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1 | INTRODUCTION

Consider a nonlinear differential-algebraic control system DACS of the form
' 1 Ex)x = F(x) + G(x)u, €))

where x € X is the generalized state, with X an n-dimensional differentiable manifold (or an open subset of R”) and u € R" is
the control vector. For the differentiable manifold X, we denote by T X the tangent bundle of X and by 7, X the tangent space
of Xatx € X.Themaps E : TX - R, F : X - Rl and G : X — R’*" are smooth and the word “smooth” will always
mean C®-smooth throughout the paper. For each x € X, we have E(x) : T.X — R/, which is the linear map x — E(x)x. In
particular, if X is an open subset of R”, then for each x € X, we have E(x) : R" = R/, i.e., E(x) € R™*". A DACS of the form
will be denoted by E;‘nm = (E, F,G) or, simply, E“. A particular case of is a linear DACS of the form

A“: Ex = Hx + Lu, 2)

where E € R™", H € R™", L € R, denoted by AY = (E, H, L).If G(x) = 0, i.e., the control u is absent (L = 0 in the case
of ), then we will speak about differential-algebraic equations (DAEs). The DAEs/DACSs are also called implicit, singular,
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generalized or descriptor systems. There are many practical applications of DAEs/DACSs, and as surveys and books using
DAESs/DACSs to model physical systems, the reader may consult e.g., [1H3] and Chapter 1 of [4]. In particular, DAEs/DACSs
are suitable tools to describe constrained mechanics [[1} 13]], electrical circuits [2, 6], and chemical processes [[7]. The necessity
of using DAEs/DACSs to model physical systems instead of ordinary differential equations (ODEs) is justified by the presence
of constraints (e.g., nonholonomic and holonomic constraints for mechanical systems, see @— below, and the algebraic
constraints resulting from Kirchoff’s laws and characterizations of nonlinear components for electric circuits). These constraints
result in an implicit differential equation for which it is impossible to explicitly express the derivative x as a function of the state
variables x, i.e. as an ODE x = f(x).

For a DACS of the form (I), the map E is not necessarily square (i.e., in general, I # n) nor invertible (even if I = n)
and, as a consequence, some variables of the generalized state x play different roles for the system. More specifically, the non-
invertibility of E may imply the existence of algebraic constraints and some variables of x (also some u-variables) are constrained
by those algebraic constraints. On the other hand, because of the non-squareness of E, some other variables of x may enter into
system statically (since there may not exist differential equations defining their evolutions) and we may call them free variables.
One of results of this paper (see Theorem [3.3)) will reveal (under a suitable coordinate transformation) four different types of
the generalized state-variables: the unconstrained state variables z;, the unconstrained free variable z,, the constrained state
variables z; and the constrained free variables (or the algebraic variables) z,. Note that although the free variables of x may
perform “like” inputs of the system, throughout we will distinguish them from the original control inputs u. The variables u
are predefined control inputs, such as external forces, and we can change them in order to act on the system. However, the
free variables of x are predefined states which can not be changed actively and arbitrarily. Such free variables may come from
unknown constraint forces or some redundancies of mathematical modeling. For the behavioral approach to systems theory (see
[I81), there is also a distinction between the latent/internal variable (i.e. x) and the manifest/external variables (i.e., the inputs
and outputs (i, y)).

A typical example to illustrate that the control variables u and the free variables of x are different is the following DACS
which represents the dynamics of a mechanical system under both nonholonomic and holonomic constraints (see e.g. [[1] for the
definitions of nonholonomic and holonomic constraints):

M@)i+V(g,q) =1+ H (@A, + N (@4, (3a)
H(g9)§=0 (3b)
C(q) =0, (3c)

where q is the vector of position (configuration) variables, M (q) is a matrix-valued function which is associated with masses
(or inertia) and V' (4, q) is a row vector function which characterizes the Coriolis, the centrifugal and the gravity forces, 7 is
a vector of external torques, C(q) is a vector of scalar functions c;,(g), i = 1,...,k and N(q) = @, and H(q) is matrix-
valued function of appropriate size. Clearly, equation (3b) defines nonholonomic constraints, which depend on both velocities
and positions, equation defines holonomic constraints, which depend on positions only. The variables 4, and 4, are the
Lagrange multipliers with respect to the nonholonomic and holonomic constraints, respectively. We can regard system (3) as a
DACS of the form (E]), with the generalized state x = (g, 4, 4,, 4;) and the control input u = 7. Observe that the variables 4,
and 4, are free variables since there are no equations for 4, and 4, but they are not active control inputs contrary to the external
force 7. The latter can be realized by some actuators (e.g., electric and hydraulic motors) while 4, and A, are variables related
to unknown constrained forces and are sometimes called the constrained input variables [9].

One purpose of this paper is to find normal forms under the external feedback equivalence (see Definition [3.1] below). We
will construct our normal form using a notion called maximal controlled invariant submanifold, which is, roughly speaking, the
locus where the solutions of the DACSs exist and is defined by the constraints which the system should respect (for the precise
definition, see Definition @] below). For linear DACSs of the form @), a canonical form, which consists of six independent
subsystems, was proposed in [10]. One can easily conclude the roles of the variables (e.g., which variables are free and which are
constrained) from the canonical structure of each subsystem. For nonlinear DACSs, although it is hard to find a fully decoupled
normal form, we intend to simplify the system structures utmost such that the above mentioned various roles of variables can
be explicitly and easily seen from our proposed form. The authors of [11] offered a nonlinear generalization of the Kronecker
canonical form using an algebraic inversion algorithm for differential-algebraic equations DAEs of the general form F(x, x,t) =
0, while we intend to find normal forms for nonlinear DACSs using geometric methods. A zero dynamics form for DACSs with
outputs was proposed in [[12] using the notion of maximal output zeroing submanifold introduced in [[13]. Note that our system
E" is different in two ways from the DACSs studied in [12]] and [[13]]. First, in [[12}[13], the distribution ker E(x) is assumed to be
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involutive while we consider any E(x). Second, systems in [12}[13]] are equipped with outputs. Calculating the zero dynamics of
a DACS E* with zero output y = h(x) = 0 can be seen as studying an extended DACS E! | : E(x)x = F(x)+ G(x)u, 0 = h(x),
because the maximal output zeroing submanifold of E* (with the output y = h(x)) coincides with the maximal controlled
invariant submanifold of E% . Some differences of our proposed normal forms and the zero dynamics form in [[12] are explained
in Remark [3.4]vii) below.

We also investigate the internal regularizability of DACSs, i.e., given a DACS E", when there exists a feedback u = a(x)
such that the resulting DAE E(x)x = F(x) + G(x)a(x) is internally regular. The latter notion characterizes the existence and
uniqueness of solutions of DAEs, its formal definition will be given in Definition[d.T|below. Regularization problems of nonlinear
DAEs and DACSs can be consulted in [14H18]], where both numerical and geometrical methods have appeared. The second aim
of our paper is to give a geometric characterization of the internal regularizability of nonlinear DACSs. For linear DACSs, some
equivalent characterization of the internal regularizability are given in Theorem 3.5 of [[19] using a geometric notion named the
augmented Wong sequences (see Remark[2.5(iv) below). Note that the internal regularizability is called autonomizability in [19];
the reason, for which we insist to use the word “internal”, is to stress the difference between two cases. One case is to consider a
DAE “internally” on its maximal invariant submanifold (i.e. on the set where the solutions exist). Another is to consider a DAE
“externally” on a whole neighborhood, even although there exist no solutions for any initial point outside the maximal invariant
submanifold, it is still meaningful to study how to steer the initial point towards the constraints via e.g., jumps and impulses.
The reader may consult [4} 20H22] for the details of the differences between the internal and external analysis of DAE:s.

The paper is organized as follows. In Section[2] we recall the notion of maximal controlled invariant submanifold and discuss
its relations with the solutions of DACSs. In Section 3] we define the external feedback equivalence of two DACSs and propose
two normal forms. In Section[d] we discuss the internal regularization problem. In Section[5] we illustrate our results of Section|[3]
and Section [ by two examples of mechanical systems. In Section [6} we give the conclusions of the paper. The Appendix
contains an algorithm using which we can construct the maximal controlled invariant submanifold and the feedback which we
need to internally regularize a DACS. We use the following notations. We use R™™ to denote the set of real valued matrices
with n rows and m columns, G L (n, R) to denote the group of nonsingular matrices of R"™" and I, to denote the n X n-identity
matrix. We denote by C* the class of k-times differentiable functions. For a smooth map f : X — R, we denote its differential
by df = Zl . a = [%, e 00_){"] and for a vector-valued map f : X — R™, where f = [f}, ... ,fm]T, we denote its
differential by Df = d}s{] . For two column vectors v; € R™ and v, € R", we write (v}, v,) = [v],v]]" € R™*". We assume
the reader is familiar with some basic notions from differential geometry as smooth manifolds, embedded submanifolds, tangent
bundles, distributions; the reader may also consult e.g., the book [23] for definitions of those notions.

2 | PRELIMINARIES ON SOLUTIONS OF DIFFERENTIAL-ALGEBRAIC CONTROL
SYSTEMS

We define a solution of a DACS as follows.

Definition 2.1. (Solution) For a DACS & = (E,F,G),acurve (x,u) : I - X X R™ defined on an open interval I C R
with x(:) € C'(I) and u(-) € C°(I) is called a solutlon of B, if for all t € I, E(x(2))x(t) = F(x(?)) + G(x(2))u(t).

