Minimal realization for linear switched systems with a single switch
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Abstract— We discuss the problem of minimal realization
for linear switched systems with a given switching signal and
present some preliminary results for the single switch case. The
key idea is to extend the reachable subspace of the second mode
to include nonzero initial values (resulting from the first mode)
and also extend the observable subspace of the first mode by
taking information from the second mode into account. We
provide some simple examples to illustrate the approach.

I. INTRODUCTION

Realization theory is a classical topic in the area of
systems and control. In general, the aim of realization theory
is to construct a state-space model from a given input-
output behavior of the system [1], [2]. Realization theory
provides a theoretical foundation for model reduction, system
identification and filtering/observer design. Indeed, finding a
minimal realization could be seen as the first step towards
model reduction. Realization theory of switched systems has
been discussed e.g. in [3]-[10]. The author in [6] combines
the theory of rational formal power series with the classical
automata theory to discuss the realization theory of hybrid
systems. In particular, the cases of arbitrary and constrained
switching are discussed where switching signal are viewed
as input to the switched systems. Moreover, some other
works have been done on realization theory, observability
and reachability of linear switched systems, e.g., [11]-[15].

In contrast to the existing literature, we view a switched
system as a piecewise-constant time-varying linear system,
in particular, a (minimal) realization in general depends
on the specifically given switching signal. Several minimal
realization approaches have been developed in the context
of time-varying systems, and they are classified by constant
rank systems, piecewise constant rank systems, global and
intervalwise Kalman decomposition, e.g., [2], [16]-[19].
Most available methods are considered by Gramian based
differential Kalman decomposition and some drawbacks are
summarized in [19]. Moreover, the authors in [18] have been
discussed the detection of temporal properties for piecewise
constant rank systems (PCR), indeed a PCR system differs
from the switched linear systems because the time-instants
are a priori fixed and the linear system over each time
interval is time-varying.

To be more specific, we try to find a minimal realization
of linear switched systems (LSSs) with a given switching
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signal of the form

Xq(1) Ao(r)xq(t) +BG<,)u(t)7 re (tq’[qﬂ)
Lot {xq(f;) = ‘,o(t;),,c(tq’)xqfl(tq_)v (1)
¥(t) =Cop)Xq(t), tER,

where x, : (tg,t4+1) — R™ is the absolutely continu-
ous ¢g-th piece of the state, u : R — R* is the in-
put and y is the measured output. The switching sig-
nal 0 : R — 2 ={1,2,---,f} C N is a given piece-
wise constant function with finitely many switching times:
{ Iy | qE2, 1 <t <--- <ty } in the bounded interval
(t1,t4+1) of interest. For each g € 2, the system matrices
A4,By,Cy, are of appropriate size, describing the dynamics
correspond to the linear system active in mode ¢ € 2.
Note that we do allow different state-space dimension n, in
each mode, in particular, it is necessary to provide a jump-
map J,+ - :R%" — R"" relating the state-value x,-(z,")
immediately before the switch with the state value x,+ (t; )
after the switch at 7.

We assume that the switching signal is known and fixed,
hence without restricting generality we assume (unless stated
otherwise) that o(¢) = ¢ on (t;,75+1). In particular, we can
simplify the notation for the jump matrix Ja(z;),c(t,;) =
Jq,q—1=:J,. Furthermore, in some slight abuse of notation we
will simply speak of the solution x(+) instead of the different
solution pieces x,(-).

As mentioned above, finding a minimal realization of (1)
is a first step towards model reduction. Recently, we have
presented in [20] a time-varying model reduction approach
for linear switched system (with identical state-dimensions
and without jumps). However, the resulting reduced systems
was not a switched system anymore, instead it was fully
time-varying and is therefore difficult to handle numeri-
cally. Therefore, our aim is to gain insight into a more
suitable model-reduction approach by studying the minimal
realization problem for switched systems of the form (1)
within this system class. In particular, the process of going
from a non-minimal representation (with initial value zero)
to a minimal one can be seen as removing ‘“unreachable”
and “unobservable” states; understanding what the notions
“unreachable” and ‘“unobservable” exactly means in this
context allows to generalize these ideas to “difficult to reach”
and “difficult to observe” which then allows to perform
model reduction.

