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We investigate feedback forms for linear time-invariant systems described by differential-algebraic equa-
tions. Feedback forms are representatives of certain equivalence classes. For example, state space transfor-
mations, invertible transformations from the left and proportional state feedback constitute an equivalence
relation. The representative of such an equivalence class, which we call proportional feedback form for
the above example, allows to read off relevant system theoretic properties. Our main contribution is to
derive a quasi proportional feedback form. This form is advantageous since it provides some geometric
insight and is simple to compute, but still allows to read off the relevant structural properties of the control
system. We also derive a quasi proportional and derivative feedback form. Similar advantages hold.
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Dedication We dedicate the present note to the memory of Nicos Karcanias—a friend and colleague.
Nicos has had a fundamental impact in diverse areas of systems and control theory, in particular in matrix
pencil theory of linear systems. He has had a special interest in system structure, leading to invariants
and canonical forms. See, for example, the very early paper Karcanias & Kouvaritakis (1979) and many
more. Our present note is in this spirit. Some of our results are closely related to his seminal work
(Loiseau et al., 1991). We will refer to this in due place.

1. Introduction

We study structured matrix pencils of the form s[E, 0] — [A, B] with E,A € REX" and B e RExm
for which we write [E,A,B] € X, , . Such pencils are typically associated with differential-algebraic
(DAE) control systems of the form

Ex(t) = Ax(t) + Bu(t). (1.1)

An essential difference between differential-algebraic systems (1.1) and ordinary differential
systems (by this we mean (1.1) with square and invertible E € R"*") is their solution behaviour (see
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Trenn, 2013) and the different controllability concepts (see Berger & Reis, 2013). To address various
control problems of systems (1.1), the well-known (quasi) Kronecker form (cf. Berger & Trenn, 2012;
Gantmacher, 1959; Kronecker, 1890) of the augmented pencil s[E, 0] — [A, B] is not ‘good enough’. A
finer structure, which takes into account the input matrix B, is required. This is achieved by ‘(quasi)
canonical’ (feedback) forms.

A very early contribution in this spirit is by Nicos Karcanias and coworkers (Loiseau et al., 1991);
we will explain their achievements in due course. Our approach to ‘(quasi) canonical’ forms is via
augmented Wong sequences; this tool is fundamental and introduced in Section 2.

In Section 3, we allow for state space transformations of (1.1), invertible transformations from
the left and proportional state feedback, where the latter means to add the algebraic relation u(f) =
Fpx(t) + v(t) to the system (1.1) for Fp € R™*" and v as new input. These transformations constitute
an equivalence relation and the representatives of the equivalence classes are called P-feedback forms
(PFF). We derive a quasi PFF that, when compared to the previous form, has the advantages that it
provides some geometric insight and is simpler to compute, but still allows to read off the most relevant
structural properties of the control system.

In Section 4, we extend the class of allowed transformations by also considering derivative feedback,
ie. u(t) = Fpx(t) + Fpx(t) + v(t). Again, we derive a quasi form for the corresponding equivalence
relation.

2. Augmented Wong sequences

Wong sequences have been introduced as a fundamental geometric tool for the analysis of matrix pencils
and the derivation of quasi canonical forms (see Berger et al., 2012; Berger & Trenn, 2012, 2013). This
approach has been extended to control systems [E,A,B] € X, to derive a Kalman controllability
decomposition (see Berger & Reis, 2013; Berger & Trenn, 2014). Compared to matrix pencils sE — A €
R[s]°*", the augmented pencil [sE — A, —B] with B € R®*™ contains additional independent variables,
which are typically associated with the input of the control system (1.1).! We like to emphasize that
the augmented Wong sequences are projections of the Wong sequences corresponding to the augmented
matrix pencil s[E, 0] — [A, B] as shown in Proposition 2.2.

The augmented Wong limits are related to the concepts of reachable and controllable spaces for
the DAE control system [E,A,B] € X, . These spaces are some of the most important notions for
(DAE) control systems and have been considered in Lewis (1986) for regular systems. Further usage
of these concepts can be found in the following: in Ozcaldiran & Lewis (1989), generalized reachable
and controllable subspaces of regular systems are considered; Eliopoulou & Karcanias (1995) consider
reachable and almost reachable subspaces of general DAE systems; and Frankowska (1990) considers
the reachable subspace in terms of differential inclusions. However, to the best of our knowledge,
the interplay between the (augmented) Wong sequences and (quasi) canonical forms has not been
investigated so far and the present contribution aims to close this gap.

1 Of course, input constraints may be present, but we ignore this for purpose of motivation.
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DEFINITION 2.1 (Augmented Wong sequences). Let [E,A,B] € DYy The sequences (”i/[jE ,A,B])iENo

and (#; E,A B])leNo defined as?
”I/[g,A’B] =R", “I/EAIB =A" I(E”//[EAB +imB) C R",

7/[2 ap = (0}, ”//[;;;B =E"'(A#[p 45 +imB) CR"

are called augmented Wong sequences and

ham =) Yean tan = U ean

ieNp ieNp

are called the augmented Wong limits.
We highlight some important properties of the above-defined sequences.

ProPosITION 2.2 (Properties of augmented Wong sequences). Consider [E,A,B] € X, with their

i
ieNy, and (7//[E,A,B])ieNo'
(a) The sequences are nested and terminate, i.e., there exist i*,j* < n such that, for all i,j € N,

augmented Wong sequences (7, [ = AB) Then we have the following:

0 1 i*
Yoam 2 Mean 2 2 Meam = Yokn = Viam =A EVjap +imB). 212

0 1 it J*+i :
Wigan G VEap & & W[EA B =~ WE,A B = WE,A g =E" (AWE,A p) +1im B),

(2.1b)
and hence their limits are well defined.
(b) The augmented Wong limits 7/[2 AB] 7/[2 .5 € R" are linear subspaces and satisfy
EVpam S AV pap +1mB, 02
AVan € EVpap +imB,
E(pas N ieas) = EVpam N AW pap +imB), 03

ANean D W Ean) = EVpap +1m B) NAY g 4 ).

and

E(“//[E,A’B] N 7/[2,44,3]) +imB = (E"//[}EA,B] +imB) N (AV/[EA’B] +im B)

= A Gam N [sap) +imB. (2.4)

2 Note that in this work A~ and E~! denote the preimage of the respective space under the induced linear map, and not the
matrix inverse (whose existence is not assumed here; in fact, E and A are not even assumed to be square).

€20z Aienuer pz uo Jasn usbuiuois) Jo AusisAlun Aq 0SY08E9/EES/Z/6E/ /311 /IDWEWI/WOD dno™olWwapese//:sdjy wol) papeojumoq



536 T. BERGER ET AL.

(¢) The augmented Wong limits %EA,B]’ V/IE,A,B] C R" are related to the Wong limits ”//“E OLIA.BLO]’
%FE’O]’[ AB0] S R"*™ of the augmented pencil s[E, 0] — [A, B] as follows:

Neas = U0l Nipoyuso  ad  Hpap =01 Xz a0 235

Proof.

(a) The proof of this statement is straightforward and hence omitted.

(b) By (2.1) the two relations in (2.2) follow, which in turn immediately yield the subset inclusion
‘C’ of the equations in (2.3). To show the converse inclusions, let z € E“//[Z AN (AW[E AB T

imB). Then there exist v € 7/[2 ABp W E 7/[E AB] and u € R such that

Ev =z = Aw + Bu.

By (2.1) we have EV/EA B = = (AW, E BT imB) N imE and since Aw + Bu € (A% [E,AB] +
imB) N imE there exists w € V/EA B] such that Ew = Aw + Bu and hence z = Ev = Ew.
Therefore, v — w € kerE C WE,AB]’ which gives v € 4//E,AB] N V/EAB], thus z = Ev €

E( [EABIOWE B) ThlsshowsEVEAB N (A EAB]+1mB) C E( [EAB]mWE,AB]) The
inclusion (E¥; [EA B] + imB) N A% [EA B S A(”f/[E,A’B] N ”//[EA p)) can be shown similarly and
its proof is omltted We show (4): For the first equality, observe that ‘€’ follows from (2.2).
For ‘2’ letx € (E E,A 5+ imB) N (AW[EA’B] +imB), ie.,x = Ev+ b; = Aw + b, for some

ve"// WEV/ by,b, € imB. Then,

[EABI [E.AB]

veE {Aw+b, — b} CET (AW 45 +imB) = W[5 4 5

and hence x € E (7/[2 AN 7/[1’5 A.p)) TimB. The second equality in (4) can be proved similarly;
we omit the proof.

(c) The proof of this statement can be easily inferred from the proof of Berger (2019,
Lem. 2.1). -

3. P-feedback forms

In this section, we recall the concept of P-feedback, which allows a decoupling of the DAE (1.1). This
has been successfully used for various purposes, cf. the survey Berger & Reis (2013). After that, we
present the PFF from Loiseau ez al. (1991), which is a canonical form. As a new contribution, we derive
a quasi PFF using the augmented Wong sequences. Relevant system theoretic information can be read
off this form. Apart from allowing a calculation via the simple subspace sequences, this also provides
some geometric insight in the decoupling.

