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Abstract

Linear switched impulsive systems (SIS) are characterized by ordinary differential equations as modes dynamics and state
jumps at the switching time instants. The presence of possible jumps in the state makes nontrivial the application of classical
averaging techniques. In this paper we consider SIS with pulse width modulation (PWM) and we propose an averaged model
whose solution approximates the moving average of the SIS solution with an error which decreases with the multiple of the
switching period and by decreasing the PWM period. The averaging result requires milder assumptions on the system matrices
with respect to those needed by the previous averaging techniques for SIS. The interest of the proposed model is strengthened
by the fact that it reduces to the classical averaged model for PWM systems when there are no jumps in the state. The
theoretical results are verified through numerical results obtained by considering a switched capacitor electrical circuit.
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1 Introduction

Switching represents the natural behavior of many sys-
tems of practical interest, e.g., mechanical systems [18],
electronic circuits [23], piecewise affine systems [7,6,1].
In particular, switched systems with pulse width modu-
lation (PWM) are characterized by a sequence of modes
which repeats periodically in time [19]. The “fast”
switching behaviour determines oscillations, i.e., the so
called ripple, of the state variables around a smooth
trajectory whose dynamics are typically much slower
than the switching period. The main goal of the averag-
ing theory consists of obtaining a smooth model whose
solution is able to capture the averaged behaviour of
the switched system. The corresponding theoretical ob-
jective consists of proving that the error between the
solutions of the switched and the averaged systems is of
order of the switching period.
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This work was partially supported by NWO Vidi grant
639.032.733.
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Averaging theory has been extensively studied for PWM
systems with Lipschitz continuous solutions, see among
others [3,17,21,24,25]. On the other hand, there exist
practical PWM systems, such as switched capacitor
DC/DC converters, which exhibit state jumps at the
switching time instants and they still present a sort of
averaging behaviour [16,9]. Linear switched impulsive
systems (SIS) is a class of these systems where each
mode is characterized by a set of linear ordinary differ-
ential equations and algebraic constraints which deter-
mine the rule of the state jumps at the switching time
instants [20]. In this paper we study the application of
averaging theory to SIS with PWM.

The presence of state discontinuities makes nontrivial
the formal study of switched systems [2] and two aspects
are specifically critical for the averaging analysis of SIS.
The first issue is related to the fact that the amplitudes
of the state discontinuities usually do not reduce by de-
creasing the switching period. The approach we propose
for overcoming this obstacle consists of comparing the
averaged solution with the moving average of the SIS
solution. Another theoretical challenge is due to the de-
pendence of the SIS solution on the matrices which char-
acterize the state jumps which one would then expect
should be included in the averaged model too. This de-
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pendence introduces several problems for the analysis
which requires nontrivial theoretical arguments in order
to be solved.

The averaging analysis for switched systems with state
jumps is still at its infancy. An averaged model for homo-
geneous SIS with two modes was presented in [5] where
strict algebraic conditions (commutativity) on the ma-
trices characterizing the state jumps and those describ-
ing the modes dynamics were required. These conditions
are not assumed in the analysis of this paper. The aver-
aging result in [5] was extended to more than two modes
in [4], to the non-autonomous case in [10] and to partial
averaging in [11], however the corresponding theoretical
findings were still based on the algebraic assumptions on
the SIS matrices introduced in [5]. The commutativity
condition was relaxed in [12] by using conditions on the
kernel and the image of the matrices of the modes. How-
ever, there exist practical SIS for which these conditions
are not satisfied [16,15].

In this paper we propose a continuous-time averaged
model for SIS under milder assumptions with respect
to those formerly used in the literature. The averaging
property was conjectured by the authors in [13] with-
out providing any formal proof and by taking inspira-
tion from the application of theoretical findings in [14]
applied to discrete-time models. In this paper we pro-
vide a formal proof for the averaging result by show-
ing that the error between the solution of the averaged
model and the moving average of the solution of the
SIS decreases exponentially with the number of switch-
ing periods and linearly with respect to the period du-
ration. The proposed averaged model is a generalization
of the classical averaged model adopted for PWM sys-
tems with Lipschitz solution, in the sense that if there
are no state jumps the matrices of the proposed model
reduce to those of the classical one. A switched capaci-
tor electrical circuit is considered as a motivating prac-
tical example and corresponding numerical simulations
validate the effectiveness of the proposed model.

The rest of the paper is organized as follows. In Sec-
tion 2 some preliminary definitions and properties of SIS
are recalled and the motivating example is presented.
Section 3 describes the structure of the proposed aver-
aged model and Section 4 our main theoretical result (all
proofs are reported in the Appendix). In Section 5 nu-
merical verification of the theoretical results is proposed.
The synthesis in Section 6 summarizes conclusions and
future work.

2 Switched impulsive systems

In this section some preliminaries on notation, the defi-
nition of the class of SIS of interest and the theoretical
motivation of our work are presented.

2.1 Notation

The following notation is adopted throughout the pa-
per: R is the set of real numbers, R+ (R+

0 ) is the set
of positive (nonnegative) real numbers, Rn is the set
of n-dimensional vectors of real numbers, C is the set
of complex numbers, F ∈ Rm×n indicate a real ma-
trix with m rows and n columns, N0 (N) is the set of
(positive) natural numbers; ∥x∥ indicates the Euclidean
norm of the vector x ∈ Rn; ⌊x⌋ is the largest inte-
ger less or equal than x ∈ R. A matrix F ∈ Rn×n is
bounded if ∥F k∥ := ∥F kx∥ ≤ α for some finite α ∈ R+,
for any k ∈ N and for any x ∈ Rn; it is idempotent
if F k = F for any k ∈ N; it is Schur if all its eigen-
values have magnitude smaller than 1. A pair of matri-
ces Fi, Fj ∈ Rn×n is commutative if FiFj = FjFi with
i, j ∈ N. The product of q matrices Fi, i = 1, . . . , q is
defined as (note the order)

∏q
i=1 Fi = FqFq−1 · · ·F2F1.