This note is just the first step in this research field and
provides some preliminary results for the single switch case.



II. PROBLEM SETTING AND PRELIMINARIES
A. Minimal realization: definition

In this section, we introduce some notions and properties
related to minimality of linear switched systems (1) and we
begin with the formal definition of minimality.

Definition 1 (cf. [6]): For L5 as in (1) we define its total
dimension as follows

dimXs:= Y n,.
qe2

Furthermore, we define its input-output behaviour as follows

B = { (u,y) ’ Ixq : (tg,14+1) — R" satisfying (1) }
(o2 I .

and x(¢;) =0

A linear switched system Yo with corresponding input-output
behavior B is said to be a minimal realization of switched
system X if 1) Bi2 = B and 2) for any £, with B2 = B0
we have

dim EG < dimfg.

For non-switched linear systems it is well known that a
realization is minimal if, and only if, it is minimal, however
for switched systems of the form (1) this is not the case in
general as the following example shows:

Example 2: Consider a switched system with two modes

(A1,B1,Cy) = ([081 on 8],{(1)] it o]),

0 03

02 00 0 200
2B Co) = ([ o 8] [§] o [338)).
(o2 ot = ([ ) (1] Do 859

Assume the single switching signal defined by

G(t) _ {1, on (l],lz), 2

2, on (tz,l‘f).

It is easily seen, that each modes is unreachable and unob-
servable. However, the switched system is reachable in the
sense that each value x(t;) € R? can be reached from zero
by a suitable input and it is also observable in the sense that
(for a vanishing input) only a zero initial value leads to a
zero output.

On the other hand, the second state is unreachable in the
Ist mode and unobservable in the 2nd mode. In particular,
when starting with a zero initial value, for any input the value
of the second state does not effect the output (because in the
first mode it is identically zero and in the second mode the
corresponding coefficient in the C-matrix is zero). Therefore,
we can remove the second state without altering the input-
output behavior.

Remark 3: The above definition of minimality is not spec-
ifying any method how to obtain a minimal realization from
a given switched system. In particular, it does not take into
account constraints like the requirement that the reduced state
is obtained via a uniform projection map (cf. [21], [22] in the
context of model reduction). In general, a minimal realization
can only be obtained by considering each mode individually
(and by properly taking the effect on the other modes into
account).

It is important to note that a naive approach to reduce each
individual mode by removing unreachable and unobservable
states will not work in general, this is illustrated with the
following example:

Example 4: Consider the switched system X with

(A1.81,€1) = ([90] - [1][10]).
(A2,82,C2) = ([5.0] - [o] - [111)

with switching signal (2) and without jumps. The second
state is not observable in the first mode and not reachable in
the second mode, hence one may be tempted to remove this
state to obtain an (unswitched) minimal realization given by

Xy =x1+u, y=xi. 3)

However, it is easily seen, that a non-zero input leads to a
non-zero second state during the first mode, which then will
effect the output of the second mode, i.e. system (3) obtained
by simply reducing each mode individually does not have the
same input-output behavior as the original switched system.

In Section III we will propose a method which takes into
account the effect of the different modes have on each other.
Although this method will not simply consider a minimal
realization of each mode individually, the method of reducing
a given (unswitched) linear system to a minimal one, will
play an important role and we will recalled first.

B. The Kalman decomposition and minimal realization

Assume a linear system

5. {x(t) = Ax(t) + Bu(t), x(0)=0,

“4)
y(t) = Cx(1),

with A € R™" B ¢ R™™ (C ¢ RP*". The well known

Kalman decomposition (KD), [2], is a coordinate transfor-

mation x = Vz which leads to the following block triangular

form

| | A(;a 212 A63 214 Brs

(VZAVVB.CV)=( | § 0 as i | {360],[0 Cro 0 Cro ] |,

0 0 0 Ap 0

({Aé‘j ’gf)] , [g:ZD is reachable and
({AO"’ ﬁf‘o‘] J[Cro C?u]) is observable. In fact V =
[Vis Vo Vis V5], where imV,; is the intersection of
the reachable and unobservable space, im[V,;,V,,] is the
reachable space and im[V,5, V5] is the unobservable space.
A minimal realization of (4) is now given by (A,,, B0, Cro).

