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Electric circuit modelling

Physical variables

voltage and current for each circuit element
Defining equations

- element behaviors (voltage-current relation)
- Kirchhoff laws (voltage-loops, current-nodes)

Basic circuit elements: Kirchhoff laws:

» Resistors: vgp(t) = Rig(t) y is=ip

» Capacitor: C%vc(t) =ic(t) y ip =i +ic
» Inductor: L&ip(t) = v (t) Y Vs = v + VR
» Voltage source: vg(t) = u(t) (current ig free) Y VR = UC

We already have arrived at a DAE model!

With z = (vg, iR, ve,ic,vL,iL,vs,is) we have ‘Em = Az + Bu
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Different circuit modeling frameworks
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Which is the best?

0

None! All have advantages and disadvantages.
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Pros and Cons of DAE formulation

00 -1R
co 01
0L 10

DAE-models: Advantages

» Most natural and intuitive way to model (just write down all first-principal equations)
» Inputs do not need to be specified a priori (w Ex = Ax with rectangular E,A)

» Connecting two DAE models is trivial (just add new algebraic constraints)

» Sudden structural changes (switches or faults) can be modeled easily

DAE-models: Disadvantages

y Solution theory more complicated
» Not so many standard tools available for numerical solutions, control design, ...
» Harder to work with manually
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DAEs are not ODEs

01 0 1 00 f

00 0laz=10 1 0lzt|f

00 0 00 0 s
ig =21+ fi1 o= Si—=f2
O=x2+ fo —— x2=—f2
0=f3 no restriction on x3

Key differences to ODEs

»For fixed inhomogeneity, initial values cannot be chosen arbitrarily

(21(0) = — f1(0) — £2(0), z2(0) = f2(0))
» For fixed inhomogeneity, solution not uniquely determined by initial value (z3 free)
» Inhomogeneity not arbitrary

= structural restrictions (f3 = 0)

« differentiability restrictions (f2 must be well defined)
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Equivalence of matrix pairs and DAEs

Definition (Equivalence of matrix pairs)

(E1,A1), (B2, Ag) are called equivalent <= (FE», As) = (SEIT,SAT)

ST

short: (E‘]7 Al) = (EQ, A2) or (El, Al) (EQ, A2)

Equivalence and solution behavior

For (El,Al) = (EQ,AQ) and By = SBi, Oy = C1T we have:

Fiz = Az + Biu =T~ FEsz = Aoz + Bou
(z,u,y) solves < (z,u,y) solves
y=Cix y=Chz

Goal: Reveal inner structure of DAEs
Find S and T such that (SET, SAT) has simple structure

!
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Four types of DAEs

Definition

» (E,A) is of type ODE :<= (E, A) = (1, J)

» (E,A) is of type nDAE :<= (E, A) = (N, I), N nilpotent (i.e. N¥ = 0)

» (E,A) is of type uDAE <= (E, A) = (diag(En, ..., Ex), diag(A41, ..., Ax)),

10 01
where  (E;, 4;) = ({ } ) [ }) underdetermined prototypes
10 01

» (E,A) is of type oDAE <= (E, A) = (diag(En, ..., Ey), diag(A1, ..., Ax)),
0 1
where (E“Az) = 1..' 5 0

-.0 oLl
1 0

overdetermined prototypes

Every DAE can be decoupled in these four types! » Quasi-Kronecker form
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Solution properties of DAEs

Quasi-Kronecker form
Theorem (Quasi-Kronecker Form, BERGER & T. ’12,’13)

For any E, A € RP*™ 3 invertible S € R and invertible T € R"*":

n
RE

where

Eo

Ao

v (Ey,Ay) is of type uDAE (underdetermined part)
Ej, Ay) is of type ODE (ODE part)

> (
y (En,An) is of type nDAE (nilpotent part)
> (

Eo, Ap) is of type oDAE (overdetermined part)
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Regularity
Definition

(B, A) is regular <= {=mnand det(sE— A)#0

Theorem (Regularity characterizations)

The following statements are equivalent:
y (E,A) is regular

(1 0] [J o o
y (B,A) = ([O N}’[O I]) (quasi-Weierstrass form)

y Ei = Ax + Bu has solution for all u and is uniquely determined by x(0)

Regularity means existence and uniqueness of solutions

BUT not for all initial conditions 2(0) = !

