl. Zur Theorie der bilinearen und quadratis-
chen Formen. Berl. Monatsberichte, pages 310—-338,
1868.

Kai-Tak Wong. The eigenvalue problem ATz + Sz. J.
Diff. Eqns., 16:270-280, 1974.

Guisheng Zhai, Ryuuen Kou, Joe Imae, and Tomoaki
Kobayashi. Stability analysis and design for switched
descriptor systems. International Journal of Control,
Automation and Systems, 7(3):349-355, 2009.
Guisheng Zhai and Xuping Xu. A commutation condi-
tion for stability analysis of switched linear descriptor
systems. Nonlinear Analysis: Hybrid Systems, 5(3):383—
393, 2011.

Lei Zhou, Daniel WC Ho, and Guisheng Zhai. Stability

Hybrid

18

analysis of switched linear singular systems. Automat-
ica, 49(5):1481-1487, 2013.