We call a point x, € X an admissible point of E* if there exists at least one solution (x(-), u(-)) satisfying x(¢;,) = x, for a
certain t, € I. We will denote admissible points by x, and the set of all admissible points by S,. Note that for any DACS =,
there may exist some free variables among the components of x. As a consequence, even for a fixed u(-) defined on R, there is
not a unique prolongation of a solution (x, ) defined on I to a maximal solution. For this reason, we will not use the concept of
maximal solutions (although they can be defined, see e.g., [12]]) except for Section[d where we can deal with maximal solutions
due to an identification of free (algebraic) variables.

Definition 2.2 (controlled invariant submanifold). Consider a DACS &/ = (E, F,G). A smooth connected embedded sub-
manifold M is called a controlled invariant submanifold of E* if for any pomt Xy € M, there exists asolution (x,u) : I = XXR"
such that x(#;) = x,, for a certain #, € I and x(t) € M forallt € I.
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We fix a point x, € X, a smooth embedded submanifold M containing x, is locally controlled invariant (around x,) if 3
a neighborhood U of x, in X such that M N U is controlled invariant (and thus, by definition, connected). Consider a DACS

=u

Blom = (E,F,G),let N C X and fix a point x, € N;we introduce the following constant rank assumption:

(CR) there exists a neighborhood U in X of x » such that N N U is a smooth connected embedded submanifold, and such that
dim E(x)T, N = const. and dim(E(x)T, N + Im G(x)) = const.forx e NnU.

The following characterization of local controlled invariance, under the constant rank assumption (CR) satisfied for M, was
given as Theorem 9 in [[13]] for DACSs whose ker E(x) is an involutive distribution. The DACSs in [[13]] is of the form d“’("(’))

Fx@®)+g(x(@®)u(t). Note that e(x), denoted by E(x) in [[13]}, is an R’-valued function, while E(x) of our paper is a matrix- valued
function, whose rows, in the case of de(g(’)) of [13], are E'(x) = de/(x) = | dg %€ 4y ;= [06 & % (x)] for1 <i <1/, and
thus are exact 1-forms. Hence the distributions defined by ker E(x) in [13] are 1nv0/1ut1ve (by Frobenlus Theorem see e.g. [23]).

Proposition 2.3. Consider a DACS E" = (E, F,G) and let M be a smooth embedded submanifold. Assume that M satisfies
the above assumption (CR) around a point x, € M. Then M is a locally controlled invariant submanifold (around x,) of E* if
and only if there exists a neighborhood U of x,, in X such that

F(x) e EX)T.M +ImG(x), VxeMnU. “

A locally controlled invariant submanifold M*, around a point x, € M*, is called locally maximal if there exists a neighbor-
hood U of x, such that for any other locally controlled invariant submanifold M containing x,, we have M NnU C M*nU.
The following procedure is a geometric method to construct the locally maximal controlled invariant submanifold.

Consider a DACS :’l‘n m = (E, F,G), fix a point X, € X and let U, be an open connected subset of X containing X, Set

M, = X, M = U,. Suppose that there exist an open neighborhood U, _; of x, and a sequence of smooth connected embedded
submanifolds M, | & --- & M of U,_, for a certain k > 1, has been constructed. Define recursively

M, :={x€ M | F(x) € ET M,  +ImG(x)}. (%)

Theneither x, € M, orx, € M,, and in the latter case, assume that there exists a neighborhood U of x , such that M, = M,,nU,
is a smooth embedded submanifold (which can always be assumed connected by taking U, sufficiently small).

Proposition 2.4. In the above recursive procedure, there always exists k* < n such that either k* is the smallest integer for
which x, & M., (and then there is a neighborhood of x,, in which there does not exist any controlled invariant submanifold)

or k* is the smallest integer such that x, € M, , and M]f ipy DUy = M. N Upeyy. In the latter case, we assume that
M* =M, , satisfies the constant rank condition (CR) in a neighborhood U* C Uy, of x,, in X and then

(i) x, is an admissible point and M* is a locally maximal controlled invariant submanifold on U* (by taking a smaller U*,
if necessary);

(ii) M* coincides locally with the admissible set S,, i.e, M*NU* =S, NnU"

Proof. Let k be the largest integer such that Mj 2 M7 2 M and x, € M, where M7, 0 < i < k are connected
embedded submanifolds, and then either x, & M k41 OF X, G M, and M, = M, NUy,, is a submanifold (by the recursive
procedure assumptions) such that dim M,, = dim M,__,. Then k* = k is the integer whose existence is indicated. The condition
k* < n follows from dim Mic_1 > dim Mf, 1<i<k®™.

Claim. If an admissible point x, € S, N Uy., then x, € M,. ;.

To prove the Claim, notice that if x, is admissible, there exists a solution (x(#), u(t)) and ¢, € I such that x(t,) = x,. It follows

that forall r € I,

E(@x(0)x(1) = F(x(1)) + G(x(2))u(®). 6)

So F(x(t)) € Im E(x(t)) + Im G(x(t)), Vt € I. Thus by equation @ we have x(t) € M, Vt € I. Suppose that for a certain
i > 1, we have x(t) € M,;_,, Vt € I. We then have that x(t) € T, oMi_, Ve T (note that when restricted to U,_,, the
set M;_, is a submanifold). Thus in U,. C U,, equation @ implies F(x(t)) € E(x(t))Tx(,) M ¢ ,+ Im G(x(¢)). It follows that
x(t) € M;nU,_,, forany t € I, due to (5). By an induction argument, we conclude that x(¢) € M w41 N Uy, and, in particular,
we have x, = x(t)) € M., N U,., which proves the Claim.

D Ifx, € M. +1, we have dim M, | =dim M,, and since M, ,, C M., it follows that there exists an open neighborhood

k*+1 k*+1
Ui such that M, \ NUpyy = M. N Upy,. By assumption, M* = M" N U~ satisfies (CR) in U* C U,.,,. So, using

k k*+1
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Proposition we conclude that M* is a locally invariant submanifold on U*. To prove that M* is maximal in U*, let M’ be
any controlled invariant submanifold, then any point x, € M’ NU* is admissible, so x, € S, NU* and thus by the above Claim,
X9 € M., NU* = M* NnU* showing that M* is maximal in U*.

(i1) We now prove that M* coincides with the admissible set .S, on U*. Since M* N U* is locally controlled invariant, for any
point x, € M* N U™, there exist at least one solution (x(-), u(:)) on I and ¢, € I such that x(#,) = x, (by Definition @I), which
implies that x, is admissible i.e., x, € .S, It follows that M* N U™ C S, n U*. Conversely, consider any point x, € S, N U",
using again the above Claim, we conclude that x, € M,.,, N U* = M* n U*, which implies S, N U* € M* N U*. Therefore,
M NnU*=S,nU" O

Note that the proof of Proposition[2.4i) can be performed in a similar way as that of Theorem 12(ii) of [13]] for proving that
M* is a maximal output zeroing submanifold with output function taken as zero. However, in order to show item (ii), we need
the Claim that implies implicitly the maximality property in item (i), and therefore we provide a proof of both (i) and (ii) of
Proposition 2.4}

Remark 2.5. (i) Proposition is a geometric method to construct the locally maximal controlled invariant submanifold
M*. Such an iterative way of identifying the admissible set of a DAE is called the geometric reduction method and has
appeared frequently in the geometric analysis of nonlinear DAEs (see e.g., [24H261|6] and the recent papers [13} 22]]). We
state a practical implementation of this geometric method as Algorithm (1| of the Appendix, where we also compare our
Algorithm [T with an existing geometric reduction method of Section 3.4 of [6]. A preliminary version of Algorithm [I] for
DAEs (without control u) can be consulted in [27]].

(i) Item (ii) of Propositionasserts that in the neighborhood U™ of an admissible point x, = x,, the solutions of Z* exist on
M* only, which implies that for any point x, € U*\ M* there are no solutions passing through x,,. For practical systems,
the initialization x,, of the state x could be any point of the state space X. If x, € U*\M* (i.e., x,, is not admissible), we
need an instantaneous change of x,, i.e., a jump at ¢ = ¢, to steer the inadmissible point x, into an admissible one. The
jump of x, at t = t, will cause a distributional term, the Dirac impulse &, to be present in x. For linear DAEs/DACSs,
the distributional solution theory of linear DAEs/DACSs has been established to deal with the discontinuity caused by
inadmissible initial points, see e.g., [28,[29]]. We will not discuss distributional solutions of nonlinear DAEs/DACSs since
the purpose of the present paper is just to propose normal forms to simplify system structures. Note, however, that the
normal forms studied in Section [3| are external forms that hold on a whole neighborhood (not just on M*) of a nominal
point x,,. This is a useful tool for studying jumps and distributional solutions of DAEs/DACSs and is an ongoing research,
c.f. our recently submitted conference contribution [30]].

(iii) If for a fixed x,, we drop the requirements that x, € M and that M, are connected, then Proposition@allows to detect
all admissible points x, in U* that form the union (J M;* of all locally maximal controlled invariant submanifolds in U*.
Notice that, first, that union | J M [ may have more than one connected components (each of them being a locally maximal
controlled invariant submanifold), second, x, may not be in U M;" (implying that x » 1s not admissible) and, third, U M;
can be empty (implying that there are no admissible points in U™).