The following notation is used:Gi(ξ) = eFiξ for all ξ ∈ R
and Gi,p = Gi(dip) = eFidip for some di ∈ D = [0, 1),
Σ = {1, . . . q} with q ∈ N. A function u(t) : R+

0 → Rn

is a Bohl function if it is a linear combination of terms
of the form tkeλt where k ∈ N0 and λ ∈ C. A matrix
function Gp : R+ → Rn×n is said to be an O(pr) func-
tion as p → 0 for any r ∈ N0, (Gp = O(pr) for short),
if there exist constants α ∈ R+ and p̄ ∈ R+ such that
∥Gp∥ ≤ αpr for all p ∈ (0, p̄].

2.2 SIS with pulse width modulation

The class of SIS considered in our analysis is now in-
troduced. It is characterized by a PWM with q ∈ N
modes and a switching period p ∈ R+. The sequence of
modes is assumed to be fixed. At each tk = kp, k ∈ N0,
the mode i = 1 is activated and it remains active since
tk + d1p where d1 ∈ D is the duty cycle of the first
mode. Then the system commutes from the mode (i−1)-
th to the mode i-th, i = 2, . . . , q, at the time instants

sk,i := tk +
∑i−1

j=1 djp, k ∈ N0 where di ∈ D, is the duty

cycle of the i-th mode; in particular,
∑q

i=1 di = 1, see
Fig. 1.

d1p d2p dqp

tk = sk,1 sk,2 sk,3 sk,q tk+1tk−1

Fig. 1. Illustration of the switching times notation for k ≥ 1.

The continuous-time switched impulsive system can be
represented as follows

x(s+k,i) = Πix(s
−
k,i) (1a)

ẋ(t) = Fix(t), t ∈ (sk,i, sk,i+1) (1b)

with x(0−) = x0 ∈ Rn, for k ∈ N0, i ∈ Σ, where
sk,q+1 := tk+1 = sk+1,1, the state variable is the same
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for each mode and x(s−k,i) (x(s+k,i)) is the state at the

end (beginning) of the (i − 1)-th (i-th) mode at the k-
th period. The nonzero flow matrix Fi ∈ Rn×n, i ∈ Σ,
characterizes the dynamics of the i-th mode and the
matrix Πi ∈ Rn×n, i ∈ Σ, called consistency projec-
tor in the differential algebraic equations terminology,
determines the possible jumps of the state variables at
the switching time instants. The switched impulsive sys-
tem (1) includes several practical systems and, among
them, switched descriptor systems which can be repre-
sented in the form of homogeneous switched differential
algebraic equations with regular matrix pairs [14].

The solution of (1) can be written by cascading the so-
lutions of the different modes and by considering the
jumps at the switching time instants. In particular, at
the switching time instants one can write

x(s+k,i) = Πix(s
−
k,i) (2a)

x(s−k,i+1) = Gi,px(s
+
k,i), (2b)

where Gi,p = eFidip, for k ∈ N0, i ∈ Σ. By combin-
ing (2), one obtains that the left solution of (1) at the
time instants multiple of the switching period must sat-
isfy the following iterative equation

x−k+1 = Θpx
−
k (3)

for all k ∈ N0 where x−k := x(t−k ), x
−
0 = x0 and

Θp =

q∏
j=1

Gj,pΠj . (4)

By iteratively applying (3), the left solution of (1) at the
time instants multiple of p can be written as

x−k = Θk
px

−
0 (5)

for all k ∈ N0.

Remark 1 The model (1) is autonomous, however the
analysis presented below can be easily applied to the case
of non-autonomous systems whose inputs are Bohl func-
tions by extending the state space.

2.3 Basics on averaging for SIS

Averaging theory has been widely studied for SIS. In
what follows we briefly recall the existing theoretical
result in order to motivate the proposed analysis and the
novelties of our results.

In [5] a SIS model (1) with q = 2 was considered and the
following averaged model

ξ̇(t) = Aavξ(t), t ∈ R+
0 (6)

with ξ(0) = Πx0, Aav = Π(F1d1 + F2d2)Π, Π = Π2Π1,
was introduced. In particular, it was proved that if the
matrices Π1 and Π2 are commutative and idempotent,
and the conditions

ΠiFi = FiΠi = Fi (7)

hold for all i ∈ Σ then for any finite t̄ ∈ R+ the error
between the solution of (1) and that of (6) is decreasing
with the same order of the switching period, i.e.

x(t)− ξ(t) = O(p) (8)

for all t ∈ (0, t̄]. This result was extended to more than
two modes in [5], to the non autonomous case in [10] and
to partial averaging in [11].

The commutativity condition was relaxed in [12] by in-
troducing the following conditions on the kernel and the
image of the matrices of the system (1):

imΠ ⊆ imΠi, (9a)

kerΠ ⊇ kerΠi, (9b)

for all i ∈ Σ, where the matrix Π ∈ Rn×n is given by

Π =

q∏
i=1

Πi. (10)

Condition (7) and the assumption that Πi, i ∈ Σ, are
idempotent were still required in order to obtain the
averaging result in [12]. It should be noticed that the
commutativity conditions imply (9) also if Πi, i ∈ Σ, are
not idempotent. In general, if the matrices Πi, i ∈ Σ, are
idempotent, the matrix Π may not be. However, if (9)
hold andΠi, i ∈ Σ, are idempotent thenΠ is idempotent.

Unfortunately, it arises that several practical electrical
circuits do not satisfy (9), even if they present a sort of
averaging behaviour [16]. The averaging result presented
in this paper considers SIS (1) where the matrices Πi,
i ∈ Σ, do not commute and the conditions (7) and (9)
are not required.

2.4 A motivating example

As a motivating example, let us consider the switched
capacitor electrical circuit shown in Fig. 2. The circuit
represents the typical elementary cell of a ladder step-
up switched capacitor and it consists of two capacitors
and four switches that are controlled in a complementary
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Fig. 2. Elementary cell of a ladder step-up switched capacitor
converter.

way. Then the modes of the system are two, i = 1 in (1)
corresponding to the pair {S1,S2} turned on together
with the pair {S3,S4} turned off and i = 2 in (1) for the
reverse conduction of the switches pairs. By considering
as input a constant voltage source u = x1, the circuit
can be modeled with x2 and x3 being the state variables
corresponding to the voltages on the capacitors C1 and
C2, respectively. Then the matrices pairs of (1) are:

Π1 =


1 0 0

0 C2ρ C1ρ

0 C2ρ C1ρ

 , F1 = − ρ

R


0 0 0

1 1 0

1 0 1

 (11a)

Π2 =


1 0 0

0 1 0

1 0 0

 , F2 = − 1

RC2


0 0 0

1 1 0

0 0 0

 (11b)

where ρ = 1
C1+C2

.