Concerning applications, the new quasi PFF may be advantageous for instance in observer
design problems for differential-algebraic systems. The construction of regular and freely initializable
observers in the proof of Berger & Reis (2017, Thm. 3.8) completely relies on the PFF. However, in
order to implement this design procedure, a method with lower complexity would be favorable, for
which the new quasi PFF is predestined.

3.1.  P-feedback equivalence

We recall the notion of P-feedback equivalence for systems [E,A,B] € ¥ t.n.m> S€€, ©.8. Berger & Reis
(2013). Here and in the following, GLp (R) denotes the set of all invertible matrices in R?*P, p € N.
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DEFINITION 3.1 (P-feedback equivalence). Two systems [E}, Ay, By, [E;, Ay, By] € ¥, , are called
P-feedback equivalent, if

35 € GL,(R),T € GL,(R),V € GL, (R), Fp € R"*" :

T O:| ) (3.1)

E,—A,, —B{|=S|sE, —A,, —B
[sE, — A, 1] [sE, — 4, 2][FPV

we write

S.T,V.Fp
[E,A[,B|]1=p [E), Ay, By] or, ifnecessary, [E,A;,B|]] =p [E;,Ay,B;].

REMARK 3.2 P-feedback equivalence is an equivalence relation on 2, -
e Reflexivity: Clear with S =1, T =1,V =1, Fp =0.

S.T.V.Fp
e Symmetry: For [E[,A|,B|] =p [E;,A,,B,] we have that

sty —v-lppr-!

which can be verified by observing that

T ol [ 1! 0
Fp V| — |-V iF,m7! v|”
S1.T1,V1,Fi $2,12,V2,F>
e Transitivity: For [E|,A;,B;] =p [E;,A,B,] =p  [E;, A3, B3] we have
8182, 1211 V2 V1. F ~
The augmented Wong sequences change under P-feedback as shown in the following result.
LEmMMA 3.3 (Augmented Wong sequences under P-feedback). If the systems [E,A,, B|], [E,,A,,B,] €

S.T.V.Fp
2y nm are P-feedback equivalent [E}, A, By] =p [E;,A,, B,], then

. . -1
VieNy: 7/[}51,141 Bil — 7/115#\2 B> ] and WEI»AI Bil — =T 7/1152,142 By]*
Proof. We prove the first statement by induction. It is clear that ”//[El ALB = Y4 gz Ao Bo) Assume
that 7/E1,A1 B = 17/[E2,A2 B for some i > 0. Then (3.1) yields
i+1 - i .
Vg sn = AT E1 Vi, a, gy +imB))
) epe Hye%ElAlBl JueR™:
= [xeR” Elze“//[fgz’Az’BZ]EIveRm: A, Tx = E;z+ By }

. _ Layit1
(A (Ex (i, 0.8, + lmBz)) =T Vg, .81

The proof of the second statement is similar and omitted. U
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3.2. P-feedback form

For the definition of the PFF we need to introduce some further notation. For k € N, consider the
matrices

RN PN S

10

where K, = L, = 0p, for k = 1. We set, for some multi-index & = (ay,...,0) € N, || =
aq + ...+ a; and introduce the notation

= diag(Ny,,....Ny,) € RIelxlel
= diag(K,,.,....K,,) € Rl =0y x|
L, := diag(Lal, ... ,Lak) e RUel=k)x|a|

By el["] we denote the i-th unit vector in R” and define
E, = diag(e([x"i‘], . ,e([f]‘("]) € RlaIxk for a«=(xp,...,04) € N,

DEerINITION 3.4 (P-feedback form). The system [E,A,B] € X tnm is said to be in PFF if

K, 0 0 0 0 0 L, 00 0 0 0
0 g 0 0 0 0 0O Ng O 0 0 0 5088
0 0110 0 0 0 0 A4 0 0 0 8

EABI =110 0 0N, 0 0|0 0 01,0 0] O > 32)
0 0 0 0K/ O 00 0 0 Lj O 0 0E
0 0 0 0 0 K/ 00 0 0 0L “

where ¢ € N", 8 e N8,y € N7, § € N, ¢ € N"* are multi-indices and A; € R"*",

We like to note that the PFF of a system [E, A, B] can be viewed as a Kronecker canonical form
(KCF) of the augmented pencil s[E, 0] — [A, B] with some additional structure, as shown in Berger &
Reis (2013, Rem. 3.10). This is remarkable because P-feedback equivalence induces an equivalence
relation on R¢* "+ [5] which is a subrelation of the system equivalence used to obtain the KCF, and
hence it is not clear whether the KCF of s[E, 0] — [A, B] is contained in each of the smaller equivalence
classes.

We use the connection between the KCF and the PFF to show that two P-feedback equivalent
systems have the same PFF up to permutation of the entries of a, 8, y, §, ¥ and similarity of A,.

ProrosiTiON 3.5 (Uniqueness of indices for PFF). Let [E;, A;, B;] € Z‘K’n’m, i = 1,2, be in PFF (3.2)
with corresponding multi-indices &; € N"i, 8, € N"i,y, € N"i,§; € N k; € N™i and A;; €
an’ixnz‘i. If [El’Al’Bl] ;P [Ez,Az, Bz], then

oy =Py, By =PgP,, Y1="P,7, 8 =Psdy, Ky =Pk,
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QUASI FEEDBACK FORMS FOR DIFFERENTIAL-ALGEBRAIC SYSTEMS 539

and

—1
Ney =Ngp, A =H Ag,H,

¢,

for permutation matrices Py, Pg, P, Ps, P, of appropriate sizes and H € GL,_| ®).

Proof. This result is a consequence of Lemma 3.3 and Berger & Reis (2015, Thm. 2.2 and
Prop. 2.3). (]

We are now in the position to show that any [E,A,B] € X, is P-feedback equivalent to a system
in PFF.

THEOREM 3.6 (PFF). For any system [E,A,B] € X, , , there exist S € GL,(R),T € GL,(R),V €
GL,,(R), Fp € R™" such that
[SET, SAT + SBFp,SBV] is in PFF (3.2).
The proof of Theorem 3.6 is omitted. It relies on subtle transformations and is proved in Loiseau
et al. (1991, Thm. 3.1)—a paper coauthored by Nicos Karcanias.

ExampLE 3.7 (PFF). For an illustration of Theorem 3.6 we consider the system [E, A, B] € X5 ¢ 5 with

—2-30 —1-4-3 -2 -2 3 - 1 —1-1
1 4 3 -1 4 4 0 —-3-3-2-5-3 0 0 2
0 —4-7 1 -3-6 -1 4 5 7 3 -1 2 =3
E=(021-—22 1|, A=|-1—23 100 |, B=|1-11
251 -16 4 1 11 -20 3 0 0 2
2 4 21 55 4 0 —5-5-2-2 1 -3 2
22 9 -20 5 2 —6 4 —5—4— 5 -93

With

152 4 5 —6—6 4
-16-12 9 -85 3
-3 -103 20 0
S = 8 20-54 2 —1 |,
-1 001 -10 0
-6 013 -3-21
L -4 012 -—2-11 -

[2 0 -1 3 3 220 2
V=]10-1]{, Fp=|-1410-12-3-76 |,
L 7 -4 6 3 4 -3

[—17 10 —13 =3 -8 6
13 -6 9 2 6 —
T = -7 4 -5 -1-32

- 6 -3 4 1 3 =2 |>
-5 2 -3 0 =21
3 =22 0 1 -1

it can be verified that
SET = diag(K,, 1,1, Ny, Ky , K} ),
S(AT 4 BFp) = diag(L,,N; ,A_, 1,L, ,L]),

c

. 2 2 1
SBV = diag(0gg» €5, 0105 01 g €5 €11,

where A; = [1]; therefore [E, A, B] is P-feedback equivalent to a system in the PFF (3.2) with & = (1),
B=Q,n =1,y = (1), n5 =0,k = (2,1). The details on how to obtain this transformation
as well as numerical considerations are out of the scope of this contribution. We will however revisit
this example in the next section in the context of the quasi P-feedback forms (QPFFs) and will briefly
discuss numerical issues in Remark 3.17.
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3.3.  Quasi P-feedback form

We will now weaken PFFs to QPFFs. Roughly speaking, the latter is ‘less canonical’ than the former,
it contains less zeros and ones. However—and this is the important message—the relevant system
theoretic properties can be read off the QPFF and, moreover, the form provides a geometric insight
(as it is obtained via the augmented Wong sequences) and can be easily computed.

DEFINITION 3.8 The system [E,A, B] € X, is said to be in QPFF if

Ell E12 El3 All A12 Al3 Bll 0 Bl3
0 0 Ey 0 0 As 0 0 By

where
(1) [Ey,AByl € Xy pym With &y < ny 4+ my, 1kE; = tkc[AE} — Ay, By ] = ¢, for all
A e CandrkB|| = my;
(ii) Ey.Ay € R®2X™ with £, = n, and E, € GL,, (R);
(iii) [E33,A33,B33] € Eﬁs,na,mz satisfies tko[AE33 — A3z, Bys] = ny +mg foralld € C
and the remaining matrices have suitable sizes.