(iv) The recursive procedure of Proposition [2.4]leads to the sequence of nested submanifolds

MC

— ¢ ¢ e [
kst =M G My & & My = U

ki1 =

At each step, we construct a submanifold M that is of a smaller dimension than M, except for the last step, where
M,..,defined by equation @, coincides with M, although not on U,.. but on a smaller neighborhood Uy, ; and M, _, is
actually M, restricted to U,., ;. The need to take a smaller neighborhood U,.,; C U,. is a purely nonlinear phenomenon.
Take, for example, the following nonlinear DACS: xx = f(x) defined on X = R for some f : X — R such that f(0) # 0.
Fix a point x, > 0, we have Mj = U, = R and M, = {x EM;|f(x) e Imx}, it follows that U; = {x € R|x > 0}
and M{ = M, nU, = U, soitis clear that k* = 0 since dim M§ = dim M7. Itis seen that M, = M coincides with

k41
M; =M 8 on U, but not on U,,. Note that in the linear case, #£* = M* = M; with ./ * defined in item (v) below.

(v) If we apply the above procedure of constructing M, to alinear DACS A" = (E, H, L), then we get a sequence of subspaces
7,=R", ¥, =H (E?,_, +ImL). (7)

The sequence 7/, is one of the augmented Wong sequences (see [31]]), that play an important role in the geometric analysis
of linear DACSs (see e.g., [32]). In particular, it is shown in [10] and [[19] that the indices of the feedback canonical form
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of linear DACSs are closely related to these sequences. In the linear case, the submanifold M* is the largest subspace
such that HM* € EM* + Im L, which we denote by ./ *. Clearly, #* = 7"* = 7)., where k* is the smallest integer k
such that 7, = 7, ;.

3 | TWO NORMAL FORMS UNDER EXTERNAL FEEDBACK EQUIVALENCE

The canonical form of linear DACSs in [10] is with respect to the equivalence relation: (E, H,L) ~ (QEP™',Q(H +
LF9P~!,QLT™"), where Q, P, T are invertible real matrices and F* defines a static state feedback. In the following definition,
we generalize this equivalence relation to the nonlinear case.

Definition 3.1 (External feedback equivalence). Two DACSs B} = (E, F,G) and = :“ = (E, F,G) defined on X and X,
respectively, are called external feedback equivalent, shortly ex- fb equlvalent if there ex1sts a diffeomorphism y : X — X and
smooth functions Q : X - GL(,R),a : X - R"™, f : X - GL(m,R) such that

v\
Ew () = 00EM (%2) .
Fly(x) = () (F(x) + G)a(x)), ®
Gy (x) = QWG)P().

ex—fb ~ ~
The ex-fb-equivalence of two DACSs is denoted by = < = Ify : U — U isalocal diffeomorphism between neighborhoods
U of x; and U of Xy, and Q(x), a(x), f(x) are defined on U, we will talk about local ex-fb-equivalence.

Remark 3.2. If two DACSs are ex-fb-equivalent, the diffeomorphism X = y(x) and the feedback transformation u = a(x) +
f(x)ii establish a one-to-one correspondence of solutions (x(-),u(-)) and (X(-), @(-)) of the DACSs, i.e., X(-) = w(x(:)) and
u(-) = a(x(-))+ p(x(-))i(-). On the other hand, if the solutions of two DACSs correspond to each other via a diffeomorphism and
a feedback transformation, then the two DACSs are not necessarily ex-fb-equivalent (since the diffeomorphism is defined on the
whole neighborhood U but the solutions exist on the maximal controlled invariant submanifold M* only), which is the main
reason for us to distinguish the “external” and “internal” analysis of DACSs. As a simple example, we consider the following
two DAEs B = (E,F,G)and B o = (E, F,G), where

2,1,1
0 —1)? 0 - 0 - X = 0
Em=H,Hm=PﬂQLGm=L}Emzu,n@=m,a@=u,

Itis clear that (x, u) = (1,e~") and (%, i) = (0, 0) are the unique solutions of the two DACSs and the diffeomorphism % = y(x) =
x — 1 and the feedback transformation i = —x? + e*u map (x, u) to (%, if). However, the two DACSs can not be ex-fb-equivalent
since E and E are not of the same rank (two ex-fb-equivalent DACSs should have E-matrices of the same point-wise rank).

Theorem 3.3. (Normal forms) Consider a DACS = = (E, F,G)andfixapoint x, € X. Let M* C X be a smooth connected
embedded submanifold containing x,. Assume that M *is a locally maximal contmlled invariant submanifold around x, and
that there exists a neighborhood V af x, such that

(Al) rank E(x) = const. = r and rank [E(x) G(x)] =const. =r+m,, Vx €V.

(A2) The submanifold M* satisfies the constant rank assumption (CR), that is, dim E(x)T,M* = const. = r, and
dim(E(x)T,M* + ImG(x)) = const. =r; + m; + my, VxXEM*NV.

Then there exist a neighborhood U C V' of x, such that E* is locally ex-fb-equivalent to a DACS represented in the following
normal form

I, E(2) 0 El(2)||z F (2| |Gz 0
10 E I, E}@||z| | K@, |G 0 [y
N 2o 0 0 |[=|T] o [T o 5 |lw) ©)
0 0 0 0 |lz| |FR® 0 0

where (2|, z,) are local coordinates on M* = {z |z3=0,z4 = O} and z = (zy, 2, 23, 24), where EZ, Ef, E;, Eg are smooth
matrix-valued functions defined on U with values in R"> =) RriX(m=ra) RraX(m=r)) RrX(m=r) respectively, where r = r|+rs,
n; =dim M*, n=n,+n, and m > m;+m,. Moreover, for all z € M*, we have that E22(z) =0, F,(z) =0andrank G,(z) = m



| 7

Furthermore, if the above (A2) is replaced by the condition that there exist a neighborhood V' of x, and an involutive
distribution D such that D(x) = T.M*, Yx € M* NV, satisfying

(A3) dim E(x)D(x) = const. = r; and dim (E(x)D(x) + ImG(x)) = const. =r; + m; + m,, Vx € V,

then there exists a neighborhood U C V' of x,, such that E* is locally ex-fb-equivalent to equation @), for which, additionally,
Ezz(z) = 0 and rank G,(z) = m;, Yz € U, which we call the special normal form

I, EX(2) 0 Et@||z| |F®]| |G 0

1

0 0 I E@|n| |Re@| |62 0|
SNF) : o2 =72 2 . 10
GNE: 1o 0 0 0 |4 o [T o 1,|lw (10)
o 0 0o 0o ||zl |Re 0 0

Proof. Since M* is a smooth connected embedded submanifold, there exist a neighborhood U, of x, and local coordinates
(;,8)in U, such that M* NU, = {x€ U, | {,(x) =0}, where dim M* = n; and §; : U, - R", ¢, : U; — R™. In the local
(¢, &,)-coordinates, defined by the local diffeomorphism {(x) = ({;(x), {,(x)), the system E* is expressed as

[E\ (&) Ey©)] [2] =FQ)+GOu,

~ ~ ~ ~ _1 ~ ~
where E, : U, » R and E, : U, > R™™, and where [E,(((x)) E,(((x))] = E(x) (%) CE(()) = Fx), GE(x) =
G(x). Then, by assumption (Al), forall { € U, = U, NV, we have

rank [E,(¢) Ey(Q)] = const. = r, rank [E\(0) E5(¢) G()] = const. =r+m,.
Thus, by Dolezal’s theorem (see [33]]), there exists a smooth map Q, : U, - GL(/,R),

o E\(©) ExO) G(©)
0O [E©) ExO) GOl=| 0 0 GO
0 0 0

where E, : U, » R™™ E, : Uy » R™ and G, : U, — R™>™ such that the matrices [E,({), E,({)] and G,({) above are
of full row rank.

By dim E(x)T,.M* = const. = r, of assumption (A2), it is immediate to see thatrank E({) = r, for { € M*. It follows from
the smoothness of E,(¢) that by taking a smaller U,, if necessary, there exist 7, columns of E;({) that are linearly independent
in U,. Now we write the matrix )

a1 [ENO E2Q) | EX¢) E2 (c:)]
[E©] 0] = [Ef’(C) EXO) | EXO) EXQ)”
where E11 : U, » R and E; : U, - R and where r, = r — r, (and other matrices are of suitable dimensions). We can
always permute the rows (by a constant Q-transformation) and the columns (by permuting the components of ¢;) of the above
matrix such that E 11 (¢) is invertible. Then by a suitable Q-transformation, [E,, E,] admits the form

1, EX0) | ENO) E§<§)]
0 EXQ) | EXQ) EX©O)

Since rank E(x) = rank [E_1 ), Ez(C)] = r, the matrix [Ef, E;’, E;‘] is of full row rank r, = r — r,. Notice that E;‘(C) = 0 for
¢ € M* (since rank E,({) = r, for { € M*), so rank [E;(C), E;‘(cj)] = r, for { € M*. By the smoothness of E,({), we have

that [E;(C ), E;‘(C )] is of full row rank r, for { € U,. Then we can always permute the columns (by permuting the components
of §,) of E, such that E] is invertible. On the other hand, we write

_ 1 2
lGl@] G\(©) GO

[E,(©) | Ey©)] = [

G, ()

Gi(§) G/ ]

