Stability analysis of switched nonlinear differential-algebraic equations
via nonlinear Weierstrass form

Yahao Chen'! and Stephan Trenn?

Abstract—In this paper, we propose some sufficient condi-
tions for checking the asymptotic stability of switched nonlinear
differential-algebraic equations (DAEs) under arbitrary switch-
ing signal. We assume that each model of a given switched
DAE:s is externally equivalent to a nonlinear Weierstrass form.
With the help of this form, we can define nonlinear consistency
projectors and jump-flow solutions for switched nonlinear
DAEs. Then we use a different approach from the paper [12]
to study the stability of switched DAEs via a novel notion
called the jump-flow explicitation, which attaches a nonlinear
control system to a given nonlinear DAE and can be used to
simplify the common Lyapunov function conditions for both
the flow and the jump dynamics of switched nonlinear DAEs.
At last, a numerical example is given to illustrate how to check
the stability of a switched nonlinear DAE by constructing a
common Lyapunov function.

I. INTRODUCTION

We study switched nonlinear differential-algebraic equa-
tions (DAEs) of the following form

2o Ey(x)t = Fy(x), (D

where 0 : Z — N is a right continues switching signal
with a locally finite number of jumps, A := {1,..., N}, the
integer N is the number of DAE models and Z C R is a time
interval. The variables x € X are called generalized state and
X is an open subset of R™ (or an n-dimensional manifold).
For each p € NV, the maps E, : TX — R™ and F), : X —
R™ are C°°-smooth, where T'X denotes the tangent bundle
of X. In recent decades, there have been increased interests
on the linear case of (1), i.e., a switched linear DAE

A, : FE &= H,uz, )

where £, : R® — R™ and H, : R® — R" are linear
maps for each p € N. Some results on the stability analysis
of switched linear DAEs can be found in e.g., [11], [24],
[26], [21], [16] using Lyapunov method and linear matrices
inequalities (LMIs) technique, and in [24], [13], [25] with
the help of commutativity conditions of matrix pencils.
Some results on the existence and uniqueness of C!-
solutions of nonlinear DAEs (i.e., the non-switching case of
(1)) can be consulted in e.g. [15], [14], and our recent papers
[6], [3]. Unlike ordinary differential equations (ODEs), the
C!-solutions of a DAE = exist only on its consistency space
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¢ (see section II below), which is in general a subset of
X. So for any inconsistent initial point xg, i.e., o ¢ €,
there does not exist any C 1_solutions, then there has to be a
jump or an impulse which steers x( into a consistent point
of €. Note that this inconsistent initialization problem can be
frequently caused by switching behavior of switched DAEs
because the switching point on the trajectory of the model
before switching is usually not on the consistency space of
the model after switching, so defining and analyzing jumps
and impulses play important roles for studying solutions of
switched DAE:s.

Compared to the rich literature for switched linear DAEs,
there are much less results concerning switched nonlinear
DAE:s. The challenges of studying switched nonlinear DAEs
are multi-fold. For example, the distributional (generalized
function) solution theory is a well-established framework
for the discontinuity problems of (switched) linear DAEs,
see [8], [18], [17], [20], while it may not be a suitable
setting for nonlinear ODEs or DAEs, because e.g., the image
of a nonlinear map applied to a Dirac impulse J is not
well-defined in general. Moreover, canonical forms as the
Weierstrass form [22] (see (3)) decouple any linear DAE into
its ODE part, which represents the flow dynamics, and its
nilpotent part, which is related to its impulses and jumps. By
using the Weierstrass form, it is always possible to construct
the linear consistency projector, which defines a unique jump
from any given inconsistent initial point to a consistent one.
Nevertheless, obtaining a fully-decoupled normal form for
nonlinear DAEs has been an open problem for decades,
some efforts have been made for studying normal forms of
nonlinear DAEs, see e.g. [2], [7], [3].