Furthermore, a QPFF (3.3) with zero off-diagonal blocks (i.e. Ej, = A, = 0, Ej3 = A3 = 0,
B3 =0, Ey3 = Ay; = 0) is called decoupled QPFF.

REMARK 3.9 The three conditions in Definition 3.8 describe control theoretic properties as follows
(see the survey Berger & Reis, 2013 for the different notions of controllability):

(i) The system [E;;,A;;,B;] in the QPFF (3.3) is completely controllable; the input is not
constrained and not redundant.

(i) The ODE system [E,,,A,,, 0] is uncontrollable.

(iii) The system [E33,A33, B33] has only the trivial solution; in particular, the system is trivially
behaviorally controllable but the input corresponding to B;5 is maximally constrained (because
it has to be zero).

The following result will be helpful in due course.

PrOPOSITION 3.10  Any system [E,A,B] € ¥, ,, in QPFF (3.8) is P-feedback equivalent to a system
in decoupled QPFF with identical diagonal blocks.

Proof. The proof is structurally similar to the proof of Berger & Trenn (2012, Thm. 2.6); however, due
to the presence of the input some technical adjustments are necessary. Two technical results required for
the proof are collected in the Appendix A.

To show that any QPFF can be decoupled, we prove existence of matrices Gg, Hg, Fg and
Gy, Gy, Hy, Hy, Fy. of appropriate sizes such that

SEy; — Ay SEjp — Ay SEjz —Ags I Gy Hp _Bll 0 B3 0 Gy Hj
0 SEyy —Ay SEyy—Ax | |0 1 Fp [+ 0 0 O 00 O
I —Gg —Hg | [sEj; — Ay, 0 0
00 ! L 0 0 sEy; — Ass
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and
By, 0 By, I -Gy —Hg|[B; 0 0
0 00 |=|0 I -Fg[| 00O
0 0 By 0 0 I 0 0 By

This holds if, and only if, the following matrix equations have solutions:
G)C
0=A1,+I[Ay,—Byl [Gé + GsAn,

o (3.42)
0= Epy+ £y, 00| gf | + GsE;
0 = [Ap3,01 + Ay [F7,0] + Fg[As3, —Bss], ab)
0 = [Ey3,01 + ExlF7, 0] + FglEs3,0];
HX
0=A,Fs+Ap;+[A.—B),] [H;] + HoAy,
0= EpFf + Eyy + B, 0 7 | + HyEss, (3.4¢)

0= —By3 — HgBs3.

In the following, we show that each of the sets of equations above admits a solution, where we use
Lemmas A.l and A.3.

We show that (3.4a) has a solution. Clearly, (3.4a) has the form (A1) with A = [A;;,—B;;],D = A,,,
C = [E,0] and B = E,,. Since E,, is invertible, there exists A € R such that AE,, — Ay, is also
invertible and hence the assumption of Lemma A.1 is satisfied. Therefore, it suffices to show solvability
of the associated generalized Sylvester equation (A2). By assumption, rank[AE|; — Ay, By;] = ¢ for
all L € C U {oo}, i.e. no rank drop occurs at all, so all assumptions of Lemma A.3 are satisfied and

gi] and Gy of (3.4a) is shown.
T

We show that (3.4b) has a solution. We consider first a relaxed version of (3.4b) by replacing [F7., 0]
by [F7, F7] in both equations of (3.4b). With A = A,,, D = [A33, —B33], C = E,,, B = [E33,0] we
again see that all assumptions of Lemmas A.1 and Lemma A.3 are satisfied ensuring solvability of the
relaxed version of (3.4b). From the second relaxed equation of (3.4b) we see that, in particular,

existence of a solution [

which, due to the invertibility of E,,, immediately yields that F%. = 0. This shows solvability of the
original equations (3.4b).
We show that (3.4c) has a solution. Since by assumption [A33, —B3;] has full column rank, there exists

an invertible row operation Ry; € R%*% such that

Ay O x (€3—m3)xn3
[A33. =Byl =R33 | 5] Az € RTTEITE.

Define [Hg, Hg] := HgRs3, then the last equation of (3.4c) simplifies to
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This is solvable with HY = By3. Let | 1 | i= Ry Exy with Ef; € R—7%m and E4; € R™>™, then
33
the first two equations of (3.4c) have the form
0=A;3+[A;,—By] [ ] + H3A3;3,

N i (3.5)
0=E;;+I[E};,0] [Hg] + HgE3;,

where 213 = Ale)} + A5 and EB = E12F§ +E;;+ H§E§3. Since A)3‘3 has full column rank, the pencil
sE3; — A3; has full polynomial column rank and by assumption rank(A[E};,0] — [A;,—B;]) = ¢,
for all . € C U {oo}. So Lemma A.3 together with Remark A.2 is applicable to (3.5) and guarantees
existence of Hy, Hy, H§ satisfying (3.5). Now set Hg = R3_3l [HE, Hg‘], and the proof is complete. O

A notable observation from the proof of Proposition 3.10 is that no input transformation is needed
(i.e., V. =11in (3.1)) to arrive at a decoupled QPFF.
We stress some important properties of the augmented Wong limits for systems in decoupled QPFF.

Lemma 3.11 For any [E,A,B] € X, , in decoupled QPFF, the augmented Wong sequences satisfy
the following:

Viap N W pag =R X {0Y25, 0 Yk g =R 5 {0)"

and

EV5am N W iam) =R x (0Y275, BV, 5 =RITE x (0)5.
Furthermore, we have that m; = m — m, — ms, where m, = dimker B and

m = dim (im BN ({0} x R‘%). (3.6)

In particular (in view of Lemma 3.3 and Proposition 3.10), two QPFFs that are P-feedback equivalent
have the same block sizes in E, A and B.

Proof. Step 1: We show “I/E,A B = = R™Mt™2 x {0}, Since [E, A, B] is in decoupled QPFF, 7/E,A B =
“I/[E” AnBil 7/[1522 A 0] 7/[&3 Asy.Bs)- Since both £ and E;, have full row rank, they are surjective.

It follows inductively that 77 (EyApBy) = R' and v ;5 Ay = R™ forall i > 0. It remains to show
that V5. 4., gy = {01 Smce AlE33,0] — [A33,B33] “has full column rank for all A € C, its quasi-

Kronecker form (Berger & Trenn, 2013) has only a nilpotent and a overdetermined part, in particular,
“I/[[E33 OL[A33.B331.0] = = {0}373_ Now the claim follows from (2.5).
Step 2: We show R x {0}"2 x {0} C WE,AB C R™ x {0}"2 x R,

Again, since [E,A, B] is in decoupled QPFF we have #|g 4 5 = Vﬂ[En,An Bl X 7/[222 400.0] X

7/[;533’1433,33] Thus, it suffices to show that Vﬂ[En,An B“] = R™ and ”‘//Emm o = {0}. The latter is

a simple consequence of invertibility of E,, and that 7/[ Eyy Ay 0] = = {0}; for the former we observe that
the augmented matrix pencil s[E;{,0] —[A,By;]is an underdetermined DAE in the sense of Berger &
Trenn (2012) and hence 7/[[E“ OL[A1LB1110] = = R™*™ Invoking again (2.5) we can conclude the claim.
Step 3: We conclude the claimed properties of the augmented Wong sequences in the statement of the
lemma. The first two equations follow from Steps 1 and 2. The third and fourth equations follow from
the block structure of E and full row rank of £, and E,,.
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Step 4: We show (3.6). It is easy to see that

im BN ({0} x RB) = (0} x im Bs;,

and the full column rank of Bs; yields dimimB5; = mj5. This proves (3.6). 0

In the following we derive the QPFF by choosing basis matrices according to the augmented Wong
sequences. This has the advantage that the transformation provides some geometric insight. We are now
in the position to show that any system [E, A, B] is equivalent to a system in QPFF.

THeorEM 3.12 (QPFF). Consider [E,A,B] € X, , with corresponding augmented Wong limits

”V[EA’B] and Vﬂ[E,A,B]' Choose full column rank matrices Uy € R™", R, € R"™, O € R™",

Us € R&x4 Rg € RExE2 O € R&*43 guch that
im Ur = Vg ap O ViEasp
imR; @ im Uy = a//[E,A,B]’
imOy ®im Ry ®im Uy =R”,
im Og @ im Ry @ im Ug = R’
and, additionally,
im B C im [Ug, Og]. 3.7

Let T := [Ug, Ry, 07], S := [Ug, Rg, Og]~! and further choose (not necessarily full rank) matrices
F, e R™ F, € R"™*"2 such that

[0.1,,,¢,S(AU; +BF) =0 and  [0,0,1,,IS(ARy + BF,) = 0, (3.8)

and let Fp = [F|, F,,0]. Finally, let V = [V}, V,, V5], where V|, V,, V5 are full column rank matrices
with imV| @ imV, ® imV; = R"™ such that

imV, =kerB, and im[V;,V,] = ker[0,0, Ie3]SB. 3.9)

Then [SET, S(AT + BFp), SBV] is in QPFF (3.3).