This method is based on the assumption that the initial
value is zero. If arbitrary initial values are considered, it is
easily seen that only the unobservable states can be removed.

In the context of switched systems, the initial values for
the second mode are neither zero nor completely arbitrary,
but are constraint to the reachable space of the first mode,
this motivates to find a minimal realization for the linear
system

where

x(0) € 2o, )



where 2 C R” is the subspace of relevant initial values.
Inspired by the fact, that the ODE x = Ax with initial
condition x(0) = x¢ has the same solution as the impulsive
ODE X = Ax+ x00, x(0~) = 0 we propose the following
input-extended system corresponding to (5) (cf. [23] in the
context of model-reduction)

Z%:{xe(’):Axe(I)+[3 Xo] LZ)(E,))] x,(0) =0,
) Ye(t) = Cx(t),

where imXy = Zp. We can now apply the KD on the
extended system and obtain a minimal extended realization

(6)

2= AR A = () —
5§25 . {xe(t) —ije(t) +[B. Xo) [UO(I)} , %(0)=0, N
Ye(t) = CeXe(t),
and the corresponding minimal realization
2. ;'E(t) :f}f(t) +Bou(r), %(0)=7% €imXp, -
(1) = Cex().

The properties of the reduced system $%0 can formalized in
the following lemma.

Lemma 5: Consider 270 as in (5) and 20 as in ()
obtained by first extending (5) to (6), then reducing it via
the KD to a minimal extended realization (7) and finally
removing the extension. Then £%0 and 20 are input-
output equivalent in the sense that for all trajectories (x,u,y)
satisfying (5) there exists X such that (x,u,y) satisfies (8).
Furthermore, X0 has the minimal state-dimension under all
systems which are input-output equivalent to X0,

Proof: The output equation of £%0 with initial value
x(0) = xp € 2y is given by

t
y20(t) = CeMxo + / % Bu(t)dr. ©)
0

Construct an input-extended system Z;_f% as in (6), and let
xo = Xozo for some zgp, where the columns of Xy form the
basis for the subspace of relevant initial values. Then system
(5) is input-output equivalent to system (6) with the input
uy = z00, where 8 denotes the Dirac delta distribution and
Cexy = Ce Xyzp.

The output equation of Z;,% as in (6), can be written by

o 1
y20(t) = /0 cA B X] | 10) |

_ /tCVeV—lAv(z—r)V—l [B Xo} {u(t) ] dt
0 K

u(t)

where V is the KD transformation matrix which transforms
(A,[B,Xp],C) into a KD, i.e.

k% ok ok * %k -
e [ e 4] v
00 0+ 0 0
So we have, utilizing V1AV = eV AV,

t o~ =N N _
y%(t) :/ CeeAe(t—T) [Be XO] u(t) ] dT,
0

| uo(t)

(10)

which is the output of minimal extended realization, as in
(7). Again, for ug = zpd, equation (10) can be written as

~ = ot~ -
y#(1) = Coe' % + / C.e "I Cu(t)dt,  (11)
JO

where Xy = )?oz() and it represents the output equation for (8).
Therefore, for any arbitrary trajectories (x,u,y) satisfying (5)
there exists X such that (¥,u,y) satisfies (8).

2nd part: Assume_ EZ”O is the minimal realization of Z;%.
Consider a system X0 which is input-output equivalent to
¥%0_ Then for all xo € 27, there exists Xo € 2o such that
for all input u(-), satisfies

y(',u,XO) :)7('7%)70)-

Construct an input-extended system f;[‘) as in (6) for %0
such that

y@('7[l:g]70) :ye('a[l;;)]70>7 vuau()' (]2)
Then we have that

dimX?0 = dimX2° > dimE20 = dimZ70,

because if" % has by construction the minimal state dimension
under all (extended) systems satisfying (12), i.e., Y20 has
indeed the minimal state-dimension under all systems which
are input-output equivalent to X40. [ ]

III. MINIMAL REALIZATION OF SWITCHED SYSTEM

In this section, we proposed a method to find the minimal
realization of linear switched systems

(A],B],C]), on
(A2aB2aC2aJ2)a

t € (t,t),

13
on 1€ (tr,ty), (13

with the single switch switching signal given by (2). We
propose a technique consisting of three main steps. First, we
construct a minimal realization of second mode by taking
into account the reachable subspace of the first mode. As
a second step, we find a minimal realization of first mode
by taking into account the observable states of the second
system. The final step consists of defining the reduced jump
map from mode 1 to mode 2.