The first paper to rigorously study switched nonlinear
DAE:s of the form (1) is [12] and it is a significant inspiration
for the present paper. However, the jump rule in [12] (see also
(11) below) was shown in [4], [5] to be not consistent with
nonlinear coordinates changes, i.e., it is not coordinate-free.
In the present paper, we will use a nonlinear Weierstrass form
from [3] (see Definition 2 below), by which we can define a
coordinate-free nonlinear consistency projector (Definition 5)
and obtain an impulse-free condition (see condition (A2)
below). Moreover, we will introduce a novel notion called
jump-flow explicitation of nonlinear DAEs, which allows to
study the jump-flow behavior of nonlinear DAEs with the
help of nonlinear control system theory. Our main result, i.e.,
stability analysis for switched DAEs, is given using jump-
flow explicitation, the advantages of using this notion are
discussed in Remark 17 below.

This paper is organized as follows. We recall the nonlinear



Weierstrass form from [3] and discuss C!-solutions and
jumps of nonlinear DAEs using such a normal form in
Section II. The definition of jump-flow explicitation and
the main results of the paper are given in Section III. We
give an example in Section IV to illustrate our results of
the stability conditions for switched DAEs. The conclusions
and the proofs are put into Section V and the Appendix,
respectively.

We will use the following notations for the present paper.
We denote by C* the class of k-times differentiable functions.
For a map A : X — R™" and ker A(z), Im A(z) are
the kernel and the image of A at z, respectively. For two
column vectors v; € R™ and vy € R™, we write (v1,v2) =
[T, vF]T € R™*". We denote by GL(n,R) the group of
n X n invertible real matrices. We call a function f : X — R
positive-definite if f(0) =0 and f(z) > 0, Vx € X\ {0}.

II. NONLINEAR WEIERSTRASS FORM FOR DAES

Recall that for a linear DAE A FEz = Hux, the
consistency space € is a linear subspace that can be identified
by the Wong sequence [23],

% =R", ¥ =H'EY, i>1,

the consistency space € of A coincides with the limits 7™ :=
¥, of the sequence ¥;. In particular, the DAE A is called
regular if det(sE — H) € R"*"[s] \ {0}. A linear regular
DAE A = (E,H) is always (externally) equivalent (see
Definition 1 below for nonlinear DAEs), via two constant
invertible matrices Q and P, to the Weierstrass form [22],
[1], given by A = (QEP~',QHP™ 1),

R 1 R L S
0 N $.2 0 In2 To ’

where A; € R™*™ and N = diag {Ny,...,N,} €
R”2%"2 is a nilpotent matrix, and where N/ ™' # 0, N/* =
0 for v; > 1 and if xé—subsystem is absent, then v; = 0. The
index v of A is defined by v := max{r;,1 < i < a}. The
consistency projector of A [17], [11] is defined by

Mg =P ' [l 0] P 4)

For a given inconsistent point z;, € R™\¥™, the jumping
point x € € from x; is unique and is defined by z{ =

Now we recall and introduce some notions for nonlinear
(non-switched) DAEs of the form

E: E(z)z=F(z), %)

we denote shortly the above DAE by E = (E, F'). We call
a Cl-curve z : Z — X a Cl-solution of Z if E(z(t))i(t) =
F(x(t)), Vt € Z. We call a C'-solution x : Z — X maximal
if there is no other solution  : Z — X with Z C 7 and
z(t) =Z(t) forall t € Z. A point . € X is called consistent
if starting from x., there exists at least one C L_solution. The
set of all consistent points is called the consistency space,
denoted by €. We call = internally regular if starting from
any consistent point z. € €, there exists a unique maximal
C!-solution. The consistency space of = can be identified

by constructing the sequence of submanifolds (by assuming’
that each M}, is a smooth connected embedded submanifold
on X): My =X,

M, = {IC € Mp_1 |F(l) c E(:L’)Tkafl}, k> ]., (6)

where T, M; C R™ denotes the tangent space of the
submanifold M}, at x € Mj,. The last approach is called the
geometric reduction method [15], [14], [6], [3], [7] and it is
proved in [6], [3] that the limit M* := M,, of the sequence
M, coincides with the consistency space € of =.