Proof. Step 1: We show that the block structure of the QPFF (3.3) is achieved. The subspace inclusions
(2.2) imply that

im EUy € im Uy, im AUy € im Ug + im B,
im ER; € im [Ug, R, im ARy € im[Ug, Rg] +im B,

im EOy C im[Ug, Ry, Og] =R",  im AO; C im[U, Ry, Og] = R;
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hence, there exists matrices E|, E |5, E |3, Eyy, B9z, E33,A |1, A2, A13,A2,Ar3,A33, F|, F, such that

ERT - USE12 +RsE22, ART - USA12 +RSA22 - BF2, (310)
EOr = UgE\3 + RgEp3 + OsEy,  AO7 = UgA 3 + RgAps + OgAs;.

Note that, in particular, F; and F), satisfy the equations (3.8), which hence have solutions. Conversely,
for any solution F, and F, of (3.8), the matrices A}, := [/, ,0,01S(AU; + BF)) and [g;] =
(¢, ¢, 01S(ARy + BF),) are suitable choices for satisfying (3.10).

Observe that (3.10) implies that SET and S(AT + BF) have the desired block structure of a QPFF
(3.3). Furthermore, since

im UgNim B = E”I/[EA’B] Nim B = im[Ug, Rg] Nim B,

one may always choose some Og such that (3.7) holds. Therefore, we may choose matrices B 1> Ez such
that

B = U5§1 + Osﬁz

holds, or, equivalently,

Finally, by construction we have [0, 0, 153]SBV1 = 0 and SBV, = 0, hence

Bll OB]3
SBV=1|0 0 0 |,
0 0 By

which concludes Step 1. For later use we note that 0 = Bs3x = [0,0,7,,]1SBV;x implies that Vix €
ker|[O, O,IKS]SB NimVy = im[V}, V,] NimV; = {0}, thus B33 has full column rank. Similarly, 0 =
Byjx = [Ie] ,0,0]SBV,x implies that V| x € ker[leI ,0,01SBNimV, < ker[[,z1 ,0,0]SBNker[0, 0, 163]SB =
ker SB = imV,, hence V|x € imV| NimV, = {0}, which shows that B is also of full column rank.
Step 2: We show that [E||,A;;, B;,] satisfies Definition 3.8 (i).

Step 2a: We show that tkE|; = £,. Observe that UgE||; = EUy yields

. . Prop.2.2 . .

As a consequence, the full column rank of Ug gives that £ has full row rank.
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. *
Step 2b: We show that /7/[511,1411 Bl n Vﬂ[En,An,Bn]

Invoking Lemma 3.3 we can conclude that

= R™. Set [E, A, B] := [SET, S(AT + BF,), SBV].

Viam VY ian = 71 gam VY ias) = T (mU;) = R™ x {0)2+7,

From (4) we may further infer that

- . -
A(y/[EA Bl W[EE,E]) S E(y/[

Hence, for all x; € R™, there exist y|,z; € R" and u[,v; € R™, u,,v, € R™, uz,v; € R™ such that

[* [N (" Y1 [~ P Ad!
AloO E{O0]|+B|u,|] and A[O|=E[O])+B|m

From the block diagonal structure, we can conclude that

Apxp = Eyyyy + Byuy + Byjus,

Since ker Bz = {0}, we find that u; = 0, thus we may conclude that
-1 . 1
xp €A (Ey{y} +imByy) € Yg 48,0
With the same reasoning, one may show that
-1 . 1
Y1 € All (Ell{zl} + 1mBll) < 7/[Ell»AllsBI]]

and hence x; € ”f/[E” Ayp.8,,1- Continuing this reasoning, it finally follows that x; € 7/ (EyrA.By) Torall
k € N, and, since x; is arbitrary, we have shown that “I/[z“ AnBnl = R™,

r* * .
Now, let j*, r* € N be such that WE,AE] %EAB] and W% 4,811 = YiE A8, 20 set g* i=

* gk _ T * /quA S
max{;j*, r*}. Again, take arbitrary x = ()c1 ,0,0)" € 7/[E,A B N y/[E,A B then x € Z/[E,A,/B\] and Detll\mtlon
2.1 give that there exist y;, € WEKE andu, e R", k=0,...,¢" — 1, such that Ex = qu*_l +Buq*_1

and Ey, = Ay,_, + Buy_, forallk=0,...,¢q* — 1. Now we find that

> =5 24
Ay =Ex—Bug_; € E(7/[%2’§] N y/[%ﬁ,ﬁ]) +imB A(”i/[%zﬁ] N 7/[ i ) +imB
hence
-1 (% * * DY * * e I} *
vyt €A (A az N iam) +ImB) = Va5 N W iap +A(mB) € Vg
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Therefore,

* q -1
Yo1 € Yeam " Eam

With the same reasoning, we may now conclude inductively

* k s
W€ Vg N Y haay k=a"—2.....0.

This implies that y, = (y,Il,O, 0)" and u, = (“111’“122’“113)T for some y, ; € R™, u;; € R™,

wp € R™ w3 € R™, k=0,.. .,q* — 1, and hence

Eyy11 = By, + Bisugs, Eypyag = Ay + Bryuy + Bisug s,
s Eyygo11 = AnYge—an Bty o + Bisg 3,

Ejxy =AY+ Biittg 11 + Bisttgp_y 3,
and
0= B33M0’3, 0= BSS”I,S* ey 0= B33Mq*_2,3, 0= B33uq*_1’3.

Therefore, we obtain Uy = Oforallk=0,...,q* — 1 and, as a consequence, x; € 7/[&1 AnBil . Since
x; was arbitrary we have proved that

% k _ np
7/[511,1‘\11,311] N W[EIIAII;BII] =R".

. _ + o .
Step 2c: We show that ¥z o114, 81101 " Z1iE 1 01iA 1 B 0p = R It follows from Proposition
2.2 and Step 2b that

*
(2, 01 (e, on1an 811,01 0 s OV, 01041811000 = R

As shown in the proof of Proposition 2.2 we have that

* mp __ oni my
P onian sl = W e, o1jan a0 X BT =RM < R™.

Furthermore,

— -1 _ —1;
7/[E<Ellv0]a[All,Bll],0] S _2 [All’Bll] ([Ell’O]A//[FEH,O],[A”,B“],O]) = [All’Bll] (lmEU)

I

e[’ a [All,Bll]i (Rll) :Rnrl»ml’

which proves the claim.

Step 2d: Conclusion of Step 2. The result of Step 2c implies that the augmented matrix pencil
s[Ey1,0] — [Aqy,By;] is in quasi-Kronecker form, see Berger & Trenn (2012), and consists only of
an underdetermined block. In particular, £; < n; +m; and tk(A[E,0] —[A{,By;]) = ¢, forall A € C.
Full column rank of B;; was already shown in Step 1.
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Step 3: We show that E,, is square and invertible.
Step 3a: We show that imUg @ imER; = EY| 4 p). Since imRy C ¥|g 4 5 and imUg © EY| 4 p
follows that imUg + imER, C E”I/[E AB Furthermore,

EViag = E((Vpam N #Ean) ®MRy) S EVgap N #5ap) +imER; (2.3)im Ug + im ERy,

hence it remains to be shown that the intersection of imUg and imERy is trivial. Towards this goal,
let x € imUg N imER7, then there exists y € imRy with x = Ey and, in view of (2.3), there exists
7€ ”f/[EA’B] N V,V[EAB] such that x = Ez. Hence, z — y € kerE C %EAB] From z € V/EAB] it then
follows that y V/E (EA.B] and, therefore, y € 7/[E AB) N imR; = {0}. This implies x = 0 and completes
the proof of Step 3a.

Step 3b: We show £, = n,. From Step 3a we have £, = rkER; < n, and hence it suffices to show
that ER; has full column rank. Let v € R" be such that ER;v = 0, then R;v € imR; NkerE C
imR; N 7/[2 .5 = {0} and due to full column rank of Ry the claim follows.

Step 3c: We show full column rank of E,. Let v € R" be such that E,,v = 0. Then by (3.10) we have
ERyv = UgE|,v and hence, invoking Step 3a, ER;v € imER; NimUg = {0}. As already shown in Step
3b, ER;v = 0 implies v = 0 and full column rank of E,, is shown.

Step 4: We show that [E33, A3, Bs3] satisfies Definition 3.8 (iii). Assume there exist A € C, x3 € C™3,
usy € C™ such that (AE33 — A33)x3 + Bssuy = 0. Then we have, according to (3.10), that

Writing the complex variables in terms of their real and imaginary parts, i.e., A = p +1iv, x3 = X3 + 13?3
and uz =5 + iﬁ3, we can conclude that

(ME — A)OT)_CS — I)EOTSC\:; + OSB33E3 € im [US’RS]’

Furthermore,
B
im(OgBy; + UgB,3) = im [Ug, R, Og] [363} =imBYV, CimB,
33

and hence

(LE — A)O;%; + vEO%; € im[Us, Ryl +imB = E¥} , 1 +im B.