It is easy to verify that Π1 and Π2 are not commutative
and also (9) are not satisfied by (11).

In this paper we propose a continuous-time averaged
model for the switched impulsive system (1) under
milder assumptions with respect to (9). The averaging
property was conjectured by the authors in [13] without
providing any formal proof and by taking inspiration
from the application of theoretical findings in [14] ap-
plied to discrete-time models. In this paper we provide
a formal proof for the averaging result based on new
conditions on the system matrices which can be easily
checked.

3 Continuous-time averaged model

The proposed continuous-time averaged model has the
following structure

ξ̇(t) = Apξ(t), t ∈ R+
0 (12a)

µ(t) = Γξ(t) (12b)

with ξ(0) = x0 ∈ Rn initial condition, the dynamic ma-
trix function Ap : R+ → Rn×n is given by

Ap = 1
p (Φp − I) (13)

with the matrix function Φp : R+ → Rn×n and the
matrix Γ ∈ Rn×n given by

Φp = Π+ Λp (14a)

Γ =

q∑
j=1

(
j∏

h=1

Πh

)
dj (14b)

where Π ∈ Rn×n is given by (10) and the matrix Λ ∈
Rn×n given by

Λ =

q∑
j=1

 q∏
h=j+1

ΠhFj

j∏
h=1

Πh

 dj . (15)

where
∏q

h=j+1 Πh for j = q is assumed to be the identity
matrix.

The output µ ∈ Rn of the model (12) is intended to be
an approximation of the moving average of the solution
of the impulsive systems (1). The dependence of (13) on
the switching period is a crucial aspect in order to ob-
tain a good approximation [14], which is an analogous
dependence used in the well known result for the clas-
sical averaging technique applied to switched systems
with modes represented by ordinary differential equa-
tions, i.e., by excluding jumps in the state [8].

It should be noticed that in the case of a switched ordi-
nary differential equations, the matrices Πi, i ∈ Σ, are
equal to the identity matrix and the matrix Λ reduces
to the dynamic matrices of the classical continuous-time
averaged model of pulse width modulated systems with
q modes, i.e.

∑q
j=1 Fjdj .

A furthermotivation for the choice of thematrices in (12)
can be obtained by discretizing the model (12) with the
forward Euler method and a step size p which leads to
the following discrete-time model

zk+1 =Φpzk, k ∈ N0 (16a)

µk =Γzk (16b)

with z0 = x0. The solution of (16) can be written as

zk = Φk
pz0 (17)

for all k ∈ N0. In the sequel it will show that x−k =
zk + O(p) for any k, which motivates the choice (13)
with (14a).
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The choice of the matrix Γ in the output equation (12b)
can be motivated by considering the continuous-time
moving average of the solution of (1), which is defined as

m(t) =
1

p

∫ t+p

t

x(τ)dτ (18)

for any t ∈ (0, t̄−p] with t̄ > p, where x(t) is the solution
of (1). We will show that the m(tk) = µk +O(p) which
motivates the choice (12b) with (14b).

The main result is proved starting from two basic as-
sumptions. The first one can be expressed as follows.

Assumption 1 Given the matrix function Φp expressed
by (14a), there exists a constant α ∈ R+

0 and a matrix
norm such that

∥Φp∥ ≤ 1 + αp. (19)

Assumption 1 can be verified through the feasibility of a
suitable set of linear matrix inequalities [13, Lemma 4].

Remark 2 Under the situation that all Πi, i ∈ Σ, are
idempotent, condition (9) imply thatΠ is idempotent and
then Assumption 1 holds. On the other hand, Assump-
tion 1 is also verified if all powers of the matrix Π given
by (10) are bounded, without requiring that Π is idem-
potent. This fact can be easily proved by using the Bara-
banov norm [22]. Therefore, the results presented in next
section which are based only on Assumption 1 are proved
under milder conditions with respect to the former aver-
aging results which start from (9).

An important result related to Assumption 1 is the fol-
lowing lemma which has been proved in [13].

Lemma 3 Consider a Lipschitz continuous matrix
function Φp : R+ → Rn×n. Assume there exists a con-
stant α ∈ R+

0 such that (19) holds. Then, for any Lips-
chitz continuous matrix functionMp : R+ → Rn×n such
that Mp = O(p2), it is

Φk
p = O(1) (20a)

(Φp +Mp)
k = Φk

p +O(p). (20b)

for all k ∈ {0, . . . , ℓp} with ℓp = ⌊t̄/p⌋ and any finite
t̄ ∈ R+.

A further technical assumption required in order to ob-
tain our averaging results is the following.

Assumption 2 Given the matrices Π and Λ expressed
by (10) and (15), respectively, there exists a coordinate

transformation T ∈ Rn×n such that

TΠT−1 =

[
I 0

0 V

]
(21a)

TΛT−1 =

[
Λ1 0

Λ3 Λ2

]
(21b)

where V is Schur, with V and Λ2 square matrices of the
same dimension.

Consider the case that Πi, i ∈ Σ, are idempotent. It can
be easily shown that (9) implies (21a), with V = 0 but
the opposite is not true in general. Indeed, (11) do not
satisfy (9) but Assumption 2 holds for these matrices
as it can be verified by considering, for instance, the
following coordinate transformation

T =


1 0 0

−C1+C2

C2
1 C1

C2

−1 0 1

 . (22)

Note that (21a) together with the Schur condition of
matrix V , also if Πi, i ∈ Σ, are not idempotent, im-
plies that limk→∞[(TΠT−1)k+1−(TΠT−1)k] = 0 which
means that the transformed matrix TΠT−1 converges to
an idempotent matrix when k goes to infinity.