A. Step 1: Reduction of second mode

As discussed above the second mode will in general not
start with initial value zero, instead the values of x(¢, ) cover
the whole reachable space % = im[Bl,AlBl,...,A'l”lel],
consequently x(ty) € J,%). Using the method described
above we extend the second mode to (Az,Bs.,Cz) with
By = [B2,J>R|] where imR; = %, and apply to reduc-
tion method described above to obtain the reduced mode
(A3,B,,C,) which is input-output equivalent with the second
mode (under the assumption that the initial values for the
second mode are determined by the reachable states of
mode 1).



B. Step 2: Reduction of first mode

Restricted to the first interval, all unobservable and un-
reachable states can be removed from the first mode without
changing the input-output behavior. However, some un-
observable, but reachable, state from the first mode may
become observable in the second mode and hence the input
of the first mode may therefore indirectly influence the
output of the second mode (via the initial value for the
second mode). We arrive therefore at the following general
problem: Given a linear system (4) and a subspace . C R”
of indirectly-observable states, find a minimal realization of
(4) which does not “remove” indirectly-observable states.
To be more precise, we assume that the reduction of (4)
is achieved via a left projection W and a right projection
V, ie. WV =1 and the reduced system of (A,B,C) is
given by (A,B,C) = (WAV,WB,CV), in particular, kerW
corresponds to the removed states. The condition that the
space of indirectly-observed states . is not “removed” by
the reduction procedure, can now be formalized by the
condition

kerWN.¥ = {0}.

Similar as in Step 1 where we extended the input matrix
to enlarge the reachability space, we now propose to extend
the output matrix to extend the observability space, i.e. we
consider
Xe(t) = Ax,(t) + Bu(t),
7 C
‘ Yell) = |:LT:| xé’(t)v

where imL = .Z. Very similar as before, we utilize the KD
to obtain a minimal realization of (14) given by

(14)

% (t) = Aku(t) + Bou(t), %.(0) =0,
52 AR (15)
ye(t) = [ZT:| xe(t)-

Removing the additional rows in the output-matrix we then
arrive at the proposed minimal realization of (4) which does
not “remove” states from .Z":

sz, [H0) = A5(t) + Bou(t),
y(t) = Cx(t).

Let us investigate the properties of the reduced system .

Lemma 6: The two systems (4) and (16) have the same
input output behavior. Furthermore, let W and V' be the two
E\rojectors transforming (4) into (16), i.e. WV =1, A, = WAV,
B, =WB and C, = CV, then kerW N.¥ = {0}.

Proof: The output equation of system (4) is

1
1= / CM D) Bu(t)dt
0

1
= / (1 0] [C]VeVIAV(’ﬂVIBu(T)dT,
0

x(0) =0, (16)

LT
where V is the transformation for obtaining a KD for
(A,B,[CT,L]T), i.e.

*oK Kk
V1AV = [ggw*} VIB= [
* %
00 0=

co®™«
_ 1
—
Ta
M
L—
o o
=0
oo
* %
P

Now, together with

[10] [LCT} V=1[0G0+],V91erV= VAV,

we have
t ~ n A~
1) = / Cod 0= Bu(t)dt = 5(1),
0

where y(¢) is the output of minimal realization as in (16).

2nd part: Let the transformation matrices to obtain a KD
Wm
WI‘O
Wrs
Wro

~

of system (14) be V= [V Vo Vi Vso ], V71 =

i
Clearly, W =W,,, V =V,, and imL C im [5] =:imC/,
it follows that

Ce L
C.A ~ o~ 1
imLC [ker| - - (im[Vm,Vf@}) im[W,) W1,
C, A'nfl

Furthermore, by assumption imL C im[Vro—,Vm] (the reach-
able subspace). Hence

imL C im[V,4, Vo] Nim[W,) W]
Consider an arbitrary z € imLNkerW. From Wz =0 and
z€eimL C 1m[Vw, Vm] we can conclude that there ex1sts 21,22
such that z = VroZ] +VmZz, so0=Wz= WVr()Z] -I-WszZ =
72, where WVm =0, WVm = I. Therefore, z = sz] and

Wu
Wm

L
C ker {W"’} = <1m[W,I7W,T]> .
i W,

Fo

Z €im Vro = ker

Altogether, we have that

ro

~ ~ 1
zeimW,), Wi 0 (im0, W5,]) = {0}.

|
We believe that the above reduction method results in a
minimal realization, however, a complete proof is still work
in progress and we therefore formulate here the minimality
result as a conjecture.