Definition 1 (external equivalence [3], [4]). Two DAEs
E=(FE,F)and 2 = (E, F) are called externally equivalent,
shortly ex-equivalent, if there exist a diffeomorphism v :
X — X and a smooth map Q : X — GL(n,R) such that

B(u(a)) = QB (752 )
F(p(x)) = Q) F(x).

Note for two ex-equivalent systems = and =, a trajectory
xz:7Z — € is a Cl-solution of = if, and only if, Yoz is a
Cl-solution of é, however, since v is not only defined on
the consistency space, the two systems are also expected to
behave equivalent for inconsistent initial values.

Definition 2 (nonlineaNr Weierstrass form [3], [4]). We say
that a nonlinear DAE = is represented in a nonlinear Weier-
strass form if = is of the form

L0 & _ [ f(&)
(NWh [0 N} {52] - { & ] !
where £ = (&1,£) € X; x X9 C R™ x R™ are the
generalized states, f(z is a star domain with respect to the
origin (i.e. for each & € X, also A&, € X, forall A € [0,1]),
f*(&1) is a vector field on X; and N € R™*"2 is a nilpotent
constant matrix as in (3). In particular, if N = 0, we say that

= is in an index-1 nonlinear Weierstrass form (INWF).

Remark 3. Necessary and sufficient conditions for the
problem that when a nonlinear DAE is ex-equivalent to the
(NWF) can be found in [3], but those conditions depend on a
non-uniquely defined control system (explicitation) attaching
to the DAE and are not easy to be checked. However, in
[4], [5], we have shown that under some constant rank and
regularity assumptions, a DAE = = (E, F') is (locally) ex-
equivalent to the (INWF) if and only if = is index-1 and the
distribution defined by ker E is involutive, which are easily
checkable conditions.

Lemma 4. If a DAE = is ex-equivalent to =, represented in
the (NWF), via a smooth map @Q : X — GL(n,R) and a

diffeomorphism ¢ = (1, 12) = (&1,&2), then we have
(i) the ODE & = f*(&1) has isomorphic C-solutions with
= ie, acurve v : T — X is a Ct-solution of Z if and

Note that the assumption is simplified to adjust the purpose of the present
paper, in general, M}, is a subset of Mj_; and we may need to take a
neighborhood Uy, C X such that M NUy, is a smooth connected embedded
submanifold, see [3], [7]



only if (€1(1), £2()) = (11 (2(1)).,0) is a solution of the
(NWF);
(i1) the consistency space is

CE) = M*(E) = {z € X[tha(z) = 0};  (7)

(iii) the DAE Z is internally regular.

Proof. The ex-equivalence defined by the invertible maps @
and the diffeomorphism 1) preserves C!-solutions. So £(t) =
(&1(t),0), where & (t) is a solution of ODE &; = f*(&), is
a Cl-solution of = if and only if z(t) = ¢~ (&(t)) is a C'-
solution of =. It follows that the consistency spaces of = and
= coincide. By a directly calculation of the sequence M}, (Z)
via (6), we get €(2) = M*(Z) = {5 € X‘ & = O}, S0
item (ii) holds. Item (iii) is a direct consequence of item
(). O

Now in the same spirit of defining the linear consistent
projector Il i of (4), we define the nonlinear consistency
projector as follows.

Definition 5 (nonlinear consistency projector). Consider a
DAE = = (E,F) and assume that = is ex-equivalent to
the (NWF) via a (Q-transformation and a diffeomorphism 1.
The nonlinear consistency projector Qg p : X — M* of =
is then defined by

QE,F = d)il omo,

where 7 : R® — R" is the canonical projection attaching
(&1,&2) ¥ (&1,0). In particular, the map Qp g restricted to
¢ = M* is the identity map.