Remark 4 Assumption 2 allows one to obtain a useful
transformation for the matrix function Φp. Indeed, by
using Assumption 2 one can write

TΦpT
−1 =

[
I + Λ1p 0

Λ3p V + Λ2p

]
. (23)

For sufficiently small p the matrices I+Λ1p and V +Λ2p
have no common eigenvalues, hence there is a unique
solution Rp of the Sylvester equation

Rp(I + Λ1p)− (V + Λ2p)Rp = −Λ3p (24)

such that

TpΦpT
−1
p =

[
I + Λ1p 0

0 V + Λ2p

]
(25)

with

Tp :=

[
I 0

Rp I

]
T. (26)
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Note that Rp = 0 is the solution of (24) for p = 0 and
(24) can be written as

(M + p∆M)vec(Rp) = −p vec(Λ3)

where vec(·) : Rr×r → Rr2 is the standard vectorization
operator,M := I⊗V −I⊗I and∆M := I⊗Λ2−Λ⊤

1 ⊗I.
Hence a standard perturbation analysis shows that

∥Rp∥ ≤ ∥M−1∥∥Λ3∥
1− ∥M−1∥∥∆M∥p

p = O(p).

Remark 4 will be used for obtaining the main result of
the paper which shows that if Assumptions 1 and 2 hold
then there exist constants α ∈ R+, β ∈ R+

0 , ε ∈ (0, 1),
pε ∈ R+ such that the following condition

∥m(t)− µ(t)∥ ≤ αp+ βεk (27)

with k = ⌊t/p⌋, holds for all p ∈ (0, pε] and t ∈ (0, t̄−p],
for any t̄ ∈ R+. In (27) the moving averagem(t) is given
by (18) with x(t) being a solution of the SIS (1), and
µ(t) is the output of the averaged model (12).

It is interesting to compare (8) and (27). First of all the
approximation result (8) involves the solution x(t) of the
impulsive system while in (27) the corresponding mov-
ing average m(t) is considered. The variables ξ(t) and
µ(t) do not present jumps, so as m(t). The reason why
x(t) can be used in (8), is that the amplitudes of the
state jumps converge to zero with p if (9) holds, which
is not assumed in our main averaging result. Instead,
if Assumptions 1 and 2 hold it is still possible to have
nontrivial jumps when p decreases. On the other hand,
the inequality (27) says that the error m(t) − µ(t) de-
creases with the multiple of the switching period and by
decreasing the PWM period.

4 Averaging results

In order to prove (27) some preliminary steps are re-
quired. We first prove that the difference between the
solution of the SIS (1) evaluated at the multiple of the
switching period and the solution of the discrete-time
system (16), is of order of the switching period.

Lemma 5 Consider the continuous-time SIS (1) with
initial condition x0, over a time interval t ∈ [0, t̄] with
some t̄ ∈ R+ and the discrete-time model (16) with k =
⌊t/p⌋ and initial condition z0 = x0. If Assumption 1 is
satisfied, then the following condition

x−k = zk +O(p) (28)

where x−k is given by (5) and zk is given by (17), holds
for all k ∈ {0, . . . , ℓp}, ℓp = ⌊t̄/p⌋.

By using Lemma 5 one can prove that the difference be-
tween themoving average (18) evaluated at themultiples
of the switching period and the output of the discrete-
time model (16), is of order of the switching period. As
for Lemma 5, also the following result requires Assump-
tion 1 but not Assumption 2.

Lemma 6 Consider the continuous-time SIS (1) with
initial condition x0, over a time interval t ∈ [0, t̄] with
some t̄ ∈ R+, the moving average of its solution given
by (18) evaluated at tk for k ∈ {0, . . . , ℓp−1}, ℓp = ⌊t̄/p⌋,
and the discrete time model (16) with k = ⌊t/p⌋ and
initial condition z0 = x0. If Assumption 1 is satisfied
then the following condition

m(tk) = µk +O(p) (29)

holds for all k ∈ {0, . . . , ℓp − 1}.

A further step towards the proof of our main result con-
sists of considering the error between the moving average
m(t) expressed by (18) and the values obtained by sam-
plingm(t) at the multiple of p, i.e.,m(tk) where tk = kp
and k = ⌊t/p⌋. In particular, by using Assumption 2 one
can prove the following result.

Lemma 7 Consider the continuous-time SIS (1) with
initial condition x0, over a time interval t ∈ [0, t̄] with
some t̄ ∈ R+, the moving average m(t) of its solution
given by (18). If Assumptions 1 and 2 are satisfied then
there exist constants α ∈ R+, β ∈ R+

0 , ε ∈ (0, 1) and
p̄ε ∈ R+ such that the following condition

∥m(t)−m(tk)∥ ≤ αp+ βεk (30)

with tk = kp, k = ⌊t/p⌋, holds for any t ∈ (0, t̄− p] and
any p ∈ (0, p̄ε].

Lemma 7 allows one to conclude that the approximation
result is valid for any backward δ-shifted version of (18)
defined as

mδ(t) =
1

p

∫ t−δ+p

t−δ

x(τ)dτ (31)

with δ ∈ [0, p), where x(t) is the solution of (1). Indeed,
since (18) is defined as a p-forward moving average, it is
easy to verify that a condition similar to (30) holds for
mδ, i.e., ∥mδ(t)−m(tk)∥ ≤ αp+ βεk for any δ ∈ [0, p),
t ∈ (δ, t̄+ δ− p] with t̄ > p. In the following for the sake
of simplicity we consider the case δ = 0.

By using the lemmas above, we can prove the following
theorem which synthesizes our main result.

Theorem 8 Consider the continuous-time SIS (1) with
initial condition x0, over a time interval t ∈ [0, t̄] with
some t̄ ∈ R+, the corresponding moving average m(t)
given by (18) and the output µ(t) of the continuous-time
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model (12) with initial condition ξ(0) = x0. If Assump-
tions 1 and 2 hold, then there exist constants α ∈ R+,
β ∈ R+

0 , ε ∈ (0, 1), and pε ∈ R+ such that (27) with
k = ⌊t/p⌋ holds for all p ∈ (0, pε] and t ∈ (0, t̄− p].