Gl GO

where Gg(é‘ ) is a m, X m, matrix (and others are of suitable dimensions). Since G,(¢) is of full row rank m, for { € U,, we
can permute the components of u (by a feedback transformation) such that Gg(C ) is invertible. Since both E; (©) and G%(C ) are
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invertible, we can set

I, 01©) 0]©) ©

0 030 0 0

0 0 0} o0 [

o o0 0 I,

where Q2 = —EJ(E})™", 0} = —(G - E)(E}))"'G)(G)™, 03 = (ED)™, 0} = —(E})"'G{(G)™". 03 = (G3)™", and then we
have

0,() =

L, EXO) 0 EXO[G(©) 0

0 ENO I, E3O) |G 0

0 0 0 0 |GOI,[

0O o0 0 O 0 0

where E2 = E? + Q*E}, E2 = E2 + Q*E;, G = G| + Q°E} + Q3G), E} = Q2E}, E; = Q2Ej, G} = Q’G} + Q3G),
G} = 03G). Denote Q,0, F = (F,, F,, F;, F,). Then by the feedback transformation

[nto] * o 1)+ 2]
RO 76O 1,1" 7 &)

both Gé and F; become zero. Rewrite z = {, (21, 2,) = {}, (23, 24) = &, (uy,uy) = (i}, i), E12 = Elz, E22 = Ei‘, Ef = Eg
E; = E; ,G| = Gll, G, = G~? , then it is straightforward to see that = is locally ex-fb-eq on U = U, to the normal form (NF),
given by (9).

Consider equation (H), then the condition dim E(x)T, M* = rank [

0,(0)0,©) [E\ () Ey(©) | G©)] =

2
161 1;;222] = r, for all z € M*, of assumption (A2),
I, E}(z) Gi(2) O
implies E(z) = 0, forall z € M*, and the condition dim(E(x)T, M* +Im G(x)) = rank | 0 EX(z) Gy(z) O |=r +m +m,
0 0 0 I
for all z € M*, of assumption(A2), implies rank G,(z) = m,, for all z € M*. Moreover, by the fact that X;[ * is a controlled
invariant submanifold and due to condition (4)) of Proposition it follows that F,(z) = 0 for all z € M*.

Now we prove that under assumptions (A1) and (A3), E* is locally ex-fb-equivalent to the special normal form (SNF), given
by (T0). The construction of the (SNF) is similar to the above construction of the (NF) given by (9) but we choose coordinates
{ = (£, ¢, differently. By the involutivity of D of assumption (A3) and Frobenius theorem (see, e.g. [23]), there exist a
neighborhood U, of x° and two vector-valued functions {; : U; - R™ and §, : U, —» R™ Asuch that span{d¢ 11, ,dCI" '} =
DL, where D! denotes the annihilator of the distribution D, and the differentials dC{ and dg“é are linearly independent. Since
D(x) = T, M* locally for x € M*, we still have M* NnU, = {x | {,(x) = 0}. Observe that assumption (A3) implies (A2), so we
may transform Z* into (NF), given by (9), using the construction described above. But now by assumption (A3), we have

I, Ef(z)]

0 Eg(z)
I, Elz(z) Gi(z) 0

dim (E(z)D(z) + ImG(z)) =rank | O Eg(z) Gy(2) O |=r +m+m,,
0 O 0 I

ny

dim E(z)D(z) = rank [ =ry,

for all z € U,, which, respectively, implies Eg(z) = 0 and rank G,(z) = m; on U,. Therefore, under assumptions (A1) and
(A3), the DACS E* is locally ex-fb-equivalent to the (SNF) given by (10). O

The following observations are crucial.

Remark 3.4. (i) If the submanifold M* exists and E* satisfies the constant rank assumptions (A1) and (A2), which are
regularity assumptions, then E* is locally ex-fb-equivalent to the (NF), given by (9). If E“ satisfies the constant rank and
involutivity assumptions (A1) and (A3), then it is locally ex-fb-equivalent the (SNF), given by (10), in which, additionally
compared to (@), we have E;(z) = 0 and rank G,(z) = m, for all z € U. Note that if M* is replaced by M being any
controlled invariant submanifold (not necessarily maximal) and satisfying (A1) and (A2), or (A1) and (A3), we may still
transform 2 into form (9) or (I0) since we do not use the maximality of M* to construct the two normal forms as shown
in the above of proof. However, if M* is not locally maximal, we can neither conclude that M* = {z| z; = z, = 0} nor
that (z;, z,) are the local coordinates on the admissible set S, = M*.
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(i) By a suitable feedback transformation introducing new controls (u}, u%) (possibly also by a permutation of z;-variables),

the second equation [1,2 E}(2)| [Z] = Fy(z) + Gy(2)u, of can be further simplified as
I O @;‘(z) _ Fy(2) N 0 Gy(2)] [u; _
0 I, E2 o |Tlo 1, ||«

Ne NN
AW W =

where u} € R>™™, u? € R™ and Fy(z) = 0 for z € M*.

(iii) The forms (NF) and (SNF) are two normal forms under the external feedback equivalence, meaning that both hold locally
everywhere around x,, not just on the maximal controlled invariant manifold M* passing through x,. For any point
Xo & M* around x,, the system does not have solutions passing through x,, (see item (ii) of Remark @, but the system
admits the above normal forms, which can be useful if we want to steer x,, towards M *.

(iv) Note that M* = {z |z3=0,z4 = 0}. If we consider E“ “internally”, i.e., locally on M*, by setting z; and z, to be zero,
we get from equation (9) the following system (we may do the same for equation (10)):

[Ir EIZ(ZI’ZZ)] [21] _ [Fl(zl7z2)] n [GI(ZI’ZZ)] u
0 0 2| | Bz |Gz

Since rank G,(z) = m, for z € M*, via a suitable feedback transformation introducing new controls (u}, uf), and a Q(x)-
transformation (defined on M* but it can be extended to U™ that is open in X), the above DACS can be transformed

into . 5
I, EX(z,,2,) . Fi(z1,2)| [Gl(z1.2z) 0 g
0 0 [1] = 0 + 0 0 [ 5] ,
0 0 @ 0 o 1, |

my
for some maps F| and G}. It can be seen from item (i) of Theorem 4.4/ below that E* has solutions isomorphic with those
of the first subsystem z; + Elz(zl, 2))2, = Fy(zy,2,) + G}(zl, 2Z,)u,, which we denote by E“| . and call the restriction of
E* to M*; the latter can be regarded as an ODE control system with controls w = Z, and ui:

2= Fi(z1,2)) + G| (2, z)u} — EX(z), 2w
22 =w.

(This is a particular case of a general procedure proposed in [22] under the name of (Q, w)-explicitation). From the above

analysis, it is seen that for a fixed control u, the original Z* has a unique maximal solution (see the definition of maximal

solution in Section[d) if and only if n; = r| (since in this case, the z,-variables are absent).

(v) The above two normal forms (NF) and (SNF) facilitate understanding the actual roles of the variables in the nonlinear
DACS E*. As aresult, some generalized states, namely (z;, z3), behave like state variables of differential equations and
some generalized states, namely (z,, z,), are free variables since their derivatives (Z,, Z,) are not constrained and can be
seen as extra inputs which are different from u. Moreover, some generalized states, namely (zs, z4) are constrained and
some controls, namely u? and u, are also not free to be chosen (since they are forced to be 0 by the constraints) when the
DACS is considered internally on M *. The generalized state z, and the control u} are the truly free variables and are not
constrained.

(vi) It is worth to mention that the behavioral approach of system theory (see [8]) does not a priori distinguish the roles
of the variables (which is also the case of our variables x consisting of all components of the generalized state; we
distinguish, however, the control u from the generalized state x) and only the analysis of the system reveals the nature
of those variables. The observations of item (v) above could be regarded as an instruction for the reinterpretation of
the meaning of those variables, the latter has already been addressed in [19] and [14]] for the regulation problems. For
instance, the free generalized states z, could be reinterpreted as a new input (but they should be distinguished from the
true controls u considering the physical meanings of the generalized state variables, see Section [I)) and the constrained
generalized states z; and z, could be redefined as zeroing outputs of the system. Consider the DACS E (which describes
a 3-link manipulator with a free end-joint) and its (SNF) of Example below. It is seen that F (the friction force at
the end joint) is a free generalized state, which, however, should be distinguished from the real active input u = (F,, F y)
since the physical meaning of regarding F, as a new active control is that we add a motor/actuator to the free joint and
consider instead a fully-actuated manipulator.
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(vii) Our forms (NF) and (SNF) are different from the zero dynamics form (ZDF) proposed in [12] in many ways. First, the
feedback transformations, which play important roles for our normal forms, are not used for the (ZDF). Second, it is
assumed for the (ZDF) that

dim E)T,M"* + Im G(x) = dim M™ + m, 11

while we only assume that dim E(x)T, M* + Im G(x) = const., which is more general since assumption excludes
the existence of free generalized states and control inputs in the internal dynamics. Third, the utilization of the involutive
distribution D, not present in (ZDF), shows a possibility to further simplify the structure of the matrix E(x) in (SNF).