1 0. [oo0 1 B
Example: [O 0} = [O J x4+ [O} u ~ regular, but zo(t) =0 for all ¢
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Jump and flow

Questions

» How to find consistency space?
» What determines the jump z(07) — z(0™)?
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Wong-sequences and Wong limits

Definition (Wong sequences)
For E,A € R™™ let

Vo :==R", Vip1 := A"H(EV)), i=0,1,2,...
Wo:={0}, Wi =E'(AW;) , j=0,1,2,...

Here MS := {Mx |z € S} and M~ 'S := {x | Mz € S}

Wong limits

VoDVlD...DVi* ZVZ‘*+1:V1*+2:~-
WoCW1 C...C Wjx = Wjsy1 = Wjigo=...

Then we can define:  V*:=[,cy Vi =Vi» and  W*:=);cny Wj = W~
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Motivation of first Wong sequence

Definition (Consistency space)

The consistency space of Bt = Ax is

¢(p.a) = {0 € R" |3 sol. x of E& = Az with z(0) = zo}

Inductive refinement of consistency space

)

)

Initially no knowledge »» 1V = R" D &g 4) ~» trivial constraint i € V)
Ei = Az constraints z to x € A" {E&} C A~Y(EVy) = WV D ¢(E, )
(1) = limy, o 2=z ¢y

Ei# = Az constraints z to x € A~ Ei} C A=Y (EV)) =1 V2 D €(E,4)
B E€Vyw € AN (EVS) = V3 C € p)

V* D € 4y, infact, it turns out that V* = &g y)
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Regularity and Wong limits

Theorem (ILCHMANN ET AL. 2012)

y (B, A) is regular <= V*®W*=R" and EV* © AW* =R’
y T:=[V,W], S=[EV,AW]|~! whereimV = V* and im W = W* gives QWF

(SET,SAT) = (B ](\]/'] : B ?D

Definition (Consistency projector and differential /impulsive selectors)

» Consistency projector  II(g 4) =T é 8} T

: I 0
: : diff N
y Differential selector H(E,A) =T [0 0} S

y Impulse selector Hi{};‘fA) =T [8 ? Y

!
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Explicit solution formula for regular DAEs

S, T
Ei = Az + Bu (E,A) &

("~1 170D
Theorem (Solution formula, T. 2012)

(z,u) is a smooth solution of Ex = Ax + Bu <=

v—1

i t I . . . . .
z(t) = eAd'thH(EVA)x(O) + / eAd'ﬁ(t_s)Bd'ffu(s)ds - Z(E'mp)ZB'mpu(z)(t)
0 =0

— z =29 3 2IMP where

dlff AdlfFL + Bdlff xdiff(O) € im H(E,A)a diff(t) c V*
Eimpj;|mp _ CClmp + Blmpu’ Imp(t) c W*

Here v > 0 is smallest number such that N¥ = 0 and is called index of DAE
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Consistency projector

Corollary (Response to inconsistent initial value)

For u = 0 we have

2(07) =T a(07),  Tga=T[(§]T7" =1

Other jump rules

Wong-sequence based jump rule coincides with (COSTANTINI ET AL. 2013):

» passivity based energy minimization jump rule (FRASCA ET AL. 2010)
» Conservation of charge/flux (Liou 1972)
» Laplace transform approach (OPAL & VLACH 1990)
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Motivating example

t<0 t>0
i i
u(+) v L u(-) v L
inductivity law: L%i =0
switch dependent: 0=v—u 0=1

!
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Switched DAEs
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Motivating example

t<O0

Fi1z = A1z + Biu
on (—o0,0)

Eyx = Asx + Bou
on [0, 00)

— switched differential-algebraic equation

Stephan Trenn (Jan C. Willems Center, U Groningen)
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Solution of circuit example

t<0 t>0
v=u 1 =0
L%i:?) sz%i

Solution (assume constant input u):

u(t) i(t)
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Dirac impulse is “real”

Dirac impulse

Not just a mathematical artifact!

