An averaged model for switched systems with state jumps
applicable for PWM descriptor systems
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Motivating example: a switched capacitor circuit as a PWM descriptor system

Why state jumps?

@ I3 = T2

where t; are the switching time instants at the multiple of the PWM period p,

s = kp + dp are the switching time instants internal to the period (d is the duty cycle)
and k € N is the index of the PWM period p.
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Switched descriptor systems can be modeled as switched differential equations with
jumps at the switching time instants:

et=ILa, t=t,=kp et =Iha™, t=s,=kp+dp
=z, te (tk, Sk) T =Fox, te€ (Sk,fk+1)
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Averaging: classical results and open issues

Classical averaging for linear switched systems

lSwitched systeml lSmooth averaged system ‘
&= Fizx, t € [ty, sg) Tay = Fovx
T =Fox, te [Sk,tk-l,-l) FaV=F1d+F2(1—d),

In the presence of fast switchings the solution of the averaged model approximates that
of the switched model with an error that goes to zero with the same order of the
switching period.

(t) = 2au(t) + O(p)
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Averaging: classical results and open issues

Averaging for switched systems with state jumps

The research question:
Is it possible to apply averaging in the presence of state jumps? J




Averaging: classical results and open issues

Averaging for switched systems with state jumps

‘Switched system with state jump‘ ‘Averaged model
ot =Thz™, t=t,=kp i
’ Tay = ln FayllnTay,
i=Fz, te(ty,sk) Zay(0) = Tnag
zt = yz™, t=sp,=kp+dp 115 = 1114
= Fx te (8k,tk+1) FaV:F1d+F2(1_d)

Existing results require that II; and II5 are idempotent matrices and one of the
following conditions is satisfied

© commutativity property II;I1y = 11,11, = Il is idempotent

Q@ imIl CimIl; and ker II5 D kerII; with ¢ = 1,2.
None of these conditions are satisfied for the switched capacitor circuit considered as a

motivating example.
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Contribution: An averaging result for switched systems with jumps

A discrete-time model

‘Switched system with state jump‘

2t =1Lz,

2t =Tz,

T ::FHx,
T Ziféx,

t=1tr=kp
t € (th: sk)
t=s,=kp+dp
t € (sg,ter1)

12

o v & o ®

Discrete-time model ‘

Zpt1 = Pp2i
O, =TI+ Ap, I = ILII,
A =ILFd+ FBIL(1 - d)
k=0,1,2,...

We are interested to compare the exact
solution of the switched system at the
multiple of the switching period before the
jump, say x,, with the solution zj.

9/17



Contribution: An averaging result for switched systems with jumps

A discrete-time model

The solutions of the two systems at the multiple of the switching period p can be
written as:

Discrete-time model

Switched system with state jump

Zy = @’;zo
(I)p = Hm + Ap, Hm = H2H1
A =TLFd+ BIL(1 - d)

T — @I;LL'()

@p = er(lid)pHQBFldpnl

Lemma

Assume there exists v > 0 such that | ®,|| < 1+ ~p. Then
x, =z + O(p)

holds for all k € N and any zy = z; + O(p).
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A discrete-time model with output

lSwitched system with state jumpl Discrete-time model with output
241 = Pp2p
1 f+1p =Tz
my = _/ z(t)dt fh=
2 Jip &, =1In + Ap, Iln =1IIL
A =TI, Fid+ FoIT; (1 —d)
1oh P =1Id+In(1 —d)
10 Lemma
8 Assume there exists v > 0 such that
ek |®pll <14 yp. Then
4
, my = px + O(p)
o holds for all k € N and any zy = =5 + O(p).
0 02 0.4 06 0.8 1 - - <
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The main result
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The research question:

Is the solution of the discrete model able to approximate the moving average of the
exact solution of the switching system?
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The main result

l Moving average of switched system ‘ Discrete-time model with output

at =Iha™, t=t,=kp 21 = Pp2i
=Nz, te (tk, Sk) pr =z
a2t =Tz, t=s,=kp+dp ¢, =1In+ Ap, 1n=1ILII;
&= Fex, t€ (Sk,trt1) A =TIy Fid+ FoIT; (1 —d)
1 P =1Id+ (1 — d)

m(t) = - /t pr(T)dT

Theorem
Assume exists v > 0 such that ||®,|| <1+ ~p and (Il — I)®} = O(p). Then

m(t) = ur + O(p)

holds for any t € (0,T — p] and for all zg = x5 + O(p) where k = *.
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Contribution: An averaging result for switched systems with jumps

The main result: an intepretation

The algebraic condition

(ln — 1P, = O(p) (1)
with
¢P = Hﬂ + Ap
Il = TI,11,

A =TI, Fid + FITi (1 — d)

ensures that the solution of the proposed discrete-time model approximates the moving
average of the real solution with an error of order of the switching period p.

If I is idempotent and commutes with A then (Il — I)®% = O(p) is trivial.

Hence, the interpretation of (1) is that sufficiently high powers of II should behave
similarly to an idempotent matrix and “approximately should commute” with A.
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The conjectured continuous-time averaged model

’Switched system with state jump‘

zt =1Lz,
T = Fll‘,
zt =Tz,

T = FQZII,

t=1tr=kp
t € (th: sk)
t=s,=kp+dp
t € (sg,ter1)

| Continuous averaged model
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A=Y@ 1

P P p

(I)p:Hn+Ap, Hmingnl

A =T, Fid+ FIL (1 —d)
[ =10,d+ T~ (1 — d)

If II; = I for ¢ = 1,2 then ®, = I + Ap and
A = Fid + F5(1 — d) which corresponds to
the classical continuous-time averaged
model for switched ODEs.
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Conclusion and perspective

Conclusion and perspective

A new averaged model for PWM descriptor systems has been proposed.

The solution of the discrete-time averaged model approximates the moving average
of the solution of the original system with an error of order of the switching period.
The averaging result requires weaker conditions with respect to the averaged
models presented in the previous literature.

Numerical simulations of a switched capacitor circuit have validated the theoretical
results.

Future work will be the formal analysis of the conjectured continuous-time averaged
model and the extension of the averaging results to the case of more than two
modes and time-varying duty cycles.
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Conclusion and perspective

Thanks!
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