4 | INTERNAL REGULARIZATION OF NONLINEAR DACSS

In this section, we first consider the uncontrolled case of (T) i.e., nonlinear DAEs, which are of the form
2 E(x)x = F(x),

and are denoted by =, , = (E, F) or, equivalently, by = _.l 0 = (E, F,0). If we apply Definition[2.2|to a DAE E, then M * is called
a locally maximal invariant submanifold. It is well known (see e.g., [25], [26], [6]], [20] and [22]) that the solutions of a DAE
= exist locally on its maximal invariant submanifold M* only and that the uniqueness of solutions can be characterized by the
notion of local internal regularity, which is defined below. We will say that a solution x : I — M * satisfying x(¢,) = x,,, where
to € I and x, € M*, is maximal if for any solution ¥ : T — M* such that t, € I, %(t,) = x, and x(t) = X(t) forallt € I n I,
we have I C 1I.

Definition 4.1 (local internal regularity). Considera DAEE,, = (E, F) and let M * be a locally maximal invariant submanifold
around a point x, € M*. Then E is called locally internally regular (around x,) if there exists a neighborhood U C X of x,
such that for any point x, € M* N U, there exists only one maximal solution x : I - M* NU satisfying ¢, € I and x(t,) = x,,.

Remark 4.2. Consider a DAE B, , = (E, F) and let M™* be a locally maximal invariant submanifold around a point x, € M™*.
Assume that there exists a neighborhood U of x, such that dim E(x)T, M* = const., Vx € M* n U. Then the following
conditions are equivalent (see Theorem 4.3.14 of [4] or [22)):

(i) Eis internally regular around x,;
(i) dim E)T M* =dimM*,Vx e M* nU;

(iii) Via a Q-transformation defined on M* around x,, the system E| . can be transformed into an ODE z* = f(z*), where
z* are local coordinates on M*, given by y, and E|,,. denotes E restricted to the submanifold M* (compare item (iv) of

Remark [3.4).

Definition 4.3 (Local internal regularizability). A DACS E" = (E, F, G) is called locally internally regularizable (around x,)
if there exist a neighborhood U of x, and a smooth map y : U — R™ such that the DAE &, , = (E, F + Gy) is internally regular
around x .

p

Now we use Algorithm [I]in the appendix to study the problems of when is a DACS locally internally regularizable and how
to design internal regularization feedback laws. Note that Algorithm [T]is a practical implementation of the recursive procedure
of Proposition see Remark [2.5]i), with additional Assumptions 1 and 2. At every step of Algorithm [I} we construct a
submanifold M, and a local form, given by @ under the external feedback equivalence, based on which we give an explicit
expression of the restricted/reduced system defined by equation (26). Moreover, at every k-step, we show in details how to
construct the coordinate transformations y;, and the feedback transformations (u,, i) = a, + b u,_;, which lead to the local
form. In the statement of Theorem we refer to the submanifold M* = M|, and to the open neighborhood U* = Uj.,,
(in X) of Step k* + 1 of Algorithm
Theorem 4.4. Consider a DACS E :” = (E, F,G) and fix a point x, € X. Suppose that Assumptions 1 and 2 of Algorzthm
are satisfied. Then M ¢, for k =0, . k* + 1, of the recursive procedure given just before Proposition|2.4 Hare smooth connected
embedded submanifolds and M* M ¢ . satisfies the constant rank condition (CR) in U* and thus by that proposition, x, is

k*+1 P
an admissible point and M* is a locally maximal controlled invariant submanifold around x,, given by

M*={x]|2,(x)=0,...,Z.(x) =0} .
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Moreover,

(i) locally, around x, there exist a diffeomorphism 2z = W(x) and an invertible feedback u = a(x) + p(x)d, where 2 =

(z%,2) = (2%, 2, ..., Z)) and G = (u*, ) =(u*, i, ..., ., ), transforming the set of all solutions of El“n m into that of
E?A = (E,F,G), wherel =r*+ (n—n*)+(m —m*), A =n, i =m, and
JAM
. E*z) 01 A . F*(z") A G*(z*) 0
Eo="v"0]. P=|""] co= "0 o |,
0 0l 0 0 Iy

or, equivalently,

E*(z*)z* = F*(z*) + G*(z")u*,
7, =0,...,%. =0, (12)
ﬁ1=0""’ﬁk*=0’ﬁk*+]=0’

[1»
S

where E* = Epyy @ M* > R™", F* = F.,i t M* > R”, G* =Gy : M* > R™™ and n* = ny. = nyeyy, 1r* =
Prepr, M = my. | come from Step k*+1 ofAlgorithmE] and where z* are local coordinates on M*, and rank E*(z*) = r*,
Vz* € M*, i.e., E*(z*) is of full row rank.

(i) The DACS E" is internally regularizable around x , if and only if r* +m > n*, where m = m — m* or, equivalently, for any
point x € M* N U, where U C X is an open neighborhood of x,,, we have

dim(E(x)T, M* + Im G(x)) > dim M*. (13)

(iii) Since E*(z*) of system is of full row rank r*, we assume that the first r* columns of E*(z*) are linearly independent

(if not, we can always permute the components of z*). Rewrite E*(z*)z* = [E{(z") EJ(z")] [i‘ such that EY(z") is
2
invertible. If (I3) holds, then define the following feedback law for (I2):

u*
p r*(z1, 23)
a=| "' = oz =Y. (14)
_ 0
Upr g1

where u* = y*(z},z3), z; € R™" and y* : M* — R™ is an arbitrary smooth map. Then the feedback law u = y(x) =
a(x) + f(x)7(w(x)), where the diffeomorphism Y(x) = (z*, Z) and invertible feedback u = a(x) + f(x)ii are those of item
(i) and w(x) = ¥~1(z*,0), internally regularizes the original system Z*.

Proof. (i) At the general Step k of Algorithm consider the DACSs & = B = (E,_,.F,_,,G,_)) and E! = (E,, F,.G)),
the latter given by (25). Then we show that the following items are equivalent.

(@ (zp_1(),uy_ (), where z;_(-) = II/k_l(zk(')’ Z, () and uy_ (1) = oy (21 () + Br((zp_1 ())(ui. (), 4, (+)), is a solution of

P
(b) (z,(-), 2, (-), u; (), @, (+)) is a solution of éz;
(©) z,(-) =0, a,(-) =0and (z,(-), u,(-)) is a solution of
B El(zz = Fi(zy) + Gi(z)uy,
where E, = Ei, F, = l:"kl, G, = G!, and where EA;, Fkl, GA,i are defined by formula .

Since EZ = B;_, is locally ex-fb-equivalent to E’;{ via Qy, vy, o, and f,, we have that item (a) and item (b) above are equivalent
(see Remark. The equivalence of item (b) and item (c) follows from the fact that the solutions exist on M, only and should
respect the constraints Z, = 0 and i1, = 0.

Then by the equivalence of (c) and (a), we have at the first step of Algorithm (I that (z,(:),0,u,(-),0) is a solution of
E\(z))zy = Fi(z) + Gy(z))uy,z; = 0,4 = 0, if and only if (zy(), uy(-)) is a solution of Ef = E* = (E, F,G), where
zo(1) = 1//1_1(21(-), z,(+) and uy(-) = a;(zy(-)) + B, (2o(-))(u;(-), @#;()). In general, by an induction argument, we can prove that

(24(),0,...,0,u,(-),0,...,0) is a solution of

E (z )z, = F(z)) + G (zuy, 2, =0,...,Z2, =0, u; =0,...,a4, =0,
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if and only if (x(-), u(-)) is a solution of E*, where x(-) and u(-) are given by the following iterative formula

x() = zo() = w7 (2 (), 00, 2,() = Wy (200, 0), ...y 21 () = W (24(), 0) (15)
and
u(-) = a;(x() + By (x())(u(+),0),
ulf-) = a,(z,(")) + fr(z;())(u,(+), 0), (16)
uk—l(') = ak(zk_l(')) + ﬂk(zk_l('))(uk(‘)a 0).

Each diffeomorphism y, and feedback transformation (e, §,) are defined on W, and to extend it to U,, we put ¥, =

Wy Z» .-+ » Z;). Then we first extend (a, ﬁk)(‘P;_llo o‘Pl‘l) arbitrarily to U, (keeping their values on W,) and, second, we
enlarge the extended (e, f,) to a feedback transformation (A, B,) acting on the whole control vector u = (uj_;, i;_;, ..., ;)
by acting on u,_, via (&, f,) and keeping (@#,_,,...,i1;) unchanged. Now we define the local diffeomorphism ¥ :=
Y0 oW,0¥, : Uy — R” (note that ¥,.,, = ¥,.) and the feedback transformation (a, f) as the composition of

(A, B)), (A3, By), ... ,(Apeyy, Bioy) with @ : Upeyy — R™and f : Up.,; — R™". To show that the local diffeomorphism
2 = ¥(x), where Z = (z*, Z), and the feedback transformation u = a(x) + f(x)i transform solutions of Z* into those of B4 it is
enough to observe that ¥ and u = a(x) + f(x)a satisfy and @, for k = k* + 1.

Now we prove that E*(z*), for z* € M¥, is of full row rank. Consider Step k* + 1 of Algorithm |1} note that the Q.-
transformation ensures that E;*H(zk*) is of full row raPk. By Mﬂﬂ = {zk* EM; . NU, | F3*+1(zk*) = 0} and the fact
that dim M|, = ny. = npy = dim M, ,, we have F:Url(zk*) = 0, Vz. € M, NnU,.,,. As a consequence, the Z;. -
coordinates are not present, so there is no equation z.,; = 0 in . Moreover, we have M/, | = M. in U,.,,, implying that
Zyey1 = Zye. Finally, it is seen from E*(z*) = Epy (Zpyr) = Ep., (20) = E,i*ﬂ(zk*) that E*(z*) is of full row rank for all
z" = Zpy € M*= M, .