FIBRE TUBE

VIBRATOR

Drawing: Harry Winfield Secor, public domain Foto: Ralf Schumacher, CC-BY-SA 3.0
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Definition

Switch — Different DAE models (=modes)
depending on time-varying position of switch

Definition (Switched DAE)

Switching signal o : R — {1,..., N} picks mode at each time t € R:

E,1)®(t) = Ag)x(t) + By(pu(?)
y(t) = Coyx(t) + Do(pyu(?)

Attention

Each mode might have different consistency spaces
=> inconsistent initial values at each switch
= Dirac impulses, in particular distributional solutions

(swDAE)

Stephan Trenn (Jan C. Willems Center, U Groningen)
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Definition

Switch — Different DAE models (=modes)
depending on time-varying position of switch

Definition (Switched DAE)
Switching signal o : R — {1,..., N} picks mode at each time t € R:

E,t=A,x+ B,
ot = Lot oot (swDAE)
y=Cyx+ Dyu
Attention

Each mode might have different consistency spaces
=> inconsistent initial values at each switch
= Dirac impulses, in particular distributional solutions
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Distribution theory - basic ideas

Distributions - overview

» Generalized functions

y Arbitrarily often differentiable

» Dirac-Impulse ¢ is “derivative” of Heaviside step function 1jg

Two different formal approaches
1) Functional analytical: Dual space of the space of test functions

(L. Schwartz 1950)
2) Axiomatic: Space of all “derivatives” of continuous functions
(J. Sebastido e Silva 1954)
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Distributions - formal

Definition (Test functions)

Ci° :=={p:R = R |y is smooth with compact support}

Definition (Distributions)

D :={D:C5° — R | D is linear and continuous}

Definition (Regular distributions)
FE€ELLcR=R): fp:CP =R, o [pft)p(t)dt €D

Definition (Derivative) Dirac Impulse at o € R
D'(¢) := =D(¢") 3ty 1 C5° = R, ¢ (to)

(Ljo,00)p) () = = Jr Ljo,00)?’ = = Jo~ ¢ = —(p(00) = 9(0)) = ¢(0)
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Multiplication with functions

Definition (Multiplication with smooth functions)

a€C®: (aD)(y):= D(ap)

E,t = A,x + B,
ol = St Bl (swDAE)
y=Cyx+ Dyu
Coefficients not smooth

Problem: E,, Ay,Cy ¢ C*

Observation, for Oltitirr) = Pis 1e”Z:
Eott = Aqw + Bou & VielZ: (Epii)[thtz#l) = (Ap; + Bpiu)[tntwl)

y=Csx+ Dsu Yititinr) = (Cpt + Dp )y, 1,4)

BUT: Distributional restriction impossible to define (T. 2022)
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Dilemma

Switched DAEs Distributions

y Examples: distributional solutions y Distributional restriction not possible

y Multiplication with non-smooth y Multiplication with non-smooth
coefficients coefficients not possible

» Or: Restriction on intervals y Initial value problems cannot be

formulated

Underlying problem

Space of distributions too big.

!
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Piecewise smooth distributions

Define a suitable smaller space:

Definition (Piecewise smooth distributions Dpycoe, T. 2009)

|DpWCOQ = fD+ZDt

feCons
T C R locally finite,

€T | VteT: Dy =3y, als")
/o
Asthﬁ—l
i1 l; Lit

Stephan Trenn (Jan C. Willems Center, U Groningen)
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Properties of Dpyco0

» Cow "C" Dpweee and D € Dpyeoe = D' € Dyyeoo
» Well definded restriction Dpycoo — Dpwcoe

D=fp+> Di = Dy:=(fup+ Y, 6 Di
teT teTNM
»Multiplication with v = 3,7 cify, 1,.,) € Cow well defined:

CYD = Z a'i‘D[ti,ti+1)

VA
y Evaluation at t € R: D(t7) := f(t7), D(t") := f(tT)
D T
y Impulses at t € R: DJt] := 1€
0, tg¢T

Application to (swDAE)
(x,u) solves (swDAE) :&  (swDAE) holds in Dp,coe
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Relevant questions