The averaging approximation expressed by (27) and
proved in Theorem 8 shows that the error between the
moving average m(t) of the SIS solution and the output
of the averaged model depends on p and k too. In other
words, it is not enough to let the switching period going
to zero in order to reduce the error of the averaging pro-
cess, but some periods must elapse too. This is due to
the fact that the algebraic conditions on the modes ma-
trices have been relaxed. The following theorem shows
that under more restrictive conditions on the modes
matrices, one can recover the classical O(p) averaging
result.

Remark 9 It is easy to show by checking the proof of
Theorem 8 that, under Assumptions 1 and 2, if allΠi, i ∈
Σ, are idempotent and (9) hold than there exist constants
αm, αµ ∈ R+ and p ∈ R+ such that

∥m(t)−m(tk)∥ ≤ αmp (32a)

∥m(t)− µ(t)∥ ≤ αµp (32b)

with tk = kp, k = ⌊t/p⌋ holds for all p ∈ (0, p] and
t ∈ (0, t̄− p].

5 Simulation results

The electrical circuit in Fig. 2 and a numerical example
with their respective simulations are analyzed to validate
the effectiveness of the results presented in the previous
section.

Example 10 Let us go back to the motivating example
of our analysis shown in Fig. 2.

By considering (11) it follows that

Π = Π2Π1 =


1 0 0

0 C2ρ C1ρ

1 0 0

 (33)

being ρ = 1
C1+C2

. It can be easily verified that the matrix
Π is bounded and then Assumption 1 holds independently
of the circuit parameters. Moreover, Assumption 2 holds
by considering the transformation matrix (22). The ma-
trix (15) can be written as

Λ = Π2F1Π1d1 + F2Π2Π1d2 =


0 0 0

− 1
RC2

d2 − ρ
R 0

0 0 0
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Fig. 3. Time evolution of the state variable x2 with p = 0.05 s
(top) and p = 0.1 s (bottom): SIS (1) (blue lines), averaged
model (12) (green lines), discrete-time model (16) (red stars),
moving average (18) (dark lines).

and the matrix (14b) is given by

Γ = Π1d1 +Π2Π1d2 =


1 0 0

0 C2ρ C1ρ

d2 C2ρd1 C1ρd1



where we used the condition d1 + d2 = 1.

It is easy to verify that during the transient the solution
of the “classical” averaged model (6) has a completely
different behavior with respect to the solution of SIS (1).

We now compare the solutions of the SIS (1), the aver-
aged model (12) proposed in this paper and the discrete-
time model (16) together with the moving average (18).
Let us considerC1 = C2 = 120 µF,R = 10 kΩ, u = 12V,
d1 = d2 = 0.5 and null initial conditions. Fig. 3 and
Fig. 4 show the dynamics of the state variables x2 and x3,
respectively, for different values of the switching period,
over a time interval of 1 s. Figure 5 shows the left hand
side of (27) for different values of the switching period.
For k ≥ 12 the error between the moving average and the
solution of the averaged model decreases by reducing the
switching period. The fact that the matrices Πi, i ∈ Σ
are not idempotent neither commutative implies that a
certain number of switching periods is required in order
to obtain an error below a desired finite bound, so as ex-
pressed by (27).

Example 11 Let us consider the following numerical
example where the matrices Fi and Πi, with i ∈ {1, 2}
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Fig. 4. Time evolution of the state variable x3 with p = 0.05 s
(top) and p = 0.1 s (bottom): SIS (1) (blue lines), averaged
model (12) (green lines), discrete-time model (16) (red stars),
moving average (18) (dark lines).
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Fig. 5. Error ∥m(tk) − µ(tk)∥ versus the multiples of p for
different values of the switching period: p = 0.5 s (blue line),
p = 0.25 s (orange line), p = 0.1 s (green line), p = 0.05 s
(purple line), p = 0.01 s (red line) and p = 0.005 s (black
line).

are given by

Π1 =


1 0 1

0 1 0

0 0 0

 , F1 =


−4 −1 −4

−1 4 −1

0 0 0



Π2 =


1 0 0

0 1 0

0 0 0

 , F2 =


−10 −1 0

−1 0 0

0 0 0


It is easy to verify the matrices Π1 and Π2 satisfy condi-
tions (9). Then according to Remark 9 the error between
themoving averagem(t) of the solution of this system and
its samples m(tk) is O(p). By considering d1 = d2 = 0.5
and the following matrices

Λ =


−7 −1 −7

−1 2 −1

0 0 0

 , Γ =


1 0 1

0 1 0

0 0 0
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Fig. 6. Time evolution of the state variable x1 with p = 0.05 s
(top) and p = 0.1 s (bottom): SIS (1) (blue lines), averaged
model (12) (green lines), discrete-time model (16) (red stars),
moving average (31) with δ = p/2 (black lines).
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Fig. 7. Time evolution of the state variable x2 with p = 0.05 s
(top) and p = 0.1 s (bottom): SIS (1) (blue lines), averaged
model (12) (green lines), discrete-time model (16) (red stars),
moving average (31) with δ = p/2 (black lines).

the dynamic matrix (13) is given by

Ap =


−7 −1 −(7p− 1)/p

−1 2 −1

0 0 −1/p


where p is the switching period. Let us compare the so-
lutions of the SIS (1), the averaged model (12) and the
discrete-time model (16) together with the moving aver-
age (18). Figure 6 and Figure 7 shows the dynamics of
the state variables x1 and x2, respectively, for different
values of the switching period, over a time interval of
0.5 s. It is evident that the error between the output µ(t)
and the moving average m(t) is of order O(p), i. e. it is
enough to let the switching period going to zero without
needing some periods to elapse.

It is remarkable to make a comparison between the av-
eraged model (6) presented in our previous studies and
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the proposed model (12). Let us consider the averaged
dynamic matrix of the continuous averaged model (6)

Aav = Π(F1d1 + F2d2)Π =


−7 −1 −7

−1 2 −1

0 0 0


It is easy to see that ΓAp = Aav. Moreover the initial
condition for (6) and (13) are the same, indeed Γx0 =
Πx0. Then the behaviour of the solutions of (6) and (13)
are comparable. Future work will discuss deeper on this
result.