Conjecture 7: Let (A,B,C) be a system which is input-
output equivalent to (4) and which is obtained via a pro-
jection method with left-projector VT/; If kerW N.Z = {0}
then the state-dimension 7 of (A,B,C) is at least the state
dimension of (16).

C. Step 3: Reduced jump map

Assume the mode before the jump J, : R"t — R"2 was re-
duced by a projection method with left- and right-projectors
W1,V and the mode after the jump was reduced by left- and
right-projectors W»,V,. Then the reduced jump Jp R
R™ is defined as

I = WrlhV;. A7)



D. Summary minimal realization algorithm: single switch
case

Overall, the algorithm is summarized as follows.
Step 1a. Compute the reachable subspace %) = imR; of
first subsystem (A,B;,C;) and extend the input matrix of
the second mode to

Bzye = im[BLJle].

Step 1b. Calculate the KD of (A2,B>.,C>) with correspond-
ing transformation matrix V, and left- and right-projectors

W2, V; (i.e. the corresponding rows and columns of V5 ! and
V>,) and let

(A2,B,,C2) = (WaA2Va, WaBy,CaV3).

Step 2a. Calculate the space £ = #) N H#jp =:imLjp of
additional observable states, where %7, = imKj, for some
full column rank matrix Kj, € R™ *m such that JHKip = VZJ
for a full column rank matrix VZJ € R™*m with imVZJ =
imV, NimJ,. Then extend the output matrix of the first mode

as c
R 1
Cl,e =1m |:L;r2:| .

Step 2b. Calculate the KD of (A;,B),C) ) with correspond-
ing transformation matrix V; and left- and right-projectors
W1, V1 (i.e. the corresponding rows and columns of Vfl and
V1) and let

(A1,B1,C1) = (WiA Vi, WiB1,C1 V7).
Step 3. Calculate the reduced jump .72 according to (17).

The overall reduced switched system is then given by
5 . {)?] :lef, +§1u, on (t,1), %i(t) =0,
X =A%+ Bou, on (t2,t5), X(ty)=hx(ty).
The steps of the algorithm is illustrated by the following
example.

Example 8 (Example 2 revisited): We now apply the re-
duction method 1t(()) Example 2.
Step la. R| = [0 0} (reachable space of 1st mode).
Step 1b. Via the KD of the extended 2nd mode
(A2, [B2,J2R1],C2] we obtain the left- and right-projectors
W, = [(1) 8 (1)], Vo= (16 ?} and the corresponding reduced 2nd
mode

(A2,B,C) = (WakaVa,WaB5,CoVa) = ([%2 9], [§] . [11]) -

. . . 10 . .
Step 2a. imR; NimK, = 1m[8 (1)} =: imLjy; imKj; =

im {(1) 8}, im(LKj2) = iszj :=imJ>,NimV, = im é(l(;

Step 2b. Via the KD of the extended I1st mode
(A1,B1,[C{ ,L12]") we obtain the left- and right-projectors
W = [(1) 8 (1)], Vi= [é %} and the corresponding reduced 1st
mode

(A\],E],é\l) = (W]Alvl,WlBl,Clvl) = ([0(')1 093] s “ ,[1 OD .

Step 3. The reduced jump map is Jh =WalhV) = [% (5)]

50
=== = QOriginal

40 minimal
5301
o
s
O20t

10

0 T T L L

0 0.5 1 1.5 2 25 3
Time(sec)

Fig. 1. Outputs of original system and its minimal system.

Figure 1 shows the output of the original and reduced
switched system for input u(¢) = 1 and switching signal (2)
with switching time #, =2 and clearly both outputs coincide.

Consider now Example 2 with the reversed switching

signal
2,
oy(t) =
2(7) {1’

and jump matrix J; = J,. Then the minimal realizations is
obtained as follows.

