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Problem formulation

System class: Switched linear ODEs

T = Asx + Byu
y=Cox
o: [to,tf) — {0,1,2,...7m}
Ag, A1,..., Ay € R xn
By, Bi,...,By € Rrxm
Co,Cq,...,Cy € Rp>7

Related research

Reduced model

y=0Chrz
A\(),A\l,...,;l\m e Rnxn
By, Bi,...,By € R™*™
Co,Cl,...,Cm c Rpxn

» Simultaneous balancing (MONSHIZADEH et al. 2012)

» Output-depending switching (PAPADOPOULUS&PRANDINI 2016)

» Enveloping (non-switched) system (SCHULZE & UNGER 2018)

» Gramian-based approaches (PETREZCKY, GOSEA, ...)
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Novel viewpoint

Consider switched linear ODE as special case of time-varying linear system
&= A(t)r + B(t)u
y=C(t)

In particular, consider switching signal as given time-varying system parameter

Existing approaches unsuitable

Existing approaches (IMAE, SHOKOOHI, SILVERMAN, VERRIEST):
»  Smoothness of coefficients assumed

» Reduced model is fully time-varying (not piecewise-constant)
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Challenge: Mode-wise reduction

Naive mode-wise reduction is not working

Example:
on [to,tl) : on [tl,tf) :
t=[08]e+[i]u  &=[08]z+[i]u
y=[10]a y=lo1]a

Each mode is input-output equivalent to same scalar system

But outputs do not match anymore after switch!

Reducability of modes is effected by other modes

In example:
Second state is unobservable in first mode, but becomes observable in second mode
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Challenge: Different reduced state-dimensions

Reduced switched system with non-equal state-dimensions

Example: on [to,t1) : on [tl,tf) :
000 1 . 000 1
x:[loo}er[O]u z:{loo]er[O}u
000 0 000 0
y=[o10]z y=[100]z
Reduced system (with identical input-output behavior):
on [to, 1) : on [tl,tf) :
S99+ [flu A=0stu
y=[01]z° y=2z'

with concatination condition: z!(t1) = [10]2%(t1)

New system class: Switched ODEs with jumps

Model reduction leaves original system class in general.
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Challenge: Duration depend reduction

Reducability may depend on mode durations

Example: o5 (40, 41) : on [t1,t2) : on [ta, t7)
=0+ [i]lv  &=[¢]= #=0
y=[10]x y=20 y=[10]x

For to — t1 = 2k reduction possible to

on [to, 1) : on [t1,t2) : on [t2, 1)
0=0-224u no state $2=0
y=2° y=0 y=2"

For almost all other switching durations: First two modes not reducible!

Duration-dependent reduction methods?

Duration dependent methods not practical (numerically expensive, non-robust)
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More general system class

Switched linear ODEs with jumps

ik = Akxk + Bru, on (tg,tk+1)
ot h(th) = Tz (tr), k=0,1,2,..., a7 '(t;):=0
Y= Crz®

Key features:
» states z¥ : (t1,tx41) — R™ may have mode-dependent dimension

y Jp : R™-1 — R™ defines jumps at switch
y Certain switched DAEs E,& = Ayx + Byu, y = Cyx fall into this class

y Reduced model in same system class

Stephan Trenn (Jan C. Willems Center, U Groningen) Model reduction for switched linear systems (6 / 16)



B e
!

Content

Introduction

Reduced realization

Time-varying Gramian-based reduction




p7 Reduced realization
3
Kol n _smsmms]

Reduced realization

Question

Given: Switched ODE with jumps and known mode sequence
Sought: Reduced switched ODE with jumps with same input-output behavior

Key reduction intuition

States which are unreachable and unobservable can be removed
BUT: Reachability and observability are not local properties anymore
AND: Exact reachability and observability spaces are time-varying during modes

Definition (Reachability + Unobservability spaces)

Rig.r) = {z(t7) | I sol. (z,u) of Ty with z(ty) = 0}
Usy) = {2(t™) |3 sol. (z,u = 0) of £, with y =0 on [t,¢f)}
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Recursive expressions for reach./unobs. spaces

Theorem

Fort € (tg,tky1): Ritot) = eet=te) My 1 + Ry

where Mkfl = R[toytk) and Rk = im[Bk, AkBk, ceey Azk_lBk] = <Ak| im Bk>.

Fort € [tk tg+1): _ el
u[t,tf) — o~ Ak(trs1 t)JkilNk-H N U

where Ny :=Upy,, | 1) and Uy =ker[Cr/CrAy/ ... [CLAR ] = (ker Cy| Ay)

Eliminate time-dependence

For any subspace S C R™ and any matrix A € R"*"™:

VteR: (S| A) CetlSC(A]S)
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Extended reach. / restricted unobs. space

M = 6AkaJkMk_1 + Ry Ny = €_Ak7kjl;:1./\/'k+1 N Uy,
Extended reachable space Restricted unobservable space
EO =Ro _ gm = Unp .