6 Conclusion

A new averaged model for SIS with PWM has been pre-
sented. The proposed model generalizes the classical av-
eraged model widely adopted for the analysis of switched
PWM systems which do not present state jumps at the
switching time instants. The averaging result requires
milder assumptions on the system matrices with respect
to previous averaging analyses for SIS. A switched ca-
pacitor electrical circuit has been used to validate the
results and to motivate their practical usefulness.

Future work will be dedicated to the study of scenarios
with time-varying and state-dependent duty cycles.

Appendix

6.1 Proof of Lemma 5

Proof. Consider (3)–(4). By using the Taylor approxi-
mation one can write

Gj,p = eFjdjp = I + Fjdjp+O(p2) = I +O(p) (34)

for all j ∈ Σ, where I is the identitymatrix. By using (34)
in (4) one obtains

Θp =

q∏
j=1

Gj,pΠj = Π+ Λp+O(p2) = Φp +O(p2)

(35)

where Π is given by (10), Λ by (15) and Φp by (14a).
By applying Lemma 3 with Assumption 1, from (20b) it
follows

Θk
p = Φk

p +O(p) (36)

for all k ∈ {0, . . . , ℓp}. By subtracting (17) to (5) one
obtains

x−k = zk +Θk
px

−
0 − Φk

pz0
a
= zk +Φk

p(x
−
0 − z0) + O(p)

= zk +O(p) (37)

where in
a
= we used (36). ■

6.2 Proof of Lemma 6

Proof. Consider (18). By solving (1) and by using (2)
one can write

pm(tk) =

∫ (k+1)p

kp

x(t)dt

=

q∑
i=1

∫ dip

0

Gi(ψ)Πix(s
−
k,i)dψ

=

q∑
i=1

∫ dip

0

Gi(ψ)Πi

i−1∏
h=1

Gh,pΠhx
−
k dψ (38)

for all k ∈ {0, . . . , ℓp−1}. Then, from (38) by using (34)
and by noticing the presence of the integral one can
write:

pm(tk) =

q∑
i=1

Πi

i−1∏
h=1

Πhx
−
k dip+O(p2)

=

q∑
i=1

i∏
h=1

Πhx
−
k dip+O(p2)

= Γpx−k +O(p2)
a
= Γpzk +O(p2)

= µkp+O(p2) (39)

where Γ is given by (14b), in
a
= we used Lemma 5 with

Assumption 1 and µk is defined by (16b). By dividing
both sides of (39) by p it follows that (29) holds. ■

6.3 Proof of Lemma 7

Proof. By definition it ism(t) = m(tk) for any t = tk =
kp, k ∈ {0, . . . , ℓp − 1} and then in the time instants
multiple of the switching period the condition (30) is
trivially satisfied.

Let us consider the moving average over a time inter-
val of length p which starts in i-th mode. For any t ∈
[sk,i, sk,i+1], k ∈ {0, . . . , ℓp − 1}, τi = t − sk,i, i.e. τi ∈
[0, dip], by substituting the solution of SIS (1) in (18)
and by reminding that the duty cycles are constant, one
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can write

pm(t) =pm(sk,i + τi) =

∫ dip

τi

Gi(ψ)Πix(s
−
k,i)dψ

+

q∑
j=i+1

∫ djp

0

Gj(ψ)Πjx(s
−
k,j)dψ

+

i−1∑
j=1

∫ djp

0

Gj(ψ)Πjx(s
−
k+1,j)dψ

+

∫ τi

0

Gi(ψ)Πix(s
−
k+1,i)dψ.

By using (2)–(4) it follows

pm(t) =

∫ dip

τi

Gi(ψ)Πi

i−1∏
w=1

Gw,pΠwx
−
k dψ

+

q∑
j=i+1

∫ djp

0

Gj(ψ)Πj

j−1∏
w=1

Gw,pΠwx
−
k dψ

+

i−1∑
j=1

∫ djp

0

Gj(ψ)Πj

j−1∏
w=1

Gw,pΠwx
−
k+1dψ

+

∫ τi

0

Gi(ψ)Πi

i−1∏
w=1

Gw,pΠwx
−
k+1dψ. (40)

Let us rewrite (38) as follows

pm(tk) =

q∑
j=1

∫ djp

0

Gj(ψ)Πj

j−1∏
w=1

Gw,pΠwx
−
k dψ

=

∫ dip

0

Gi(ψ)Πi

i−1∏
w=1

Gw,pΠwx
−
k dψ

+

i−1∑
j=1

∫ djp

0

Gj(ψ)Πj

j−1∏
w=1

Gw,pΠwx
−
k dψ

+

q∑
j=i+1

∫ djp

0

Gj(ψ)Πj

j−1∏
w=1

Gw,pΠwx
−
k dψ. (41)

By taking the difference between (41) and (40) one ob-
tains

p(m(t)−m(tk)) =

∫ τi

0

Gi(ψ)Πi

i−1∏
w=1

Gw,pΠw(x
−
k+1 − x−k )dψ

+

i−1∑
j=1

∫ djp

0

Gj(ψ)Πj

j−1∏
w=1

Gw,pΠw(x
−
k+1 − x−k )dψ.

(42)

By using (3)–(4)

x−k+1 = Θpx
−
k =

q∏
i=1

Πix
−
k +O(p) = Πx−k +O(p), (43)

together with Gi(ψ) = I + O(p) and Gw,p = I + O(p),
from (42) one can write

p(m(t)−m(tk)) = τi

i∏
w=1

Πw(Π− I)x−k

+

i−1∑
j=1

djp

j∏
w=1

Πw(Π− I)x−k +O(p2). (44)

By using (5) and (36) in Lemma 5, the expression (44)
can be rewritten as

p(m(t)−m(tk)) =τi i∏
w=1

Πw +

i−1∑
j=1

djp

j∏
w=1

Πw

 (Π− I)Φk
px

−
0 +O(p2).

(45)

where τi = t− sk,i and k = ⌊t/p⌋.