(ii) To begin with, we prove that Z* is internally regularizable if and only if 2%, given by , is internally regularizable.
Observe that E is internally regularizable, i.e., there exists a feedback u = y(x) such that E = (E, F + Gy) is internally regular
E(x)x= F(x)+ G(x)u

0 =u-yXx
solution (x(-), u(-)) satisfying x(¢,) = x, and u(t;) = y(x,) for any x, € M; N U, where My* is a locally maximal invariant
submanifold of E” and U is a neighborhood of x,,. By item (i) of Theorem Ef], there is a one-to-one correspondence, given Py
a local diffeomorphism Z = ¥(x) and a feedback transformation u = a(x) + f(x)ii, between the solutions of E* and those of =*.
As a consequence, 2" is internally regularizable if and only if there exists y : M* — R” such that the DAE

E®):=F3) +G®a
{ 0 =a-7(2),

if and only if the algebraic constraint 0 = u — y(x) is such that the DAE E : { has a unique maximal

where 7(2) = 7' (y(P~1(£2)) — a(¥~!(2))), has a unique maximal solution (2(-), 4(-)) satisfying 2(t,) = 24, where 2, = W(x),
and a(ty) = f~1(x0)(y(x) — a(x,)), for any x, € M; NnU,ie., 5% is internally regularizable. Now we will show that B is
internally regularizable if and only if (I3) holds. Since E*(z*) of (I2) is of full row rank, we may view the first equation of
as an ODE control system with extra free variables. More precisely, assume that the first r* columns of E*(z*) are linearly

5%
independent (if not, we can always permute the components of z*), then we can rewrite E*(z*)z* as [E;‘(z*) E; (z*)] Zi ,
z
% H . . . . . 2
where z* = (zT, z;) and E ]* : M* - R™ isinvertible. Thus we can rewrite the first equation of as
zy = (El*)‘lF*(z*) + (Ef)‘lG*(z*)u* - (Ef)‘lE;(z*)w a7
zy = w.

It follows that 2% is internally regularizable if and only if the free variables z; can be fixed via the constraints & = 0, which is
equivalent to the fact that the number of constrained inputs & (there are m = m — m* of them) is not less than the number of
components of zJ (which is n* — r*) and thus equivalent to .

>iii) If m = m — m* > n* — r*, then there are enough components of constrained inputs # = 0 that can be used to fix the free
variables z5. Namely, denote & = (u*, #,7") € R™ x R™ x R™, where ' = n* — r* and " = m — (n* — r*), then we impose
z; = 0 by setting & = z; = 0 and the remaining components & = 0 to construct a controlled invariant submanifold. We can
choose u* = y*(z*) arbitrarily and then M = {z* €EM*|z] = 0} is an invariant submanifold of the closed loop system Z7,
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obtained from £7 via i = 7(z*), where
a= i, id") = (*z"),z5,0) = §(z%) (13)

is thus the feedback law . Now using the diffeomorphism x = ¥~!(z*, z) and invertible feedback u = a(x) + f(x)i that
transform solutions of 2 into those of 2% (see item (i), we conclude that the feedback law u = a(x) = a(x) + f(x)7 (W (x)),
where 7 is given by and y(x) = ¥~!(z*,0), internally regularizes the original system Z*, which completes the proof. [

Remark 4.5. (i) Note that we perform k* + 1 steps of Algorithm[I] Actually, we get M* already at the step k*, however, we
need to perform one step more to know that Algorithm stops (because n;.,; = n,.) but also in order to normalize the

system ¥, and obtain E* = BY.,, = (E* F*,G").

(i1) The first equation of , ie., E*(z")z* = F*(z") + G*(z*)u*, which we denote by E¥|,,., has isomorphic solutions with
E* and can be seen as the “internal” dynamics of 5. Since E*(z*) is of full row rank, we may view Z“|,,. as an ODE
control system (given by the first equation of (I7)), see also item (iv) of Remark [3.4) with two kinds of inputs, namely u*
and w.

(iii) The procedure of internal regularization, leading to Theorem [4.4{iii), that we propose is not unique at two stages. First,
by setting &’ = y(z*) for any 7 such that % is invertible, we can find zJ = y(z]) satisfying y(z], y(z})) = 0 and thus
we constrain the z;—variables via &' = y(z*) = 0. Second, we can choose u* = y*(z*) arbitrarily and that choice does not
affect internal regularity of Z“ (nor the invariant submanifold M) since the feedback law u* = y*(z*) does not influence
the constraints &’ = y(z*) = 0.

(iv) A linear DACS E = (E, H, L), given by (2), is internally regularizable/autonomizable (see Theorem 3.5 of [19]) if and
only if
dim(E7Z* +ImL) > dim 7",
where 77* is the limit of the augmented Wong sequence 7, of (7), which is, clearly, a linear counterpart of M* (denoted

AM*, compare Remark [2.5[v)). Thus item (ii) of Theorem [4.4]is a nonlinear generalization of the above result for linear
DACSs.

(v) Combining the results of Theorem [3.3] and Theorem it is seen that if a DACS Z* is ex-fb-equivalent to the (NF) or
the (SNF), then E* is internally regularizable if and only if r| + m; +m, > n,.

S | EXAMPLES

In this section, we give two examples to illustrate the results of Theorems [3.3|and .4} In particular, Example [5.1| shows how to
use Algorithm|[T]to find a feedback to internally regularize a given DACS, while Example[5.2] puts emphasis on finding a normal
form and demonstrates that an internal regularization feedback can be constructed based on the obtained normal form.

Example 5.1. Consider the model of a 3-link manipulator taken from [34] as shown in Figure[I|below, where joint 1 and joint
2 are active, and joint 3 is passive and called a free joint.

joint 2

joint 1 joint 3:(x, y)

Figure 1 A 3-link manipulator with a free joint



4|

The dynamic equations of the system are given by:

mx — ml sin 00 — ml6? cos@ = F,
my + ml cos 06 — ml6* sinf = F, (19)
—ml sin 6% + ml cos 03 + mI*6 = 7, + F,

where m and / are constants representing the mass and the half length of the free-link, respectively, x and y are the position
variables of the free joint, and 6 is the angle between the base frame (attached to joint 1) and the link frame, F, and F, are the
translational force at the free joint, 7, is the torque applied to joint 3 (and we take 7, = 0 implying that joint 3 is free), F is
the friction force caused by the rotation of the free link. We regard F, and F), as the active control inputs to the system. Note
that the friction F is a generalized state variable rather than a control input since it can not be changed actively. We require the
trajectories of system (I9) to respect the following constraint:

x—y=0. (20)

Denote x;, = x, X, = X, y; = ¥, ¥, = ¥, 0, = 6, 6, = 0 and choose the generalized state z, = (x|, X5, ¥, 5,0, 05, F;). Rewrite
and (20) together as a DACS & | = (E}, F}, G)), given by

=772 "
X X2
1 0o o000 o o07]:
0 m 0 0 0-mising 0[] mi6; cos 0, 0
00 1 00 o0 o]l 2 00 |[F
0 0 0 m 0 micos6, 0 ;2 =| méysing, |+|o1 || .
0 0 0 0 1 0 0 i 0 00 Y
0-sing 0cos, 0 1 0[] 4 Fyjmi 99
o 0 00 0 o oldlpg X, 00

Consider E* around a point Zgp = (xlp, X2ps Vips Yaps le, 02,,, Ffp), where

Xyp = Xop = V1, = Yop = 01, = 0y, = Fy, = 0.
We assume that 6, # +7, so we do not work on X = ' x R® but on Uj = (=%, 3) X R®. We now apply Algorithmto 2,
Step 0: Set M, = X, M§ = Uj,.

Step 1: We have rank E,(z;) = 5 and rank [E1(Zo) G1(Zo)] = 6 in the neighborhood U; = (—%, %) x R® of Zgp- Set
I; 00
0,(zy) = [q(as,) m 0], where g(6;) = [0sin6; 0 —cos6; 0]. We get
0 01

M, ={zy € M{|Q,F\(zy) €ImQ,E(z) +ImQ,G,(z))} = {zg € M |x, —y, =0}.

Clearly, z,, € M. Then choose a new coordinate Z; = x; — y, and keep the remaining coordinates z; = (x,, yy, ¥, 0, 0,, Fy)
unchanged, and set

w] _ F]_TJo 1 0 F,
[al] = a(zp) + b(z;) [Fy] = [Ff/l] + [sina1 —cos, | |F,| - @n
It is seen that the DACS E* is ex-fb-equivalent to
0100 0 01][] x 0 0
m 0 0 0 —mlsind; 0 0] y, mlH%cosHl 1 0
0100 0 00| v 0 o |y,
0 0mO micos, 00|l 6, |=|mi6]sin6, +sect F/l|+|tand; —secb, [_1].
0001 o oolle 0, 0 o [l
0000 0 0O0||F 0 0 1
0000 0 00|z z, 0 0

Thus E” restricted to M| = {Zo el |z, = 0} is E“|Mf = E;l = (E,, F,, G,), given by

o100 o 0] X 0
m0 0 0 —mising, 0 ? ml6? cos §, 1
2| =

0100 0 —0fgi=l + 0 uy.