Remark 6. The intuition behind the above definition is that,
given a DAE in the (NWF), an inconsistent initial point
& = (£10:&50) & M* (ie., & # 0) must jump into & =
(&19,0) € M*, ie., only {;-variables are allowed to jump,
because any jump of &;-variable will cause a Dirac impulse §
on the left-hand side of the ODE & = f* (&1), then f*(&) has
to produce the same impulse term to equalize the equation,
which may not be possible, the jump &, — O of the &»-
variables also results in an impulse term on N&s, but we
can still solve the linear DAE N ég = &5 in the distributional
(generalized function) sense and the distributional solution
(see e.g., [17]) at t = 0 can be expressed as

v—2
&[0 = =) N80 )
i=0
However, the interpretation of this impulsive solution in the
original coordinates is still unclear and outside the scope of
this paper. Nevertheless, we can still call a solution impulse-
free (in the original coordinates) if the expression (8) for a
specific initial value evaluates to zero.

ITI. STABILITY ANALYSIS OF SWITCHED DAES VIA
JUMP-FLOW EXPLICITATION

Consider a switched nonlinear DAE =, given by (1). We
assume that

(SL) For all modes =, = (E,, F,) of Z, we have that all
local C!-solutions of =, on X can be extended to Z =
[0, 00).

(NF) Each DAE model =, = (E,,H,), p € N, of =,
is ex-equivalent to its (NWF) on X via a smooth
map @, : X — GL(n,R) and a diffeomorphism
Vp = (Y1p,¥2p) + X = Xpx = (§1p,&2p) =
(PV1p(2), Y2p ().

Note that by the definition of the (NWF), any jump
(&1p, &2p) = (€1, 0) is well-defined and stays in Xp C R™.
Then with the help of the nonlinear consistency projector
of Definition 5, we define the jump-flow solution of the
switched DAE =, as follows.

Definition 7 (jump-flow solution). Let o be a switching
signal with k switching times at t1,...,t; € Z, respectively,
where Z = (to, tx+1) is an open time interval. A jump-flow
solution of =, is a piecewise Cl-curve x : Z — X such
that for all 0 < ¢ < k, the curve z is a C'-solution of
Eo(+) On (ti,ti+1) and the jump x(t;) — x(t]) is defined
by the nonlinear consistency projector of Definition 5, i.e.,
x(t7) = Qp, p,(x(t;)) with p = o(t]). For convenience
let x(t;) = x(t]).

The following proposition is a straightforward conse-
quence of Lemma 4 and Definitions 5 and 7.

Proposition 8 (existence and uniqueness of solutions).
Consider a switched DAE =,, given by (1), assume that
conditions (SL) and (NF) are satisfied. Then there exists
a unique jump-flow solution x : [0,+00) — X of E, for
any initial point x(0) = xy € X.

Similar as in [11], [12], impulse-freeness is relevant for
the stability analysis of the switched nonlinear DAE (1). In
view of (8), an initial value for (5) results in an impulse free
solution if and only if &, € ker N. Thus in the original
coordinates, if the inconsistent initial point satisfies

xg € Mip:={zx € X| Niy(x) =0}, )

then the jump z; — 2§ = Qg r(zy ) results in an impulse-
free solution. Extending this argument to the switched non-
linear DAE =, satisfying (SL) and (NF), impulse-free jump-
flow solutions can be guaranteed by assuming the following
condition:

(IF) the submanifolds M* and M., defined by (7) and (9),
respectively, of each model =, of &, satisfy

Vp,q e N: M*(Z,) € Mip(Z,).

Based on the analysis above, the result of the following
proposition is clear.

Proposition 9 (impulse-freeness). For a switched DAE =,
under the assumptions (SL) and (NF). If condition (IF)
holds, then for any initial point xo € Mjp(Z,(0)), any jump-
Sflow solution x : [0,+00) = X of Z, is impulse-free.