E,z=A,x + B,

o = Lot Bl (swDAE)
y=Cyx+ Dyu
Piecewise-smooth distributional solution framework

n m V4
S DpWCOO’ S DprOO' y € Dpwcoo

y Existence and uniqueness of solutions?
y Jumps and impulses in solutions?
» Conditions for impulse free solutions?
» Control theoretical questions

= Stability and stabilization

= Observability and observer design

= Controllability and controller design

!
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Existence and uniqueness of solutions for (swDAE)

E i = A,z + B,u (swDAE)

Basic assumptions

o is piecewise constant and
is constant

J|(7<><>,o)

y (Ep, Ap) is regular Vp € {1,..., N}, i.e. det(sE, — Ap) 0

y 0 € Xy :i= {U:R—){l,...,N}

Theorem (T. 2009)

Consider (swDAE) satisfying the basic assumptions. Then

Vue Dg\];v(‘/’oo VY o € X¢ 3 solution x € [DZWCOO

and x(07) uniquely determines x.
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Inconsistent initial values

Ei = Az + Bu, z(0)=2"cR"
Initial trajectory problem = special switched DAE

T(—00,0) = ‘T((]foo,O)

) (ITP)
(Ex)[o,oo) = (Az + Bu)[O,oo)

Corollary (Consistency projector and Dirac impulses)
Unique jumps and impulses for ITP, in particular, for u = 0,
2(07) =TI 5 4)2°(07)
v—2

2[0] = = 3 (™) +1a0(07)5
=0
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Sufficient conditions for impulse-freeness

Question

When are all solutions of homogenous (swDAE) E i = Ayx impulse free?

Note: Jumps are OK.

Lemma (Sufficient conditions)
y (Ep, Ap) all have index one (i.e. (sE, — Ap)~! is proper)
= (swDAE) impulse free

» all consistency spaces of (Ep, Ap) coincide
= (swDAE) impulse free

!
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Characterization of impulse-freeness

Theorem (Impulse-freeness, T. 2009)
The switched DAE E & = A,x is impulse free Vo € ¥

& E,(I-T)I,=0 VYp,qe{l,...,N}

where I, := (g, 4,), P € {1,..., N} is the p-th consistency projector.

Remark
» Index-1-case = E, (I —1I;) =0 Vg
» Consistency spaces equal = (I —II;)II, =0 Vp,q

Stephan Trenn (Jan C. Willems Center, U Groningen) Switched differential algebraic equations: Jumps and impulses (32 / 43)



¥ universityof Observability
b groningen u

Contents

Introduction

Solution properties of DAEs

Switched DAEs

Observability
Definition
The single switch result
Calculation of the four subspaces
Summary

Stephan Trenn (Jan C. Willems Center, U Groningen) i i ial i i Jumps and impulses (33 / 43)



Observability
|}

Global Observability of Switched DAEs

System (swDAE)
U ] known o —Y
unknown z

Definition (Global observability)

(swDAE) with given o is (globally) observable :<
V solutions (Ul,xl,yl), (UQ,.’EQ,yQ) : (Ul,yl) = (U2>y2) = X1 =22

Lemma (0-distinguishability)

(swDAE) is observable if, and only if, ‘y =0andu=0 = z2=0

Hence consider in the following (swDAE) without inputs:

Ey,i = Az . . ?
and observability question: |y =0 =z =0

y=Cox

Stephan Trenn (Jan C. Willems Center, U Groningen) Switched differential algebraic equations: Jumps and impulses (34 / 43)
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Motivating example

System 1:
100 0 0 0
0 0 0)lz=10 1 O|=x
0 0 1 0 00

y=1[0 0 1]z

y=$3,y=i‘3=0, 1‘220, .i‘1=0
= x1 unobservable
o(): 1 =2

Jump in 21 produces impulse in y
= Observability

Question
Epx = Apx + Bpu not ?
y = Cpz + Dpu observable

System 2:
0 0 O 1 00
01 0jz=1(0 0 0|«
1 00 0 01
y=1[0 0 1]z

y=.’133=.’i’],$(}120, i:‘QZO
= x9 unobservable

o():2—=1

Jump in z2 no influence in y
= x9 remains unobservable

FE,t = Asx + Byu

observable
y = Cyx + Dyu

Stephan Trenn (Jan C. Willems Center, U Groningen)
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Theorem (Unobservable subspace, TANWANI & T. 2010)

For (swDAE) with a single switch the following equivalence holds

y=0 & z(07)eM

where

M :=¢&€_nNkerO_ Nker O Nker Oijr"p

In particular: (swDAE) observable < M = {0}.