00mO mlcosé, 0 ) ml0; sin 6, + sec6, F, /1 tan 6,

0001 0 o] 0, 0

L7
00100
. 00010
Step 2: We have that rank E,(z,) = rank [Ez(zl) Gz(zl)] =4onW, =U,n M| withU, =U,.Set Q, = loo 00 1],We get

01000
10-100

(recall that z; = (x5, y;, ¥, 0,,6,, Ff))
M, ={z, € M{|Q,F,(z)) € ImQ,E,(z)) +ImQ,Gy(z))} = {z, € M| | x, —y, =0} .
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Clearly, z,, € M,. Set z, = x, — y, and keep the remaining coordinates unchanged, and the system E7 is ex-fb-equivalent to

2
100 o ooyn » 0
0m0 micos, 0 0 gZ ml62 sin 6, +sec, F,/I| |tan6,
oo1 o oofl2]= 0, +| 0 u.
0mO —mlsing, 0 m ;;2 ml6? cos 6, 1
000 0 00} z, 0
2

So E represented in new coordinates and restricted to M3 = {z1 EM[ |z, = ()} is é“|M§ = E';‘ = (E;, F;, G3), given by

1too o o] ¥ 0
0mo0 micosd, 0|[22| |mi62sin6, +seco,F,/1| |tano
oo1 o oll%l=] 7 e, U] o e
) 2
0 mO0 —mlsing, 0 F.2 ml62 cos 6, 1
f

Step 3: we have that rank F;(z,) = rank [E3(zz) G3(22)] =4 on W5 = U;n MS with Uy = U, = U,. It follows that k* = 2
and M* = M7 = M; N Us is a controlled invariant submanifold since
M; = {z, € M5 | F;(z,) € Im E3(z,) + Im G3(z,) } = M.

Thus z,, € M* is an admissible point. Hence we get z* = z, = (yy, 5,0, 0,, F;) and E*| ;. = 51341 = (E*, F*,G"), where

100 0 0 » 0

162 sin 6, +sec 8, F, /1
E*(Z*) — lgg? mlc(())sé’1 g] , F*(Z*) — lm > sin 16";56:6 1Fr/ ] , G*(Z*) — [tar(l)G,] )
0OmoO

—mlsin@; 0 mlﬁg cos 6 1

So r* = 4 and m* = 1, by item (ii) of Theorem[4.4] r* + (m — m*) = 4 + 1 = n* = 5 implies that our system E* is internally
regularizable. A feedback that internally regularizes Z* can be deduced, by item (iii) of Theorem[.4] from

i =F;=> F;/l +sin6, F, —cos6, F, = F,.
The above equation has a infinite number of solutions. The control u; = u* = y*(z*) can be chosen arbitrarily (see the proof

of Theorem iii)). So we can chose y(z*), for instance, to stabilize E*|,,., i.e., B = (E*, F*,G*) on M* (which can be
viewed as an ODE since E* is of full row rank). Set « = —b~'a and § = b~', where a, b are given in , and define

7(zy) = [71(;) ] Then the feedback which internally regularizes and stabilizes E“ can be uniquely solved. The solution is
u= V(Zo) = a(zo) + ﬁ(zo)}?(zo), ie.,
F, -1 0 =1 [ y*(z* -1 “(z%)
u= [F'y] == [sian] —cgse,] [F,/l] + [smlo, —C((J)s@]] [yl(ri )] = [sianl —0850]] [(111(/21)13] :

Note that our system E* satisfies assumptions (A1) and (A3) of Theorem since rank E(z;) = 6 and rank [E (zo) G(zo)] =6,

and the distribution
D(zy) = span{i + i, 9 +i, i, i}
ox, dy, 0x, Ody, 00, 06,
satisfies D(z) = T, M* locally for all z, € M*, and dim E(z,)D(z,) = 4, dim(E(z,)D(z,) + Im G(z)) = 5. In fact, E* is
locally ex-fb-equivalent to

100 E0]la] [Fo] [a@o

Joot1 o ||&] RO 0 0|y
SNEY: 1000 o o I oo o [uz]’
000 0 ||¢ F, () 0 0

where ¢ = (£}, 5. &3, §4) (we use ¢ for (SNF) since z are already used as coordinates of the system obtained via Algorithm ,
g] = (J’1,J’2"91,‘92), 52 = Ff, §3 =Z =X =Y §4 =2Z, =Xy — Yo,
[ V2

8 Famty 103 0
4 ml(cos @1 +sinfy) = cos@p+sind ! — —
Eo=| o |.FO= I Gyg) = [ ) ] B =2, F0) =1,
" Icos 0y +sin0y) Fr 9%(00591—5i||9]) sin 6, —cos 6,
| mlz(cosb'1+>in8|)_ cos 01 +sin 0y

Note that for the system (SNF) represented in the z-coordinates, we have M* = {C [&3 =8 = 0}. The variables {; =
(¥1> ¥, 0,,0,) and {; perform as the states of differential equations (there are differential equations for {; and {3), but ¢; are
constrained and equal to 0. Moreover, {, = F ’ is a truly free variable, ¢, is a constrained free variable, and u; is a constrained
control input, .
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Figure 2 A rolling disk on an inclined plane

Example 5.2. Consider a rolling disk on an inclined plane as shown in Figure [2| We denote the position of the disk by (x, ),
the angles 0 and ¢ describe the orientation of the disk with respect to the inclined plane, § is the angle between the horizontal
plane and the inclined plane. If there are no external forces acting on the system, the Lagrangian of the system is given by

L =—mgxsinf + %m(;’c2 +3)+ %J(’p{

where m is the mass, J is the moment of inertia and throughout we assume m = 1 and J = 1, for simplicity. The following
nonholonomic constraints represent the kinematic equations of the system

0= .—)'csin(p +.)'1‘COS(p . 22)
O=xcose+ ysing —0
and we can derive the dynamic equations of the system as
X=—gsinf— A,;sin@p + 4,cos @
y=A,cosp+ A,sing
a 23
b=-1, (23)
$=0,

where 4, and A, are constraint forces (Lagrange multipliers). We have X = R® x T2, where T> = S' x .S, and choose control
inputs as (7}, 7,, 7,), where 7, = sin f§ (so we control the slope of the plane), and 7, and 75 are external torques in the directions of
6 and ¢, respectively. We study the problem whether we can find an input force such that the trajectories of the system, besides
fulling constraints (22)), respect also the following constraint:

T
p+p= 5 24
To this end, we will transform the system into the normal form (SNF). The constraint (24) is equivalent to 0 = sin f — cos ¢ or
to 7, = cos ¢. Now considering l) li and 1} together with the controls (7}, 7,, 73), we get a DACS 5?1,10,3 =(E,F,G),
given by -
_ T x _ x _ _ _
1 0 0 00000007 3 o 000
0 1 0 0000000 || —Aysing +4; cos 200
0 0 1 0000000]]| M »o 600
0 0 0 1000000 (| 1 C0s @+, sin @, 000
0 0 0 0100000]|]| ¢ , 000 lr=
= 0 0 0 0010000(] ' |= _1 +loio0ll=
0 0 0 0001000 [f 2 o 000 |Llsl’
0 0 0 0000100 [|¢ z 001
—sing; 0 cose; 0 0 00000 || ¢ 9 000
cose, 0sing, 0-100000 /'11 0 000
L 0 0 0 oo0o0o0000]f ) | —cos @, 1 L100]

where x; = x, X, = %, y, =y, y, = 9,0, = 0,0, = 0, 9, = @, p, = ¢. The generalized state is & = (x, X, y, J, @, @, 6,0, A,, 4,).
We consider E around a point &, = (X1, X3, ¥1,» Y2ps 01,5 02 @ 1> P2y A1ps A2p) = 0. Consider ¢ € (= /2,7/2) (thus § €
(0, 7)) and 6 € (—x/2,/2). Applying Algorithm|I|to E*, we get

M =R X (~7/2,7/2) X (-7/2,7/2), M ={E€ M|x,sing, — y,C08 9, = —x, 08¢ — y,sing, +6, =0},
M; = {56Mf|<0292—/11 _§Sin2(P1 =0}’ M*=M;=M;.
It follows that £, € M* and that locally around &,
rank E(&) =r =38, rank [E(¢) G(&)| =r+m,=09.
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sstributi — 9 9 9 9
The distribution D(&) = span { g, &,. &3, & } + span { o B W I }, where

9 : 9 P 0 0 9
= — +sme;— + — =- — + Xy, — 2¢0,—

g1 = cos (plaxz + sin @, o + 20, ) YD) P + X0, P + g cos (p1091 >
P N 0,4 2

g3 1 06, (p2 09, ’ g4 (p2 04, 06, ’

satisfies D(§) = T: M ™, locally for all £ € M*, and
dim E@)D() =ry =6, dim(EE)DE) +ImGE)=r, +m; +m, =8.
Thus assumptions (A1) and (A3) of Theorem [3.3] are satisfied. Now set