R = (Ag | JgRr_1) + R Uy = <J,;_:1Z/[k+1 | Ay + Uy

Theorem (Properties of extended reach. / restricted unobs. space)
y Rp 2 M = 'R[ in fact, Vt € (tg,tpr1) : R 2 R[t[),t)
) Hk CN, = U[tk’tf), in fact, ¥t € (tx, tkr1) :Hk - u[t,tf)

to,tk41)’

» Ry # R™ ~ uniformly unreachable states in mode k
y Uy, # {0} ~ uniformly unobservable states in mode k
» Ry and Uy, are both Aj-invariant

!
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Weak Kalman decomposition

Theorem (Weak Kalman decomposition)

For (A,B,C) let R 2 im B and U C ker C' be two A-invariant subspaces.
Let T = [Th, T, T3, Ty] invertible with

im7) = ﬁﬂg, im[T]_,TQ} =R, im[Tl,Tg] =U
then
A1l A12 p13 14 Bl
_ _ 22 24
(T YAT,T 1B7CT) = (l 8 AO A%a £34‘| ) lB()2‘| ,[OC2OC4]> .
0 0 0 A 0

In particular, CeAtB = Che?22! By

With above notation let V :=T5 be the weak-KD-right-projector and W the
corresponding rows in T~ ! be the weak-KD-left projector.
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Proposed reduction method based on weak KD

ik = Akxk + Bru, on (tg,tpr1)
So o 2F() = BTy, k=0,1,2,..., a2 '(t;):=0
Y= Crz®

Reduction algorithm

Step 1a: Calculate extended reachable spaces Ro, Ri, ..., Rm
Step 1b: Calculate restricted unobservable spaces Uy, Uy—1, ..., Uy

Step 2: Calculate weak-KD-left/right-projectors Wy, V

Step 3: Calculate reduced modes (ﬁk,ék,@c) = (Wi ApVie, Wi B, Crc Vi)

Step 4: Calculate reduced jump map jk = Wi Vi1
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Properties of this reduction method

Reduction method is implementable

Method only depends on mode sequence of switching signal, not mode duration.

Theorem

Original and reduced systems have identical input-output behavior.

Theorem

Applying procedure on reduced system doesn’t lead to further reduction.

Open question

Does this procedure lead to minimal realization for almost all switching durations?
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Further reduction

Next step: Remove difficult to observe and difficult to reach states

Define suitable reachability and observability Gramians

t
PE(t) = / eAo(—10) gy BT A3 T~t0) gy, ¢ € [to, t1],
to

PE(t) 1= e tk) 1P (1), e (=)

t
" / T B Bl T dr,  t € [ty traa).
Sk

tr
Q; (t) = / 6A;lr (tf_T) Cl;lrcmeAm(tf_T)dTv te [tmv tf]7
t

.
Q7 (t) := Ak (3k+1—t)J];r+l Qz_i_l(tk+1)Jk+1eAk(tk+l_t)

Trt1
+/ e 1= DO Cpetet1=)dr, ¢ € [ty thya].
t

!
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Reachability /unobservability spaces and Gramians

Theorem
Vt € [th,tir1) 1 M PL(t) = Ry, and ker QF (t) = Uty

Directly using these for balanced truncation?
» Fully time-varying: Balance-based projectors time-varying
~» leaves system class of switched ODEs (with jumps)

» Quantitative reachability / observability properties depend on mode durations
~» Duration dependence cannot be eliminated

» P7(ty +€) is dominated by reachability properties Py (t)) of past
~ reachability properties of current mode not significantly visible in P7 (¢, + ¢)

» Analogously for Q7 (t.11 — ¢) which is dominated by the future ~ observability
properties of current mode not significantly visible in QF (t;11 —€)
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Midpoint based balanced truncation

mg = (tg + trt1)/2
Use midpoint-Gramians

Use P (my,) and QF (my,) for balance truncation of mode k!

Reachability and observability assumption required

Invertibility (positive definiteness) of Gramians
< R[to,f,) = R"k and u[t,tf) = {0} for all ¢ S (t(],tf)

Minimal realization

Similar as in time-invariant setup: Remove unobservable and unreachable states first
~ reduced realization discussed earlier
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Overall reduction algorithm

ik = Akxk + Bru, on (tg,tkr1)
So o 2F() = BTy, k=0,1,2,..., a2 '(t;):=0
Y= C’kxk

Algorithm

Step 0: If necessary reduce system via weak Kalman decomposition

Step 1: Calculate midpoint Gramians P} () and Qf (my,)

Step 2a: Based on singular values of Py (1m;,) Q7 (my,) decide on reduction order 7,
Step 2b: Calculate left/right projectors Wy, V. via standard balanced truncation

Step 3: Calculate reduced modes (ﬁk7§k,6’k) = (W AVie, Wi By, Ci, Vi)

Step 4: Calculate reduced jump map fk = Wi JpVi_q

!
Stephan Trenn (Jan C. Willems Center, U Groningen) Model reduction for switched linear systems (16 / 16)



	Introduction
	Reduced realization
	Time-varying Gramian-based reduction