Step la. Ry = | 1| (reachable space of 1st mode).

Step 1b. Via the KD of the extended 2nd mode
(A1,[B1,J1R1],C1] we obtain the left- and right-projectors
W, = [(1) (1) 8], Vo = ((l; 3} and the corresponding reduced 2nd
mode

(A1,B1,C1) = (WaA|Va,W>By,C1Va) = (% ST, (8] ]).

on ([1,[2),

on (i2,17), (18)

0
Step 2a. imR; N imKj; = im[l} =: imLj;; imKj; =

im {é ?J, im(1Kp) = imVZJ :=imJ,NimV, = im 8(1)

Step 2b. Via the KD of the extended I1st mode
(A2,B2,[C) ,L12]") we obtain the left- and right-projectors
Wi=[oto], Vi = {
mode

and the corresponding reduced 1st

(=l ]
[A—

(A\z,gz,é\z) = (W1A,2V1,W1By,C,Vy) =01 10].

Step 3. The reduced jump map is JA1 =WrJiVI = [(3)]

10
=== = QOriginal
8 minimal
5 6f
o}
=]
O 4+
ol
0 L L —
0 0.5 1 1.5

Time(sec)
Fig. 2. Outputs of original system and its minimal system.

Figure 2 shows the output of the original and reduced
switched system for input u(¢#) = 1 and switching signal (18)
with switching time #, = 2 and clearly both outputs coincide.



E. Correctness of algorithm

Theorem 9: Consider the switched system X, with the
single-switch switching signal (2) and the reduced system
Y, obtained via the above algorithm. Then both systems are
input-output equivalent in the sense of Definition 1.

Proof: Consider the switched system X4 as in (13) then
the output equation is given by

t
/ Ci1eM 9B u(1)dr, x1(17) =0,
n

}’G(t) =

t
Coe™2) oy (1) + / Ce =) Byu()dr.
5]

yi
From Lemma 6, we have that

t o~ N
/ C]EAl(tir)Blu(T)dT = / CleAl(tiﬂB]u(T)dT.
1 5l
For jump map, original and its minimal system is given by
= CzeAZ(FIZ)szl (l;) = C2V2€W2A2V2(titZ)WQJQVﬁC\l (l;)
=G 7 (1) = i
Again from Lemma 5, we have that

t (AP ~
eI Byu(t)dt =5, + | Cre " Bou(z)dr.

15} 15}

yi+

The above results conclude that ys(t) = ys(t), Vt, where
Yo (t) is the output of reduced system L. ]

Theorem 10: The reduced system Y5 has minimal total
dimension under all possible input-output equivalent system
of X5, provided Conjecture 7 is true.

Proof: Because of space limitations we only give a
sketch of the proof. Consider a system Y5 with modes
(A] ,B] ,Cl) (AQ,BZ,CQ,JZ) which is input-output equivalent
to Xg.

First of all, this implies that the second mode (AZ,BQ,CZ)
with initial values Xy € Jzﬁl (%1 is the reachable space of
st mode) is input-output equivalent with the original second
mode (A,B,,C,) with initials value xg € L% (where %,
is the reachable space of the first mode). Hence Lemma 5
yields np > n.

Furthermore, input-output equivalence implies that for
12 as calculated in Step 2a, the left projector W, used
to obtain A, has to satlsfy kerW, N Ly = {0}. Hence
Conjecture 7 implies 7] > nj.

Altogether we therefore have

dlleG = (nl —|—n2) (n1 +n2) = ig.

Therefore, fg has minimal total dimension under all possible
input-output equivalent system of Y. [ ]

IV. CONCLUSION

In this paper, we have presented preliminary results con-
cerning the minimal realization of switched linear systems.
The key novelty is the viewpoint of the switched systems
as a piecewise-constant time-varying system (with known
time-variance). We have focused here on the single-switch
case and obtained a minimal realization by first reducing an

input-extended version of the second mode, then reducing an
output-extended version of the first mode and finally reduced
the jump-map between mode 1 and 2. The proposed method
seems also suitable for more than one switch; the details
are currently under investigation. It also seems possible to
extend the underlying ideas to the discrete time setup which
is another topic of ongoing investigations.
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