Remark 10. Note that even for a stable (see Definition
12) switched nonlinear DAE satisfying (SL), (NF), (IF),



jump-flow solutions can still be impulsive because if the
initial point z, ¢ M;(E,(0)), the initial jump z5 ¢
M;jp(E50)) = 2§ € M*(E,(0)) can still produce impulsive
terms. So if we want all jump-flow solutions are impulse-
free, we must choose an initial point x5 € M7 (Zq(0))-

Remark 11. For a switched linear DAE A, given by (2),
the distributional solution is impulse-free [11], [12] if

VP,QGNIEq(IfﬂEqu)HEWHP =0, (10)
where Ilg, g, is the linear consistency projector of A,
defined by (4). Let @, and P, be the two invertible

matrices such that A, is ex-equivalent its Weierstrass
form via Q, and P, then we have E (I — Ilg, u,) =

Q7 [ 4| PP PP [ 81 P = [8.8,] Py =

[ NqOP; ] , where P, = P% . Notice that ImIlg, g,
¥*(4Ag), the latter is the limit of the Wong sequence ¥;
of Ay. It follows that (10) is equivalent to
Vp,q € N : ¥*(A,) C ker N, P?.

It is seen that condition (IF) is a nonlinear generalization
of (10). A different impulse-free condition for switched
nonlinear DAEs is given by the jump rule

Vp,q € N Vay € €(Z,) :ad —xy € ker Ey(zg), (11)
shown in assumption A4 of [12]. We have illustrated in [4],
[5] that even for non-switched DAEs, the jump rule (11)
is not consistent with nonlinear coordinates transformations,
i.e., not coordinate-free, we may get different jumping point
xar depending on different coordinates chosen for the DAE.

Given any internally regular DAE = = (E,F), if
F(0) = 0, then . = 0 is clearly consistent and is also an
equilibrium of Z, because z(t) = 0 is the only C'-solution
passing through z, = 0. Consider a switched DAE Z,,
the following assumption assures that z. = 0 is a common
equilibrium for all models =,,.

(EQ) For all modes =, = (E,, F},) of 2, we have F,(0) = 0.

Definition 12. The equilibrium z. = 0 of Z,, is called stable
if for any £ > 0, there exists § > 0 such that all jump-flow
(0)|l < ¢ satisfy ||z(t)|| < € for all £ > 0;
the DAE E, is called globally asymptotically stable if z. = 0
is stable and all jump-flow solutions converge to zero.

Before giving the main result of the present paper, we
introduce the following notion of jump-flow explicitation,
which is a nonlinear control system, associated with any
(non-switched) DAE being ex-equivalent to its (NWF).

Definition 13 (jump-flow explicitation of DAEs). Consider
a DAE £ = (E,F), given by (5), assume that = is ex-
equivalent to the (NWF) via a smooth map QQ : X —
GL(n,R) and a diffeomorphism ¢ = (¢1,2), the jump-
flow explicitation of Z is the following nonlinear control

system
&= f(x) + ) g (@)vi = f(a) + g°(a)v,
i=1

y = h®(x),
denoted by ¢ = (f¢, g% h¢), where v € R™ is an input
vector and m = ngy is the dimension of &£»-subsystem in the
(NWF), and

AN o\
() Ut e = (5) alrw

Note that condition (EQ) implies that f¢(0) = 0
because Q(0)F(0) = [f (1/;1(0))} = 0 and f°(0) =

. 2(0)
A A O —
(ﬁ) [/ o] =g,

Remark 14. (i) It can be seen that any C!-solution of the
DAE = coincides with a solution of the control system
Y. under the constraints 0 = y = h®(z) = q(x), ie.,
a solution of the zero dynamics (see e.g., [9]) of X.
Observe that the zero dynamics of ¥ is actually the ODE
& = f*(&1), which has isomorphic C!-solutions with
E (see Lemma 4) and can be written as & = f¢(z) in
x-coordinates. A jump-flow solution z(¢) of E starting
from any initial point (consistent or not) xg can be
expressed as x(t) = <I>tfe o Qg F o xg, where o/ is

e 12)

the flow map of the vector field f¢, ie., fe(z ) =
fe

M lt=0. Note that the vector field f¢ plays the

same role as the flow matrix AN = p=1 [41 0] P for

a linear DAE A, see e.g., [11], [19].