Assume now inductively that O7X;, OT3E3 € ”I/[ EAB] (which is trivially satisfied for k = 0), then
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for some v,V € “//[z AB S ”V[g AB] and u, 7 € R™. Consequently,
- -1 k . k+1 ~ -1 k . k+1
Orx; € A (E7/[EA,B] +imB) = 7/[E,A B] and Opx; €A (E7/[EA,B] +imB) = ”f/[E’A’B].

Altogether, we can conclude that O7X3, O7X3 € imOp N ¥f 4 p; = {0}, which in view of full column
rank of O implies that x; = 0. Therefore, also By3u; = 0 that, due to full column rank of By, implies
that u; = 0. This completes the proof. g

REMARK 3.13 (Geometric interpretation of QPFF). From Theorem 3.12 it becomes clear that the
subspace Y[k EAp N V/E AB] is the reachability/controllability space of (1.1) and ¥; (EAB] is the
(augmented) consistency space of (1.1) (i.e., the set of all initial values x; for which a (smooth) solution
(x, u) of (1.1) with x(0) = x exists), cf. also Berger & Reis (2013, Sec. 6). A matrix representation of
the linear system (1.1) restricted to ¥z 4 p; N VﬂlEA p) is given by [E};, Ay, By, and a representation
(1.1) restricted to the quotient-space ¥; (EAB| /(% [E Ap 0 V/E (E.Ap)) (representing the uncontrollable but
consistent states) is given by the uncontrollable ODE system [E,,,A,,,0].

We stress that condition (3.7) in Theorem 3.12 cannot be omitted in general, as the following
example shows.

ExampLE 3.14 Consider the system

san=[[} 1]

and calculate that 7/[2“,A,B] =R and 7/[}’/4’3] = {0}. Then we may choose T = R, = [1] and

-1
_ 01 —a 1
[RS, OS] [1 ai| = |: 1 0] , a€eR.

Furthermore, we may choose V = [1] and Fp = F, = [«] so that (3.8) is satisfied. Then

sersar o5 = 1], 5] 7]

which is not in QPFF (3.3), if @ # 0. However, we obtain « = 0 under the additional condition (3.7),
by which the new system is in QPFF.

Finally, we stress that the QPFF (3.3) is unique in the following sense.

ProposITION 3.15 Consider the system [E,A,B] € X, , and assume there are S;,S, € GL,(R),
T,,T, € GL,(R), V,,V, € GL,,(R), F}, F3 € R™" such that fori = 1,2

Si.Ti. Vi, E’il Eiz Eli3 Alll Allz A113 Blil 0 Bilz
~ 1 1 ] L
[E,A,B] =p 0 E,), El23 .| 0 A, Al22 ] 00 ?
0 0 E5 0 0 Ay 0 0 B,
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Then the corresponding diagonal blocks (which have the same corresponding sizes as established
already in Lemma 3.11) are P-feedback equivalent, i.e. [E},, A}, B}, 1 =, [EZ A2, B3] fork = 1,2,3
(with By, 1= 04y, )-

Proof. Consider any system [E, A, B] and the following P-feedback equivalent systems

W W W W
(E A B ]S’QV’F [E,A,B] and  [EVspr, Ao BY, ]S T [E,A, B
oPFF>20pPFF-PopFFl  =p >4, OPFF>A0QPFF> PoPFF =p 4, D1,

where [Egppp, Agprrs Boprr] is any decoupled QPFF (not necessarily obtained via the Wong sequence
approach, but probably utilizing Proposition 3.10), which is P-feedback equivalent to [E, A, B], and
the QPFF [Ef oy, Apyppps Byyppp] is obtained from [E, A, B] via the Wong sequence approach (Theorem
3.12). We will now show that the diagonal blocks of [Eyppp, Agppr, Boppr] are P-feedback equivalent
to the corresponding diagonal blocks of [EgPFF,AgPFF,BVQVPFF], from which the claim of Proposition
3.15 follows. o

ST VF

First observe that [Eyppr, Agpprs Boprr]l =p [EgPFF,AVQVPFF,BgPFF] with

S=ss" Y, T=a"M'r, v=w")lv, F=w")" ' (F-F"T).

Denote by 7* and #* the Wong sequences of the original system [E, A, B]. Then, by construction (cf.
Theorem 4.12),

imUY =y Ny, im[U),R¥) = v*,

imUY = EV* 0™, im[UY,RY1=EV*

Lemma 3.11 in conjunction with Lemma 3.3 yields that the decoupled QPFF [Eyppp, Appprs Boprr]
satisfies

T_l(”i/*ﬂW*)zim[(I)], T—17/*=im[69],
0 00
Eppre T 0% =im [0, EppeeT ' #* =im | 07
oprrT ™ ( )=im | 0], Egppp =im |0/

This gives, for some invertible MT, M1€’ Mg, Mf/, M,‘g and Mg,

MI o« M=t % *
T=[UY,RY, 00| o} « |, S'=[U¢,RY, 001 o wH' « |.
0 0 M} 0 0wy

Therefore,
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and it follows from Eppp = EES/PFFT that

S W, T S W, T S oW, T
E\y =MyEZ My, Ey =MpEypMg, Esz = MpExzM,

where E;;, El.v,.V, i = 1,2,3, are the corresponding diagonal blocks of the block diagonal matrices EQPFF
and EgPFF. This shows the desired P-feedback equivalence for the entries of the E-matrix.
— Vll VIZ V13 — —
Writing V' = | V5, V V53 | and multiplying the equation Byppp = SBVQVPFFV from the left by
Vii Vi Vi3

0 - —
[0,0,1] and from the right by [é (I) ] gives MgB%[VM , V3] = 0. Invertibility of M(S) and full column
rank of Bg‘g yields V5, = 0and V5, = 0, i.e.

— Vit Via Vis . . .
V=1 Vy Voo V3 with V5 invertible.
0 0 Vs

Furthermore, from Bgppp = EBVQVPFF‘_/ we see that B, = M{,B}| V|, and B33 = M3 BY,V3; and we
need to show that also V| is invertible. Assuming that V; is not invertible, we find u; € R™! \ {0} with

Vu; = 0, which implies that 0 = M$,B}" V,,u; = B},u, contradicting full column rank of By .

. .. = FU,I FR,I FO,I . — —
Finally, writing F = |:* R :| we will show that Fy; ; and F, 5 are both zero, because then
Fus Fr3 Fog3 ’ ’
we have

— — Mf/ * * BKFU,I * * M?/BY‘IFU,I * *
w S
SBopppF = | 0 My = 0 0 0 = 0 0 - ,
0 0 Mé B§V3FU,3 B§V3FR3 B§V3F0,3‘ 0 0 MEB%FO,&

which then yields the desired form

MyATME+BY Fyy)  x *
—AY T W S AW T
Agprr = SAppprT + BopppF) = 0 MyAnMy £
0 0 MSA¥MI+BYFo3)

From the block structures of SV (ATY + BFY), S and T it follows that
[§ g I] — SSW(ATY + BFY)T = SAT + SBFVT = S(AT + BF) + SB(FVT — F),
*

and due to the block structure of S(AT 4+ BF) we therefore have

[

SO*
O* *

= — 1= Bi1 0 0 k ok ok Frii{ Foi F.
“| =B~ F"T) = sBVV'F = [ 00 0 ][ ’tl} [Z‘l i S:'}
* 0 0By | 00V || Fus Frs Fos

* * *
— 0 _ 0 . 0 .
B33V33' Fus B33V Fra B3V Fos
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This shows that B33 V3_317U,3 = 0 and Bj; V3_3l I_*"R’3 = 0, which in view of the full column rank of B33
implies IFU’3 =0and I_7R’3 = 0 as desired. U

ExamMpLE 3.16 (Example 3.7 revisited). Consider the system [E,A,B] from Example 3.7. The
augmented Wong sequences can be calculated as follows:

~520 27
X —20-1-2
o 100 0 [ _ ~x
Neap=1m | o5 0 o | = VEan)
001 0
L o000 1 -
-3 —1 =20 -120-20
1 7000 2 01000
— 1 0 00 _ — %
Meagr=1m | o Y 00| PEasy=1m| o7 00| = EAs
00 10 00010
L0 0 0 1 0000 1
Based on these subspaces, we can now easily choose, in virtue of Theorem 3.12,
1 0 ]-1|-1 =1 0 -1
-8 =5 2|31 0 0 1 |-1]-1 1 -1 0
RN 1
— — - - —1 _ — 1 1 [—4|-2 0 0 0
T—[UT»RT,OT]— (1) (I) 8 (1) —]1 —% s S —[US’RS’OS]_ 0 1|-3|-1 1 1 0
0 0 1 |-1]0 -1 e B B
1 1 0 3 -9 -1 -1
F FFO 9 4 —-1]-5|0 0 V VVV 2|l -1 0O
= = 00 0 010 O g = 1 1 0
P [ 142> ] |:6 4 2301 |o 0:|$ [ 1> V2> 3] I:OH l:I’
which results in the QPFF
r r6 5 1 -5 18|-52 7 N
33 -1 -5 —2|33 43 3 -1 6| -4
2 2 1 13 -9
1o -2 1 3 |o 3 offo o
00 0 -1 -1 3
ET, S(AT + BF,), SB 000 1 3|1 0o 0 0 15| & s
[S ’S( + P)yS V]— 00 0 0 —5 15 5 1 76 s g 2 :g
000 0 -39 0o o0 o 7]|-22 ollo o
00 0 0 0 |0 vo o o 2|z oflo o
00 0 0 0 |0 6
L Loo o o 1| -2 _

In particular, we see that the original system can be decomposed into a completely controllable system
in ¥, 5 1, an uncontrollable ODE system in X | 5 and a fully constrained system in X 5 ,.