What are these four subspace?

!
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The four subspaces
Unobservable subspace: M :=¢_Nker O_ Nker OI N ker Oifp, i.e.

z07)eEM & Yo =0 A yl0]=0 A yp) =0

The four spaces

» Consistency: z(07) € €_

» Left unobservability: y(_o0) =0 < 2(07) € ker O—
» Right unobservability: y(g ) =0 & 2(07) € ker O

» Impulse unobservability: y[0] =0 < 2(07) € ker Oirp

Question

How to calculate these four spaces?
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Consistency space
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z(07) € ¢_NkerO_ Nker O Nker OL_mp_ & y=

Corollary from QWF

where V* is the first Wong limit of (E_, A_).

!
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The spaces O_, O, and O

7 (E+7A+7C+)

(E-,A_,C-)
f—0 " i =AMy g = Adif
Hence y=C_z vy =Cyzx
Yooy =0 = 2(07) €ker[C_/C_AYF/C_(A4M)2/ .. /O (A%
and =0_
Yooo) =0 = x(0%) €ker[Cy/Cy ATT/CL(ATT? /- jCy (AT
= O+
ker Oy 3 2(0%) =42(07) = 2(07) € I} ker Oy =ker O, I1
=07
ial Jumps and impulses (39 / 43) |
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The impulsive effect
Assume (S E Ty, Sy ALTL) = ([6 1\9+

||

Definition (Impulse “projector”)

i 0 0
Hl_ir_np = T+ |:0 I:| S+ and

Impulsive part of solution:

n—1

z[0] =

i=0

Conclusion:
y[0]=0 = Ciz[0]=0 =

where

O .= [CLET™ / O (B

Ji 0
0 I

J)

ETP = TPE

)2/...

Dirac impulses

x(07) € ker Oi+mp

J Cy (B

Stephan Trenn (Jan C. Willems Center, U Groningen)
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7 (E+,A+,C+)
(B-,A_,C)
t=20 t

y=0 < 2(07)eC_NkerO_NkerO} ﬂkerOirp_
with
y €_ =V* (first Wong limit)
O = [C—/C_ATT|C (A2} .. O (AST)—1]
) Ojr _ [C+/C+Adiff/c (AdifF)Q/ L. /C (Adiff)n—l]n+
O =[O CLEP) [ - [ (BT

!
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Observability
oTrTm

Example revisited

System 1:
1 0 0 0 0 O
0 0 0J]z=1(0 1 0|«
0 01 0 0 0
y=1[0 0 1]z

()11 — 2 gives

¢_ = span{ey,es},
ker O_ = span{ej, ea}
ker O] = span{ey, ez, €3},

ker Oijrnp = span{ey, es}

= M={0}

System 2:
0 0 O 1 00
0 1 0lz=1]0 0 O|«x
1 00 0 01
y=1[0 0 1]z

o) 12— 1 gives

¢_ = span{ea},
ker O_ = span{ey, e2}
ker O = span{ey, ez},

ker O = span{er, ea, e3}

= M =span{es}

Stephan Trenn (Jan C. Willems Center, U Groningen)
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Summary
]

Overall summary

E,t = A,x + B,

ol = So® T Dol (swDAE)
y=Csx+ Dsu
Piecewise-smooth distributional solution framework
2 € DY coor wE Do, y € Do

y Existence and uniqueness of solutions?
y Jumps and impulses in solutions?
y Conditions for impulse free solutions?
» Control theoretical questions

= Stability v and stabilization 7

= Observability v and observer design v/

= Controllability v' and controller design ?

« Extension to nonlinear case ?

!
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