(ii) The nonlinear consistency projector (g r can be seen
as the flow map ®° (z) of the vector field v® :=
—g°h® for 7 = +o00. Indeed, the canonical projection
7 attaching (&1,&) + (£1,0) coincides with the flow
map @2 (¢) of the vector field 7¢ = —[.2]&
for 7 = +4o00. Observe that v¢ = g—fve, thus by,
e.g., Proposition 1.1 of [10], their flow maps satisfy
Y (z) =y 0@V (z)0op = om0 = Qp .

Theorem 15. For a switched nonlinear DAE =, given by
(1), assume that conditions (SL), (NF), (EQ) are satisfied.
Let a control system Y5 = (fy, gy, hs) be the jump-flow
explicitation of the model Z, for each p € N. Then the
switched DAE =, is globally asymptotically stable, uniformly
for arbitrary switching signal o if there exists a common C* -
positive definite (Lyapunov) function V : X — R such that
the level set L, := {x € X |V (z) < a} is compact for every
a€V(X) and Vp,q € N :

ov
"W @) <0, vee MU EN©0),  a3)
aV( ) e -
5 vy(r) <0, Voe M*(Z,), (14)
where vy, := —gphy, is a vector field on X.

The following lemma is crucial for the proof of Theo-
rem 15 and shows a connection between the above results
and those in [12].



Lemma 16. Condition (14) is equivalent to the following
condition (it is also condition (14) in Theorem 4.1 of [12])

V(Qg,.r,(z) —V(z) <0, Vze M (E,). (15)

The proofs of Theorem 15 and Lemma 16 are given in
Appendix. For the proof of Theorem 15, we first show the
stability of z. = 0 and then the asymptotic stability of
=5, which is different than the proofs in [12]. We now
discuss the connections and differences between Theorem 15
of the present paper and Theorem 4.1 of [12]. Both of the
two theorems provide sufficient conditions for asymptotically
stability of switched nonlinear DAEs from a similar intuition,
i.e., to find a common Lyapunov function V' (x) decreasing
along both the flow and the jump dynamics of each DAE
model Z,. The main difference is that Theorem 15 gives
conditions based on the jump-flow explicitation ¥ = (f, g, h)
rather on the original DAE = = (FE, F'), the advantages of
using explicitation are explained in the following remark.

Remark 17. (i) The construction of the Lyapunov func-
tion V(z) for the flow dynamics (C!-solutions) of
each DAE model =, shown in Definition 2.5 of [12]
requires the existence of a map JF, such that a‘g—f) =
Fplz, Ep(x)z), Vo € €(E,) and z € T,,€(E,) to define
V(z) := F(x, Fy(x)). While we can see from (13) that
the differentiation of V() along the flow dynamics of
=, can be explicitly expressed as V() = 0‘37?) fy(x)
since the flow dynamics of =, coincides with the zero
dynamics & = f5(x) of the explicitation X, (see
Remark 14(1)).

(i1) Condition (14) is shown to be equivalent to (14) of The-
orem 4.1 in [12] by Lemma 16. Both conditions mean
that V(x) decreases along any jump z, € M*(Z,) —
xg = Qp,.r,(zy) € M*(Z,). Note that v}, = —gphy
is a vector field whose flow map <I>Z” coincides with
nonlinear consistency projector {1, p, (see Remark
14(ii)), so condition (15), which is not involved with the
set value map Qg, m,, is actually a stability condition
for the ODE & = vy (z). Since both f7 and vj are both
vector fields, a straightforward corollary of Theorem 15
is that if V(z) is a common Lyapunov function for a
switched ODE with both & = f/(z) and & = vj ()
as switching models, then V(x) is also a common
Lyapunov function for the switched DAE =,.

IV. EXAMPLES

Consider a switched nonlinear DAE =, with the gener-
alized states x = (z1,22,73) € X = R3 and two models
El = (El,Fl) and EQ = (EQ,FQ), where

0x zo+x1(z3—(e"311)>

? Oljl ’ Fl(x) = |: o 1-7523‘1'51'33 1) ) )

3 z3

(#1)?4+100 —z1

(e1)*+1 0 o} , Fa(z) = [””2”1(“1)} :
z3+(z1)?