REMARK 3.17 (Numerical considerations). The calculation of the QPFF relies on obtaining (bases
of) kernels and images of matrices, which is inherently numerically unstable because arbitrary small
disturbances in the entries of any non-full rank matrix result generically in a full rank matrix. For
moderately sized matrices this problem can be circumvented by carrying out the calculations with exact
arithmetics (e.g. by working with type sym in Matlab as we actually did in Example 3.16). For large
scale sparse systems it is possible to exploit the structural zeros in the calculation of the augmented Wong
sequences and the sparsity can be preserved in the choice of corresponding basis matrices; however,
it is a topic of future research to explore whether our approach may be utilized for the analysis of
realistic large-scale control systems or whether some adjustments or specialized calculation methods
are necessary.
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4. PD-feedback forms

In this section, we investigate proportional derivative (PD)-feedback, which allows for a simpler ‘(quasi)
canonical’ form compared to the (quasi) P-feedback form since the set of allowed transformations is
larger. However, unlike the latter, the quasi PD-feedback form (QPDFF) can be derived directly from
the Kalman controllability decomposition presented in Berger & Trenn (2014) by decomposing the first
block row.

4.1.  PD-feedback equivalence

The following concept of PD-feedback equivalence enlarges the transformation class associated with
P-feedback equivalence as in Definition 3.1.

DEerFINITION 4.1 (PD-feedback equivalence). Two systems [E}, A}, B 1, [E;,A,, B,] € Xy, , are called
PD-feedback equivalent if

35 € GL,(R), T € GL,(R),V € GL, (R), Fp, Fp € R"™*" .

T o} . 4.1)

we write

. S.T.V.Fp.Fp
[E,A[,B|]1=pp [Ey, Ay, By] or, if necessary, [E,A,B]] =pp [E5A,,B,].

REMARK 4.2 Similarly as for P-feedback equivalence, it can easily be shown that PD-feedback
equivalence is reflexive, symmetric and transitive, so it is indeed an equivalence relation.

For later use we show how the augmented Wong sequences change under PD-feedback.
LEmMA 4.3 (Augmented Wong sequences under PD-feedback). If the systems [E, A, B{], [E,,A,,B,] €

S.T.V.Fp.Fp
%'y ».m are PD-feedback equivalent [E|,A|,B|]  =pp  [E;, Ay, B,], then

. . i _ =l i _ =1 i
VieNo: Ypasn=T YNeasy @4 Ppas) =T Vgas)

Proof. 'We prove the statement by induction. It is clear that ”1/[%] AB = T’l“)’/[g_2 Ay.B,)- Assume that
] =1y . .
A//[ZEI»AI,BI] =T 4//[1192,142,32] for some i > 0. Then (4.1) yields

i+1 —1 ; .
Nevars =A1 E Vg a8, +1imB))

=[xeR”

={x€R"

Elye”f/[%l,Al,Bl]ElueRm: ]

(sa: 2T +sb : 2Fp)x = (SE,T + sb : 2Fp)y +sb : 2Vu

Jz e 7/[552,/42,32] dveR"™: AyTx = Eyz+ B,v }
141 ' : Loy it]
=T (AZ (EZGj/[llfz,Az,Bz] + lmB2)) =T q//[;fz,Az,le'

The proof of the statements about 7/[551 A5, and 7/[;52 4,.B,] 18 similar and omitted. O
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4.2. PD-feedback form
DEFINITION 4.4 (PDFF). The system [E,A, B] € X, is said to be in PD-feedback form (PDFF) if

K, 0 0 0 L, 0 0 0 00
070 0 0 A. 0 0 00

[E,A,B] = 0 0 Ng 0 [,|]0 0Ly 0],]00]], 4.2)
0 0 0 K, 00 0Ly 00
0 0 0 0 0 0 0 0 01

where r = 1kB, « € N'*, 8 € N8,y € N"» denote multi-indices, and A; € R"*"z.

Two PD-feedback equivalent systems have the same PDFF up to permutation of the entries of &, 8, y
and similarity of A.

ProrosiTION 4.5 (Uniqueness of indices for PDFF). Let [E}, A;, B;] € Zppmr 1= 1,2, be in PDFF (4.2)
with corresponding r; = rkB;, multi-indices &; € N"i, 8, € N"i y, € N"i, and Ag,; € R If
[E,.A,,B,]1=pp [EyA,.B,], then

oy =Py, By =PgBy. ¥ =P,y
and
-1
rp=Ty Mgy =gy, Ay =H A H,
for permutation matrices P, Pg, P, of appropriate sizes and H € GL,_| (R).

Proof. It follows from (4.1) that B; = SB,V and hence r; = r,. Furthermore, sE; — A; = S(sE, —
AT + SB,(sFpy — Fp), which gives

sKo| —La 0 0 0 $Koy —La, 0 0 0
0 SI”E,I —Az 1 0 0 0 SI"EQ —Az2 0 0
0 0 sNﬂl—I“g“ 0 =9 0 0 SNﬂ2—1|,g2| 0 T
0 0 0 sKy, —Ly, 0 0 0 sKy, Ly,
0 0 0 0 sF1—Gy  sFy—Gy  sF3—Gz  sF4—Gy

for some matrices F; and G; of appropriate sizes. Set r := r| = r, and write>

Si1 81|
S={ 2] Sy e R,
|:SZI S22_ 2

and S, S},, S, of appropriate size. Then B; = SB,V yields
0 L] [Sy Spfl0 L] [0 Sp]"

and hence S,, € GL,(R) and S|, = 0. Then again S;; € GL,_,(R) and we have

Kat — La 0 0 0 sKay — Loy 0 0 0
0 stz | — Az 0 0 0 shgy — Az 0 0
0 0 Ng, ~ 1yl 0 =35 0 0 Ngy =118, 0 T,
Ly, sKyy =Ly,

KT
0 0 0 AKyl 0 0 0

which in view of Berger & Trenn (2013, Rem. 2.8) implies the assertion. (]

€20z Aienuer pz uo Jasn usbuiuois) Jo AusisAlun Aq 0SY08E9/EES/Z/6E/ /311 /IDWEWI/WOD dno™olWwapese//:sdjy wol) papeojumoq



554 T. BERGER ET AL.

We are now in the position to show that any [E,A,B] € X, is PD-feedback equivalent to a
system in PDFF. This result has already been observed in the seminal work by Loiseau et al. (1991) co-
authored by Nicos Karcanias; it simply consists of a left transformation S together with an input space
transformation V, which puts the matrix B into the form SBV = [8 2 ] and an additional transformation
that puts the pencil SNE — NA, where N = [I;_,,0]W, into KCF.

THEOREM 4.6 (PDFF, Loiseau er al. (1991)). For any system [E,A,B] € X, there exist § €
GL,(R),T € GL,(R),V € GL,,(R), Fp, F;, € R™*" such that

[SET + SBF,, SAT + SBFp, SBV] is in PDFF (4.2).

ReEMARK 4.7 (PDFF from PFF). We may directly derive the PDFF (4.2) from the PFF (3.2). To this end,

observe that the system [/ > NﬂTi, el[;f i]] can be written as

d d
arLpXen® = Kg X (0, qXeq g, (0 = sy (1),

and hence it is, after a permutation of the states and the equations, PD-feedback equivalent to the system

sl Lol Bl

On the other hand, the system [K ,I s L,Z, e,[c'f"J] can be written as

d d
3 Nei—1%on1i] O = Xopif s GXoblilur_ O = Uppi (1,

and hence it is PD-feedback equivalent to the system

(s [ )

It is now easy to see that we obtain a system in the form (4.2) after some block permutations.