From Assumption 2 and Remark 4 there exists a matrix
Tp such that (25) holds and then one has

Tp(Π− I)Φk
pT

−1
p = Tp(Π− I)T−1

p TpΦ
k
pT

−1
p

=

([
I 0

Rp I

]
TΠT−1

[
I 0

−Rp I

]
− TpT

−1
p

)
TpΦ

k
pT

−1
p

=

([
I 0

Rp I

][
I 0

0 V

][
I 0

−Rp I

]
−

[
I 0

0 I

])
TpΦ

k
pT

−1
p

=

[
0 0

V − I

][
(I + Λ1p)

k 0

0 (V + Λ2p)
k

]

=

[
0 0

0 (V − I)(V + Λ2p)
k

]
. (46)

Since V is Schur it follows there exist constants β1 ∈ R+
0 ,

ε ∈ (0, 1) and p̄ε ∈ R+ such that, by taking the norms
on both side of (46) it is

∥Tp(Π− I)Φk
pT

−1
p ∥ ≤ β1ε

k (47)
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for all p ∈ (0, p̄ε]. Moreover one can write

∥(Π− I)Φk
p∥ = ∥T−1

p Tp(Π− I)Φk
pT

−1
p Tp∥

≤ ∥T−1
p ∥∥Tp(Π− I)Φk

pT
−1
p ∥∥Tp∥

≤ β0∥Tp(Π− I)Φk
pT

−1
p ∥ ≤ β0β1ε

k, (48)

where β0 ∈ R+ is such that

∥Tp∥∥T−1
p ∥ ≤ β0 (49)

which exists for sufficiently small p because Rp in (26)
is O(p).

Then, by dividing both sides of (45) by p, by considering
that τi = O(p), by taking the norms on both sides, given
the initial condition x−0 and by using (48), it follows that
there exists an αi ∈ R+ such that the following condition

∥m(t)−m(tk)∥ ≤∥

τi
p

i∏
w=1

Πw +

i−1∑
j=1

dj

j∏
w=1

Πw


(Π− I)Φk

px
−
0 ∥+ αip

≤

∥
i∏

w=1

Πw∥+
i−1∑
j=1

∥
j∏

w=1

Πw∥


∥(Π− I)Φk

p∥∥x−0 ∥+ αip

≤
i∑

j=1

∥
j∏

w=1

Πw∥β0β1εk∥x−0 ∥+ αip

≤βεk + αip (50)

is satisfied for any t ∈ [sk,i, sk,i+1), τi = t − sk,i, for all
k ∈ {0, . . . , ℓp − 1} and p ∈ (0, p̄ε], where

β = β0β1∥x−0 ∥
q∑

j=1

∥
j∏

w=1

Πw∥.

By considering (50) for all i ∈ Σ it follows that (30)
holds for all t ∈ (0, t̄ − p] and any p ∈ (0, p̄ε] with α =
maxi∈Σ αi. ■

6.4 Proof of Theorem 8

Proof. Let us consider (12) and (18). By taking the
norm of the difference one can write

∥m(t)− µ(t)∥ = ∥m(t)−m(tk) +m(tk)− µ(t)∥
(a)

≤ α1p+ β1ε
k
1 + ∥m(tk)− µk + µk − µ(t)∥

(b)

≤ α3p+ β1ε
k
1 + ∥µk − µ(t)∥

(c)

≤ α3p+ β1ε
k
1 + ∥Γ∥ ∥zk − ξ(t)∥

≤ α3p+ β1ε
k
1 + ∥Γ∥ ∥zk − ξ(kp)∥

+ ∥Γ∥ ∥ξ(kp)− ξ(t)∥ (51)

holds for all p ∈ (0, pε1 ], t ∈ (0, t̄], k = ⌊t/p⌋, where
in (a) we used Lemma 7 with α called α1, β called β1
and ε called ε1, in (b) we used Lemma 6 which allows
one to write (29) as ∥m(tk)−µk∥ ≤ α2p and we defined
α3 = 2max{α1, α2}, in (c) we used (16b) and (12b).

Let us consider the term ∥zk − ξ(kp)∥ in (51). By solv-
ing (12a) and by using (17) one can write

ξ(kp)− zk =
(
e(Φp−I)k − Φk

p

)
x0. (52)

From (52) and by using arguments similar to (48) it
follows

∥ξ(kp)− zk∥ ≤ ∥
(
e(Φp−I)k − Φk

p

)
∥∥x0∥

≤ β0∥Tp
(
e(Φp−I)k − Φk

p

)
T−1
p ∥∥x0∥

(53)

where Tp is given by (26) and we used (49). From Re-
mark 4 one can write

Tp(Φp − I)T−1
p =

[
Λ1p 0
0 V−I+Λ2p

]
, (54)

and then

Tp

(
e(Φp−I)k − Φk

p

)
T−1
p

= eTp(Φp−I)T−1
p k − (TpΦpT

−1
p )k

= e

([
Λ1p 0
0 V−I+Λ2p

])
k
−
[
I+Λ1p 0

0 V+Λ2p

]k
=
[
(eΛ1p)k 0

0 (eV −I+Λ2p)k

]
−
[
(I+Λ1p)

k 0

0 (V+Λ2p)
k

]
.

(55)

Considering the Taylor expansion of the exponential
function, we have eΛ1p = I + Λ1p + O(p2) and hence
being k = ⌊t/p⌋,

(eΛ1p)k = (I + Λ1p)
k +O(p). (56)
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By using (56) in (55) one has

Tp

(
e(Φp−I)k − Φk

p

)
T−1
p =

[
O(p) 0

0 (eV −I+Λ2p)k−(V+Λ2p)
k

]
.

(57)
Since the matrix V is Schur by hypothesis, for suffi-
ciently small p the eigenvalues of V+Λ2p havemagnitude
smaller than 1 and V − I + Λ2p is Hurwitz (and hence
the eigenvalues of eV−I+Λ2p also have magnitude smaller
than 1). Consequently, there exist constants β2, β3 ∈
R+

0 , ε2 ∈ (0, 1) and pε2 ∈ R+ such that

∥(eV−I+Λ2p)k∥ ≤ β2ε
k
2 (58a)

∥(V + Λ2p)∥k ≤ β3ε
k
2 (58b)

for all p ∈ (0, p̄ε2 ]. By taking the norms on both sides
of (57) and by using (58) it follows that there exists a
constant α4 ∈ R+, such that

∥Tp
(
e(Φp−I)k − Φk

p

)
T−1
p ∥ ≤ α4p+ β4ε

k
2 . (59)

where β4 = 2max{β2, β3}. Then from (53) with (59) the
following inequality

∥ξ(kp)− zk∥ ≤ α5p+ β5ε
k
2 (60)

with α5 = α4β0∥x0∥, β5 = β0β4∥x0∥, holds for all p ∈
(0, pε2 ], t ∈ (0, t̄], k = ⌊t/p⌋.