The DAE = is ex-equivalent to

via the diffeomorphism )4 (x) (Z1,T2,23) = (€"321, 22+
3 _et3
x1x3,23) and Qq(x) = 68 % %} the DAE =, is ex-

equivalent to

. —Tq

5 [538] 5] = [=2=

—a N z ’
000 #s T2

via the diffeomorphism s (z) = (%1, T2, T3) = (z1, z2 +
113, w3+ (71)?) and Qo = Observe that both =;

[—1 1 o}
_ 001
and =, are in the (NWF). It follows by (7) and (9) that

M*El {1’€R3‘.’£2_$3—0}
M*(EQ {I€R3‘$2+1}11‘3—1‘3+(1‘1)2:0},
Mje(E1) = {z € R |2y + z125 = 0}, M[p(E2) =R®.

It can been seen that conditions (SL), (NF), (EQ) and (IF)
are all satisfied. The jump-flow explicitations of =; and =s,

constructed by Definition 13, are X = (ff, g%, h§) and
25 = (f5, g5, hs), respectively, where
—(xl)3 0 —x
= [ L] sie= [farte].
0 0o 1
1
h?(.ﬁ): [m—;ﬁm} ’ f2( ) )x+1 |:2(m_1)22ylm3:| )
0 0 To+T1x
o5) = [§-5:] hy(w) = L;W%] '
A direct calculation gives
xr1x3 0
Uf:—gf T: |:a:2931(a:3)2:| , US:—g2h2_ |:($1) —1z:| .
—x3 (901) —T3

We construct the following common Lyapunov function
candidate:
1

§(I1)2+

1 1 1
<)t + 5 (@2 + w123)” + 5(1’3)2-

Viz) = 1

For a function V X — R and a vector field f :

X — R", denote L;V(z) := BV(E f(z), then we have
LyV(@)lyz) = —e*((z)! + (2 1)6) < 0, Vo €
MY EN0}: Ly V@)@ = (@) + (@)as
(r3)? = —(aL‘l)6 —2(r)* < 0, Vo € M*(Zp);
LisV@heey = ~@) + G5 = ~@) -

4
A <0, Vo € M*(E)\{0}; LugV(@)luz) = 0,
Va € M*(Z). Hence conditions (13) and (14) are satisfied
and the switched DAE =, is globally asymptotically stable
under arbitrary switching signal.

Consider an initial point z; = (—1.5,0.75,0.5) €
M7;r(E1) and a switched signal ¢ with o(0) = 1 and
switches at ¢ = 0.3,0.6,1.2,1.8, ..., respectively. Observe
that z; ¢ M*(Z;), so we have an initial jump z; —
g € M*(Z), given by 2 = Qp, u, (v5) = (—1.5,0,0),
where (g, m, is the nonlinear consistency projector of =;.
We draw the jump-flow solution of =, starting from z in
the following figure, this jump-flow solution is impulse-free
(because xz, € M;(E1) and (IF) holds) and converges to
Zero.
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Fig. 1: z1-axis: M*(Z1), light blue curve: M*(Z5), dark red curve: C'-
solutions of =1, dark blue curve: C!-solutions of =s, dashed lines: jumps.

V. CONCLUSIONS

In this paper, we use a nonlinear Weierstrass form to
define the nonlinear consistency projectors for nonlinear
DAEs. The nonlinear consistency projector can be used to
calculate the consistent initialization jump and to formulate
an impulse-free condition for switched nonlinear DAEs. New
sufficient conditions are provided for a switched nonlinear
DAE being globally asymptotically stable under arbitrary
switching signal, those conditions are derived with the help
of the jump-flow explication of each model of the switched
DAE.