ExampLE 4.8 (PDFF). We revisit Example 3.7 to illustrate Theorem 4.6 and consider again the system
[E,A,B] € 27,6’3. Utilizing Remark 4.7 we can easily chose

r—152 45 —6-6 4 _
3 -103 -20 0 —17 10 —13 -3 -8 6

8§ 20-54 2 -1

S=| -1001-10 0 |, T = R
-16-12 9 -8-5 3
-5 2 =3 0 -2 1
-6 013 -3-21 3 5 5 0 1 -1
L4 012 -2-11 -

(3 3 220 2 ro
Fp=]|-1410-12-3-7 6 |, Fp=10
L 7 -4 6 3 4 -3 0
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which results in
S(AT + BFp) = diag(L,L,,Az 11,1;,05,0),
with A; = [1]. In particular, [E, A, B] is PD-feedback equivalent to a PDFF (4.2) withee = (1,2),n; = 1,
B = (1,1),ny =0,r=23.
4.3. Quasi PD-feedback form

We will now weaken the PD-feedback form to a QPDFF, again exploiting the augmented Wong
sequences as the crucial tool to achieve the necessary geometric insight.

DEFINITION 4.9 A system [E, A, B] € X, , is said to be in QPDFF if

Ell E12 E13 All A12 A13 0
0 E22 E23 0 A22 A23 0
0
0

[E,A,B] = 4.3)

0 0 Ey|'| 0 0 Apl’
0 0 0 0 0 0

o O O

where

(ii) En.Ay € R®2X™ with £) = n, and E,, € GL, (R);
(iii) Ej3 Az € RS satisfy rk(AEy; — Azy) = ny forall A € C;

(iv) B e GL,,(R) form, = rkB
and the remaining matrices have suitable sizes. Furthermore, we call a QPDFF decoupled, if all off-
diagonal blocks are zero.

The control theoretic interpretation of the QPDFF is that the system can be decomposed in four
parts. The first three parts contain only state variables, they form a homogeneous DAE. The first part
consists of an underdetermined DAE, which is completely controllable?; the second part is actually an
uncontrollable ODE; and the third part is a DAE, which has only the trivial solution (and is therefore
trivially behaviorally controllable). The fourth part contains only the input u = (u;,u,), where the
first component of the input is completely free (but does not influence the state) and the second input
component is maximally constrained (0 = u,).

REMARK 4.10 Utilizing Sylvester equations in a very similar way as in Proposition 3.10 it can be shown
that any QPDFF is PD-feedback equivalent to a decoupled QPDFF with identical diagonal blocks. Since

3 In this context, it may be better to speak of ‘complete reachability’ instead of ‘complete controllability’, because it seems
rather unintuitive to call a system that is not affected by an input ‘controllable’; nevertheless, this naming convention also occurs
in the context of behavioral controllability, where the trivial behavior consisting of all trajectories is also called ‘controllable’.
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the input and state are completely decoupled in the QPDFF this decoupling is actually much easier to
achieve than the decoupling in the QPFF.

For later use we derive some properties of the augmented Wong limits for a system [E, A, B], which
is in decoupled QPDFF (4.3).

LemMA 4.11 Assume [E,A,B] € X, ,,, is in decoupled QPDEFF (4.3), then
Neam N Viam =R A0V, g gy = R {0} (4.4)

and

imB = {0}t x Rm2,
E(,y/[z,A,B] N W[EA,B]) +imB = RU x {0}216 x R™,

EYj 45 +imB = ROTE X (0}5 x R™,

In particular (in view of Lemma 4.3), two QPDFFs that are PD-feedback equivalent have the same
block sizes in E, A and B.

The proof utilizes the observation that

Nean = Veaoy a4 Ppap = YEao)

and is very similar to the proof of Lemma 3.11. It is therefore omitted.

We will now show that any system [E, A, B] is PD-feedback equivalent to a system in QPDFF and
that the transformation matrices can be obtained from the augmented Wong sequences; this provides
some geometric insight in the decoupling.

THEOREM 4.12 (QPDFF). Consider [E,A,B] € %, , with corresponding augmented Wong limits
“I/[EA B] and 7/[2/4 B Choose full column rank matrices Uy € R™" R, € R™™, 0, € R,

Qg € RExm2 U € RExE R € RExE2, Og € R&*43 guch that
im Ur = Y p )N VEA By
imR; ®imU; = V[E,A,B]’
imOy @ imR; ®im Uy = R”,

im Qg = imB,
imUg @ im Qg = E(¥[g 4 3y N #{g.a5) +1MB,
imRg @ im Ug © im Qg = E¥{f 4 p) +im B,
im Oy ® im Rg @ im Ug @ im Qg = R".

Let T := [Ur,Ry,07], § = [US,RS,OS,QS]_l and choose (not necessarily full rank) matrices
Fp, Fp € R™" such that

0 =[0.1, IS(ET + BF,), 0=1[0,1, 1S(AT + BF),

> tmy > tmy
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and choose V = [V, V,] with full column rank matrices V; € R"™*"™ V, € R"*"™2 such that
imV, =kerB, imV,®imV, =R".

Then [S(ET + BFp),S(AT + BFp),SBV] is in QPDFF (4.3).
Proof. Step 1. We show that the block structure of the QPDFF (4.3) is achieved. The subspace
inclusions (2.2) and the equalities (4) imply that

imEUr € im [Ug, Ogl, imAU; € im[Uy, Ogl,

im ER; C im [Ug, Rg, Oql, imAR; € im [Ug, Rg, O¢l,

im EO; C im [Us, Rg, Og, Qgl = R",  imAO; C im [Uy, R, O, Qg] = RY,

hence there exists matrices E|, E1, E(3, Eyy, E3, E33,A[1,A12,A13,A2,A03,Az3, F‘IE, Fg, F3E, F{‘, Fg‘,
F4 such that

EUy = UgEy, + OgFY, AUp = UgAy; + OgFY,

ERy = UE|, + RsEpy + OsF5, ARy = UgA 5 + RsAy + OsF5,

EOp = UsE|3 + RsEyy + OgEsy + OgF5,  AOp = UgA 5 + RyAys + OsAs; + OF5.
Furthermore, B = QB for some B € R™*™ and B := BV, € R™*™ since 1kV, = m — dimker B =

kB = m,. Then 0 = Bx = BV2x yields V,x € ker BN imV, = ker BNimV, = {0}, thus Be GL,, (R).
Therefore,

0

[l el e ]
oS O oo
o OO

BV,
has the block structure as in (4.3). Set F¥ := [Ff, F%, F§] and F* := [F}, F5, F4], then im[0,1,,,]SB =
im[0, f?] = R™ and hence the equations
FE 4+10,1,,1SBF, =0, F*+[0,1,,1SBF, =0
have solutions Fp, Fp € R"™*", which satisfy
[0,1,,,1S(ET + BFp,) = FF +[0,B]F,, =0, [0,1,, IS(AT + BFp) = F* + [0, BIFp = 0.

This proves that S(ET + BFp,)) and S(AT + BFp) have the block structure as in (4.3).

Step 2: We show that E| |, A satisfy Definiti.on. 4.9 (). Deno.te by 7/[;511,A11,0]’ y/[ll‘Jn,An,O]’ N Ao

7/[2 A,,.0) the Wong sequences and Wong limits corresponding to the matrix pencil sE|; —A;;. By
11,411,
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choice of Uy we have
Vian NV Wgam =imUp = TR™ x {0}"27%).

It follows from Lemma 4.3 that for [E, A, B] := [S(ET + BF ), S(AT + BF}), SBV] we have

* * *
VIE,A,B] T”I/[E,A BY %E,A,Bl TV/[E,A B
hence
* ¥ —TRM ny+n3
Neam N ipan =R <07
* * (T T ny
Now let x € 7/[1”5,/1 B 7/[11"71 B Then x = (x,,0,0) ' for some x; € R" and
1 * * % (2 4) = * * s D
Ax € A(af/[E,A,B] N Vﬂ[EA B]) + imB E(af/[E,A,B] N Vﬂ[g,;‘j;]) +im B,
: _ T T * * my _
and thus there exist y = (y,,0,0)' € ”VEAB] 7/[E,A B and u, € R™ such that A x; = Ejy;

and 0 = Euz, thus u, = 0. This implies x; € A11 (E; D <€ 7/[}?11,A11,0]' A similar reasoning yields
v, € W[En,An o and therefore

—1 —1 1 2
xp €A Enn) SAL EnEya,.00 € YEy A0

Again, we conclude similarly that y, € V (E11.A,,.0) @nd thus x; € ”1/ (E11 Ap.0)- Proceeding in this way we

obtain x; € g 4, 0]-

* _ it r* *
Now let j*,r* € N be such that 7/[EAB 7/[E,A 7 an nd WEHAH 01 = Y[k, ;0 @nd set g
max{j*, r*}. Since x € W;A 8= 7/2 By it follows from Definition 2.1 that there exist y; € 7/{% A

andu, € R, k = 0,...,¢" — 1, such that Ex = ;\yq*_l + Buq*_l and Ey, = Ay,_, + Bu,_, for all
k=0,...,q" — 1. We find that

Aypoy = Ex—Bugp_y € AW o 00 ) +imB S A(r 0wt ) +imB,
thus
Vg1 GA_1(~(7/[§A,B] m%ﬂ[zm]) +im1§’) =Vt Y Ein +A~ ' (imB) C B
Therefore,
Vo1 € VEAR) [g;i_,zl?]'