By substituting (60) in (51) it follows

∥m(t)− µ(t)∥ ≤ α6p+ β6ε
k
3 + ∥Γ∥ ∥ξ(kp)− ξ(t)∥ (61)

with α6 = 2max{α3, α5}, β6 = 2max{β1, β5} and
ε3 = max{ε1, ε2} and for all p ∈ (0, p̄ε3 ] with
p̄ε3 = min{p̄ε1 , p̄ε2}.

By considering the last term in (61) and the solution
of (12a), for any t ∈ [kp, kp+ p) one can write

ξ(t)− ξ(kp) =
(
e

1
p (Φp−I)(t−kp) − I

)
ξ(kp)

=
(
e(Φp−I)( t

p−k) − I
)
ξ(kp). (62)

By using (49) in (62) it follows

∥ξ(t)− ξ(kp)∥ = ∥
(
e(Φp−I)( t

p−k) − I
)
e(Φp−I)kx0∥

= ∥
(
e(Φp−I) t

p − e(Φp−I)k
)
x0∥

≤ β0∥Tp
(
e(Φp−I) t

p − e(Φp−I)k
)
T−1
p ∥∥x0∥

(a)
= β0∥

[
(eΛ1p)

t
p −(eΛ1p)k 0

0 (eV −I+Λ2p)
t
p −(eV −I+Λ2p)k

]
∥ ∥x0∥

= β0∥
[
eΛ1t−eΛ1kp 0

0 (eV −I+Λ2p)
t
p −(eV −I+Λ2p)k

]
∥ ∥x0∥

(63)

where in (a) we used arguments similar to those used
for (55). By taking the Taylor series one can write

eΛ1t − eΛ1kp = Λ1(t− kp) + O(p2) = O(p). (64)

Since V is Schur then V −I is Hurwitz and there exists a
sufficiently small p such that V −I+Λ2p is Hurwitz and
eV−I+Λ2p is Schur. Then there exists a constant β7 ∈ R+

0
such that

∥(eV−I+Λ2p)
t
p − (eV−I+Λ2p)k∥
≤ ∥(eV−I+Λ2p)∥

t
p + ∥(eV−I+Λ2p)∥k

≤ β7ε
k
2 + β2ε

k
2 . (65)

By using (64) and (65) in (63) it follows that there exists
a constant α7 ∈ R+ such that

∥ξ(t)− ξ(kp)∥ ≤ α7p+ β8ε
k
2 (66)

with β8 = 2β0∥x0∥max{β2, β7}. By substituting (66)
in (61), it follows that (27) holds withα = 2max{α6, α7},
β = 2max{β6, β8} and ε = max{ε2, ε3} and for all
p ∈ (0, p̄ε] with p̄ε = min{p̄ε2 , p̄ε3}.

■
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Switzerland, 2013.

[6] R. Iervolino, S. Trenn, and F. Vasca. Stability of piecewise
affine systems through discontinuous piecewise quadratic
Lyapunov functions. In Proc. of 56th IEEE Conf. on Decision
and Control, pages 5894–5899, Melbourne, Australia, 2017.

[7] R. Iervolino and F. Vasca. Cone-copositivity for absolute
stability of Lur’e systems. In Proc. of 53rd IEEE Conf. on
Decision and Control, pages 6305–6310, Los Angeles, CA,
USA, 2014.

[8] B. Lehman and R. M. Bass. Switching frequency dependent
averaged models for PWM DC-DC converters. IEEE Trans.
Power Electronics, 11(1):89–98, 1996.

12



[9] R. C. Loxton, K. L. Teo, V. Rehbock, andWK. Ling. Optimal
switching instants for a switched-capacitor DC/DC power
converter. Automatica, 45(4):973–980, 2009.

[10] E. Mostacciuolo, S. Trenn, and F. Vasca. Averaging for non-
homogeneous switched DAEs. In Proc. of 54th IEEE Conf.
on Decision and Control, pages 2951–2956, Osaka, Japan,
2015.

[11] E. Mostacciuolo, S. Trenn, and F. Vasca. Partial averaging
for switched DAEs with two modes. In Proc. of 14th European
Control Conf., pages 2901–2906, Linz, Austria, 2015.

[12] E. Mostacciuolo, S. Trenn, and F. Vasca. Averaging for
switched DAEs: Convergence, partial averaging and stability.
Automatica, 82:145–157, 2017.

[13] E. Mostacciuolo, S. Trenn, and F. Vasca. An averaged model
for switched systems with state jumps applicable for PWM
descriptor systems. In Proc. of 20th European Control Conf.,
pages 1085–1090, London, Uk, 2022.

[14] E. Mostacciuolo, S. Trenn, and F. Vasca. A smooth model
for periodically switched descriptor systems. Automatica,
136:110082, 2022.

[15] E. Mostacciuolo and F. Vasca. Averaged model for power
converters with state jumps. In Proc. of 15th European
Control Conf., pages 301–306, Aalborg, Denmark, 2016.

[16] E. Mostacciuolo, F. Vasca, and S. Baccari. Differential
algebraic equations and averaged models for switched
capacitor converters with state jumps. IEEE Trans. Power
Electronics, 33(4):3472–3483, 2017.

[17] C. Pedicini, L. Iannelli, F. Vasca, and U. T. Jönsson. An
overview on averaging for pulse-modulated switched systems.
In Proc. of 50th IEEE Conf. on Decision and Control and
European Control Conference, pages 1860–1865, Orlando,
USA, 2011.

[18] S. Sajja, M. Corless, E. Zeheb, and R. Shorten. Some stability
tests for switched descriptor systems. Automatica, 106:257–
265, 2019.

[19] S. R. Sanders, J. M. Noworolski, X. Z. Liu, and G. C.
Verghese. Generalized averaging method for power conversion
circuits. IEEE Trans. Power Electronics, 6(2):251–259, 1991.
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