APPENDIX

Proof of Theorem 15. Step 1: We prove that t — V(x(¢))
is monotonically decreasing for any jump-flow solution x :
[0,00) — X of Z,. For any interval Z; C [0,00) without
switching times, (t) is a C*-solution of the model =p, where
p = o(t) for any ¢ € Z;, so z(t) is also a solution of the
ODE # = f5(x) defined on M*(Z,) (see Remark 14(i)). By
(13), we have V (z(t)) = %f;(x(t)) < 0, Vt € Z;. For any
switching time t;, denote ¢ = o(¢;) and p = o(t]), then
2(t7) € M*(2,) and 2(tF) = Qi 5, (2(17)) € M*(S,),
thus by (15) of Lemma 16, we have V (z(¢;)) =V (z(t;)) <
0. Hence ¢ — V(z(t)) is decreasing on the whole interval
[0, 00).

Step 2: We show z. = 0 is stable. Fix ¢ > 0, choose

€ (0, €] such that

B, :={z e X|||z|| <r}.

Then we prove that there exists /3, > 0 depending on r such
that the set L, := {z € X |V (z) < B,} is strictly contained
in B,, ie., L3, C B,. Assume the contrary, i.e., for all
Br > 0, there exists © € Lg, satisfying ||x|| > r, which
implies that there exists a sequence (Zp)nen € £1 such
that ||a,,|| > r. By construction, hm V(2,) = 0. Moreover,
since L1 is compact by assumptlon (for sufficiently large n),
there exists a subsequence of (z,,) whose limit z* exists and
satisfies ||z*|| > r. Then we get nlin;o V(z,) =V (z*) >0,
which is a contradiction. Thus we have Lg, C B,.

Now we choose 3, > 0 such that L5 C B,. Recall from
Step 1 that ¢t — V(z(t)) is decreasing, it follows that Lg,
is an invariant set for any jump-flow solution x(¢) starting

from x(0) = xo € Lg, because V(x(t)) < V(z(0)) < G,
implies that z(t) € L3, Vt > 0. Since V(x) is continues
and V(0) = 0, there exists 6 > 0 such that Bs C Lg.. We
thus have z(0) € B; C Lg, = z(t) € Lg, ¢ B,, which
implies that ||z(0)|] < 0 = ||z(t)|]| < €, hence z, = 0 is
stable.

Step 3: Let 0 = &9 < t1 < t2 < < tp <

. be the switching time of a signal o. We prove that
all jump-flow solutions z(t) converge to zero. Seeking a
contradiction, assume that z(¢) does not converge to zero.
Then, since V(xz(t)) is nonnegative and decreasing, we
have tlggo V(z(t)) = ¢ > 0. Notice that The set L. 4 =
{r e X|c<V(x) <V(xz(0)) = d} is compact by assump-
tion, it follows that, for each p € N, the continues function
av I) [y (z) attains its maximum s, < 0 within £, 4. Then
W1th s = maxyenr s, We have that V(z(t)) < s < 0 for
all ¢t € I, for any interval Z; = (¢;,t;41) C [0, 400) without
switching times. Consequently, for any k > 1,

So for t > —@, the above relation results in

V(x(t,)) < 0, which is a contradiction. Hence all jump-
flow solutions z(t) converge to zero. O

Proof of Lemma 16. Recall that =, is ex-equivalent to its
(NWF) via a diffeomorphism v, and an invertible matrix

Qy- We have 255 ge () = [ 1 [ and hi(6,1(&,)) = aps
where &, = (§1p,&2p) = ¥p(x) are the coordinates of the
(NWF) of =,,. It follows that

OV () V(1 (&) 0¢(x)

0 _
e SO = B G )
_ av(£1p7 §2p)£
&y

where V(ﬁlp,ézp) =V(y~
VOQEP,FpOx = VOQEP,FpOw

1(&p)). By Definition 5, we have
o0&y = Vot o6y, 0).

So V(@) = V(Q,,r, (2)) = V(€1p, €2p) — V(1p, 0). Then
by the mean value theorem, we have
- - v
V(glpa 52;0) - V(§1p7 ) af (§1p7 Cpr)(pr - 0)
2p
1 ov
¢ 06, —— (&1p, cop)cap,
for some c € [0, 1]. It follows that V(€1p, Eap) =V (E1p, 0) >
0 if and only if %{;f"p)&p > 0, which implies that (14)
is equivalent to (15). O]
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