Analogously, we may show that

* k _ *
yke7/[EAB] y/[E,A,B]’ k=0,...,q 2.
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This implies that y, = (yl;rl, 0, O)T for some Vi1 € R™" k=0,...,4" — 1, and hence, in particular,

Eiyii =0, Eypyog =A1s -  Enyg—11 =A1yg—o1 Enxi =Anyg—11-
Therefore, we obtain x; € ”//E“ A0l This proves
* ny+n3 __ * * Y/ np+nj3
(M an 00 Ve an o) X A0V = VZ 20 WAL 5 =R < {0y,

To conclude Step 2, it remains to show that rkE,; = £, then the assertion follows from Berger &
Trenn (2012, Thm. 2.3). To this end, observe that UgE;; + QSF'1Y = EUy and Q¢B = B imply that

E O . .
1m[US,QS]|: 11 B] imEU; 4+ im B = E( [E,AB H%EA’B])+1mB:1m[US,QS].

As a consequence, full column rank of [Ug, Q] gives that [ : ] has full row rank, by which rkE ||, =

E 1 .

Step 3: The proof of £, = n,, invertibility of E,,, and the property tkpAE3; — A3z = nsy forall A € Cis

similar to the proof of Berger & Trenn (2014, Thm. 3.3) and omitted. O
We revisit again Example 3.7 to illustrate how Theorem 4.12 can be utilized to obtain a QPDFF.

ExAMPLE 4.13 (Example 3.7 revisited). Consider again [E,A,B] € X;¢5 from Example 3.7. The
augmented Wong-sequences have been calculated in Example 3.16 and we can choose T and S as

of 1 -1 -1 1 0 0
A A Do rpoo
T=[UR,O-1=| 7 o 51518 [Ug,R¢, Oc, Ocl WOl VY 0 o
=1Up, Ky, U]l = | olofo -1 [» s> g Vs, Ly 1fofo ofo 1 o
BN
1| 3 1 1 1 —% —4
Based on this choice for T and S, we can furthermore choose
-7 -9 0 5 -¥3F -7 -6 4 16 =10 9
18 11 36 13
Fp=|-%-%35 5 99|, Fp=|"3 7355352, V=1
R 40444
This results in the following QPDFF:
4 3 3|4
1 218 _24 z 5 —3|3[0 -1
50-55[-5 5 S 5 5153 00 0
U R VI I R © 0 0J2[=3 1 U
13 1 0 00
_ (V1] 0 0| % 5
[S(ET + BFp), S(AT + BFp),SBV] = FE N I B I 2 2, 9 0 0
00 0 0 0 0 0 0 0 0|-8 0 —1=
00 0ol 0 o0 I S 092
5 Zia
00 0o 0 o PO I B
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PrOPOSITION 4.14 (Uniqueness of QPDFF). Let [E,A,B] € X, , and S|,S, € GL,(R), T}, T, €
GL,(R), V,,V, € GL,(R), F}, F3, F},, F3 € R™" be such that, fori = 1,2,

- Elli E12i El3i Alli Al2i A13i 00
ST ViFpFp 0 Ey; Ey; 0 Ay Asy;| |0 O
~ A . Bl = 22,i 23,i 22.i 23.i
[E’A’B] —PD [El’ApBl] 0 O E33’l ’ O 0 A33’l ’ O 9 ’
0 0 0 o 0o 0 | o5

where [E;,A;, B;] is in QPDFF (4.3). Then the corresponding diagonal blocks (which have matching
sizes according to Lemma 4.11) are equivalent in the sense that there exist invertible matrices S;;,
i=1,2,3,4,T;,i=1,2,3,and V,, such that

15

E; = SyEqiT,

=i2 " i

i= 1,2, 3, and El == S44§2V22.

Proof. Without loss of generality we assume that S, =1,, T} =1,,V; =1, and F 11) =F 5 =0.
Step 1: By Lemma 4.3 we have

* _ * * _ *
7/[E1,A1,31] - TZV[Ezﬁz,Bz]’ W[El’AhBl] - TZ%EzyAz,le’

and from Lemma 4.11 we obtain
qj/[zisAi,Bi] n W[E’Aiﬂi] = R x {0} fori=1,2.

This implies n; | = n; , and

Tll T12 T13
T2 = 0 T22 T23 fOr Tll (S] GLVl] 1 (R), T22 (S] an’l an‘z, T33 (S] Rn3’1 xn3.2
0 T32 T33 ’

and T',, T3, T53, T3, of appropriate sizes. Furthermore, Lemma 4.11 gives

R OV = K, gy = T Ky aan = Ta R x (0)722),

which, together with ny | = n, ,, yields n, ; = n,,, n3 | = n3, and
T32 = O, T22 (S GL"Z,I (R), T33 S GL”S,I (R).
Step 2: Partitioning

Si1 S12 S13 Sis
S21 522 S23 524 4
_ 12x41,1 €apxly) L32x43 mp Xmy,|
Sy = Sa; Si Sy Sy for§;; eR .S eR ,$33€R Sy € R

Sa1 Saz Saz Sas

€20z Aienuer pz uo Jasn usbuiuois) Jo AusisAlun Aq 0SY08E9/EES/Z/6E/ /311 /IDWEWI/WOD dno™olWwapese//:sdjy wol) papeojumoq



QUASI FEEDBACK FORMS FOR DIFFERENTIAL-ALGEBRAIC SYSTEMS 561

and

Vz — Vll V12 for Vll e R™M2xmit V22 c RM22Xm2,1
Var Va

and off-diagonal block matrices of appropriate sizes, the equation S,B,V, = B, in conjunction with
Sy = [8],.554.53,1" gives

S4B1 Va1 =0, $4B1Vyy =0, S4B, V3 =0, SyuBVpy = By.

Since f?l[Vzl, V5,1 has full row rank, it follows that S;, = 0,S,, = 0 and S3; = 0. By Definition
4.9 we have m, | = kB = m,, and hence also m|; = m, ,. Since S, is invertible, this implies that
Sy € GL,, | (R), thus V5 =0, Vy, € GL,,, | (R) and, since V, is invertible, V,; € GL,, | (R).

The equation S,(E,T, + B F3) = E, yields [g;: ] Ey 1Ty, = 0 and the full row rank of E};
implies S,; = 0 and S3; = 0. Since S, is invertible, it follows that £, | < ¢, ,. Reversing the roles of
[E,Ay,B ]l and [E,,A,, B,] gives £y | > £, ,, hence ¢, | = £, ,. We further have the equation

S32E22,1 T22 =0,

which by invertibility of 7, and E,; ; gives that S5, = 0. This finally implies £, | = £, , = n, | = n,,,
b3 =437, Sy € GLy,  (R), S33 € GL,, | (R), and hence the proof of the proposition is complete. [
REMARK 4.15 (Geometric interpretation of QPDFF). Since the state-space transformations 7" for the
QPDFF and the QPFF can be chosen to be identical (the same subspaces are used to define it), it follows
that the corresponding augmented Wong limits have the same control-theoretic geometric interpretation.
The key geometric difference between the QPDFF and the QPFF is the reinterpretations of states in the

QPFF. which are completely controllable due to the external input (represented by the subspace imB) as
underdetermined (and hence completely controllable) variables in the QPDFF.

5. Conclusion

We have presented the novel concepts of quasi P-feedback and quasi PD-feedback forms for DAE
control systems, which reveal the key structural properties of the control system under P(D)-feedback
transformations. Furthermore, the forms are easily obtained via the augmented Wong sequences, which
additionally provides a geometric insight.
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A. Linear matrix equations

In order to prove the claim of Proposition 3.10 we recall two important results concerning the solvability
of linear matrix equations.

LemMMA A.1 ((Berger & Trenn, 2012, Lem. 4.14), c.f. Chu (1987)). Consider the the two matrix
equations

0=E+AY+ZD
0=F+CY+ZB

(A1)
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for some A,C € R™*" B,D € R’*9, E,F € R"™*4. Assume that the pencil sB — D has full polynomial
column rank, i.e. there exists 4 € R such that (\B — D) has a left inverse (A\B — D). Then (A.1) is
solvable, if the generalized Sylvester equation

AXB — CXD = —E+ (AE — F)(AB — D)TD
is solvable.

REMARK A.2 By considering the transposed version of (A.l), the same solvability reduction to a
generalized Sylvester equation is feasible, provided that the matrix pencil sC — A has full polynomial
row rank. In fact, in this case (A.1) is solvable, if

AXB — CXD = —F 4+ C(AC — A)"(AF — E)
is solvable.
LEMMA A.3 (Herndndez & Gasso, 1989, Thm. 2). Consider the generalized Sylvester equation
AXB —CXD =E (A.2)

for some matrices A,C € R™*", B,D € RP*9 E € R™*4, Assume that the matrix pencils sC — A and
sB — D have full polynomial rank and assume furthermore that there is no A € C U {oo} such that both
matrices AC — A and AB — D have a simultaneous rank drop.* Then the generalized Sylvester equation
(A.2) has a solution X € R"™*P,

4 Here we use the convention that rank(coM — N) = rankM.
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