X1
X3

_ | n _ |l _ X, Sin @, —y, cos @, _ 7 _ _ _§ .
zy=\y | 22=4 23 = [52] = [—xzcoswl—)’zsmfl’l"'gz]’ Zy = A = 0,0, — 4 > sin 2¢,
?,
(2}
1 0 0 00000-g00T
0 1 0 00000000
0 0 1 00000000
0 0 0 10000000
0 0 8 8(1)000888 cos @, 001
= 0 0 100 o = (pi—z,l] =[010],
0©)=| 8 v 8 getovvonl @)= |wnal|. pO =010
0 0 0 00001000
0 0 0 00000001
sing; 0 —cosgp, 00000 1 00
| —cos@; 0 —sing; 01000 0 10 |
Tl u}
Then, via Q(&), | 7, | = a(&) + (&) u% and z = (zy, z,, 23, 24), 2" 18, locally around &,, ex-fb-equivalent to
73 U
I, 0 0 0]z F,(2) G%(z) 0 0|,
(SNF) : 00L 0|z |K® + 0 G;(Z)O 4
1000 0ffz 0 0 0 1 Ly
. u
0000O0]fz F,(2) 0 0 oft™
where
x2 T
(11+§ sin 2@, —0,@,) sin @, +(4,—g) cos @, 0
5 _ 0
X, tan @ —% j y 1 2
F(z) = ool Re =[] R@=|;] cl@=3] Ga=]]
02—yztan(p1+cos;l 0
(2 1
0 i

Therefore, by item (v) of Remark the free variables are z, = 4, and z, = 4,. The variables z, and u} = 75 are truly free
variables and they are not constrained by any constraints. The generalized states z; = (3,,8,), z, = 4, and the controls (u%, uy)
are constrained and required to be 0 by the algebraic constraints. In fact, u, = 0 assures the constraint 7, = cos ¢, while 4;, =0
and uf = 24, + @,7, = 0 assure nonholonomic constraints . Moreover, by item (iv) of Remark we have

X

Xy . 2
%, (£ 5in2¢,~0,0,) sin @, +(4,~g) cos @, 8
—u T X, tan ¢, 0 1
= VR 6, |~ X2 + o |4
L cos @1 0
@1 (2} 1
P2 0

which is an ODE control system with one free variable 1, and one control u% = 75. We can see from item (i) of Theoremthat
E| ys+ has isomorphic trajectories with those of E". Moreover, since dim(E(§)T;M™ + Im G(£)) = 8 > dim M™* =7, by item
(ii) of Theorem [4.4] the system E* is internally regularizable, e.g., a feedback which internally regularizes the system is given
by u, = A, = 0 (implying that 7, = cos ¢ +u, = cos @, + 4, assures the constraint on {/12 = 0}), u% = 0 (implying 4, =0
on {)72 = O}) and 73 = u} = y*(z,), where z; = (xy, x,, ¥, 0,, @, @,), for some smooth function y*. Notice that the choice of
y*(z,) is made in order to reach designed control properties of the system E“|,,., like stabilizability (note that by substituting
Ay, = u, = 0, the system E“| ;. becomes a single-input ODE control system).
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6

CONCLUSIONS

In this paper, we proposed two normal forms for nonlinear DACSs under external feedback equivalence to simplify the structure
of systems and to clarify different roles of variables, which is our first main result. One normal form requires only the existence
of a maximal controlled invariant submanifold and some constant rank assumptions of system matrices while another requires
additionally involutivity of a certain distribution. Moreover, we give a necessary and sufficient geometric condition for a nonlin-
ear DACS to be internally regularizable (second main result), we also formulate an algorithm to calculate the maximal invariant
submanifold and a feedback which internally regularizes the system. Two examples of mechanical systems are given to illustrate
the proposed normal forms and the internal regularization algorithm.
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In the appendix, we illustrate the internal regularization algorithm for nonlinear DACSs and give some remarks on the algorithm.
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Algorithm 1 Internal regularization algorithm for nonlinear DACSs

Initiatlization: Consider E?"nm =(E,F,G), fixx » € X and let Uy, C X be an open connected subset containing x - Below all
sets Uy are open in X and W, are openin M, _,.
Step 0: Set z, = x, uy = u, Ey(zy) = E(x), Fy(zy) = F(x), Gy(z9) = G(x), M, = X, MS =Uy,ro=1,ny=n,my=m.
Step k:
1: Suppose that we have defined at Step k — 1: an open neighborhood U,_; C X of x,, a smooth embedded connected

submanifold M; | of U,_, and a DACS B} | = (E,_,, F\_,, G;_,) given by smooth matrix-valued maps

. c Fr (XA, _ . c r_ . c
Ey i M{_ SR F ot M > R, Gyt MY

— Rk
whose arguments are denoted z,_; € M, _,.
2: Rename the maps as E, = E,_,, F, = F,_;, G, = G,_, and define EZ :=(E,, F,, G~k)~.
Assumption 1: There exists an open neighborhood U, C U,_; CX of x, such that rank E,(z,_,) = const. = r, < n,_; and
rank [E(z;_,), G, (z_))] = const. = rj + my_; —my, ¥z, € W, = U, N M,_,.
3: Find a smooth map Q, : W, - GL(r,_;,R), such that £} and G? of

1 all ~1
|5 oK . |%
Q.E.=|0| OF =|F| 06, =|G
0 P 0

are of full row rank, where E~,1 P W= R, Gi : W — ROw—moxm | Ff ; : W, = RO ™1t (50 all the matrices
depend on z,_,).

4: Following , define M, = {zk_1~e Wi | Fi(z,_)) =0}.

Assumption 2: x, € M and rank DFk3(zk_1) = const. = n,_; —ny for z;_; € M, NU,, by taking a smaller U,, (if necessary).

5: By Assumption 2, M, NU is a smooth embedded submanifold and by taking again a smaller U;, we may assume that M =
M, n U, is connected and choose new coordinates (Z;, z;) = y;(z,_;) on W,, where z, = ((2’;1((21(—1)’ wes (pzk“_"k(zk_l)),
with d(‘p}((zk_l), ...,d(i):k"_"k(zk_l) being all independent rows of DF;(zk_l), and z, = ((p}((zk_]), s (pzk (2z4_;)) are any
complementary coordinates such that y; is a local diffeomorphism.

k

. u b -
6: Choose new control inputs [_ = a,(z_1) + b (z,_uy_,, where a; = b, = G~k2 ,and where b, : W, — R™-1>"
u

0
F
k
is chosen such that b,(z,_,) is invertible Vz,_, € W, (by taking again a smaller U,, if necessary).

-1 RN - N -
) , b= 0 (F, +Gay), G, = O, G p, o = —b;lak and g, = b;l.
~ - ex—fb A4
~ :'k =

E;(zk,zk) E_']i(zk,Zk) .

(E, F,G,) via Q, w,, and (a,, f,), where

0 0
0 0

Flzp. 2] [Glzn2) Gl(zin 2) .
Zk] [

=l 0 |+ 0 Iy ﬁk] : (25)
F(z,.2) 0 k
with El © W, - R, Fl o W, » R, Gl : W, - R and [Eloy, E! oy,| = Ei(%yl, Floy, = Fla,,
F:oy/k = FIS and [G}{owk C_;]l{oy/k] = G;iﬂk

9: Set z;, = 0 and &, = 0 to define the restricted DACS on M, = {z,c_1 EW, |z, = 0} as

el ¢ Ez 02 = F (2,00 + G (24, 0. (26)

10: On M/, define a system
Bl L E(zz, = Fi(z)) + G (z)uy,
where E,(z;) = E]i(zk,O), Fi(z,) = Fkl(zk,O), G (z) = GA}((zk,O) are matrix-valued maps and E, : M; - R, F, .
M; - R, G @ M; - R,
Repeat: Step k for k =1,2,3,..., untiln,, = n;, set k* = k.
Result: Set n* = np = npey, 1 = rey,m™ = mp, M* = M, |, U" = Upyy, 2% = Zpoyy = Zpo, U = Uy and
B =(E", F*,G')WithE* = E. |, F* = Fi. |, G* = G-
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Remark 7.1.

(i) Our Algorithm [I]is related to the geometric reduction method used in Section 3.4 of [6]. In both, one constructs a sequence
of submanifolds recursively and then reduces/restricts the DACS to the constructed submanifolds. The main difference is that
Algorithm E] deals with DAEs with an extra control u, i.e., DACSs, while in [6] only DAEs are discussed and no feedback
transformations are involved. Moreover, we relate our Algorithm [I] with the recursive procedure given before Proposition [2.4]
Actually, Step k of Algorithmm provides an explicit construction of the manifolds M| of the procedure.

(i1) The dimensions ry, n,, m, satisfy

209

rg>..2r>2.20, ny>.2n>.20 my>..2m >

{ Moy 2 T Fret = T = Mgy = my) 2y = ny.
The integers r,, n,, m, indicate the values of dim E(x)T, M,, dim M,, and that the vector u, is m,-dimensional, respectively,
and illustrate well the evolution of the reduction procedure.

(iii) Assumption 1 that rank Ek(zk_l) = const. and rank [Ek(zk_ly G(Zk—l)] = const. is made to produce the full row rank
matrices E} and G? and the zero-level set M, = {z,_, € W, | F}(z,_;) = 0}. Assumption 2 that rank DF}(z,_,) = const.
makes it possible to use the components of F, k3 with linearly independent differentials as a part of new local coordinates. Those
two assumptions are somewhat related to but different from the two assumptions in [6], e.g., in order to produce a smooth
embedded submanifold, the author of [6] assumes that H, (x, x) = Ek(x)x - Fk(x) is a submersion.

[
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