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Abstract— Asymptotic stability of continuous-time piecewise
affine systems defined over a polyhedral partition of the state
space, with possible discontinuous vector field on the boundaries, is considered. In the first part of the paper the feasible
Filippov solution concept is introduced by characterizing singlemode Caratheodory, sliding mode and forward Zeno behaviors.
Then, a global asymptotic stability result through a (possibly
discontinuous) piecewise Lyapunov function is presented. The
sufficient conditions are based on pointwise classifications of
the trajectories which allow the identification of crossing,
unreachable and Caratheodory boundaries. It is shown that
the sign and jump conditions of the stability theorem can be
expressed in terms of linear matrix inequalities by particularizing to piecewise quadratic Lyapunov functions and using
the cone-copositivity approach. Several examples illustrate the
theoretical arguments and the effectiveness of the stability
result.

I. I NTRODUCTION
Lyapunov theory has been widely used for the asymptotic
stability analysis of continuous-time piecewise affine (PWA)
systems defined over a polyhedral partition of the state
space [1], [2]. When the vector fields are not continuous on
the boundaries, which is the case considered in this paper, the
stability problem becomes more challenging due to the possible occurrence of sliding mode and Zeno behaviors [3], [4].
For this class of discontinuous systems, to find a globally
quadratic Lyapunov function is a nontrivial issue [5], [6] and
the existence of such a function is not ensured either [7], [8].
A possible direction for overcoming limitations of global
quadratic functions, consists of considering continuous
piecewise Lyapunov functions [9]. In particular, piecewise
quadratic (PWQ) Lyapunov functions and the S-procedure
lead to stability conditions for classical solutions which can
be expressed in terms of linear matrix inequalities (LMIs),
see [10], [11], [12]. In general, to have a continuous PWQ
function which is positive definite and decreasing in time
in each region it is not sufficient for concluding the asymptotic stability of Filippov solutions of a discontinuous PWA
system. Indeed, further conditions for dealing with sliding
modes must be added [1], [13]. Other classes of continuous
piecewise Lyapunov functions have been considered [14].
For instance, a backstepping procedure for the construction
of a continuous Lyapunov function in the form of sum of
squares for piecewise polynomial systems with discontinuous
† Department of Electrical Engineering and Information Technology,
University of Naples Federico II, Via Claudio 21, 80125 Napoli, Italy,
email: rafierv@unina.it; ∗ SCAA @ JBI(FSE), University of Groningen, Nijenborg 9, 9747 AG Groningen, email: s.trenn@rug.nl; ]
Department of Engineering, University of Sannio, Piazza Roma 21, 82100
Benevento, Italy, email: francesco.vasca@unisannio.it.

vector field is proposed in [15]. In [16] continuous functions
given by convex combinations of quadratic forms allow to
conclude the stability of some discontinuous PWA systems
with sliding modes. The more general class of piecewise
smooth Lyapunov functions is considered in [17] but the
continuity on the boundaries is assumed therein too.
In this paper we consider the more general case of possibly
discontinuous piecewise Lyapunov functions for discontinuous PWA systems. Discontinuous PWQ Lyapunov functions
have been considered in [18], [19] for the asymptotic stability
of planar PWA systems, but the analysis was restricted to
the case of continuous vector fields. The stability conditions proposed in [20] allows discontinuities but the apriori
knowledge of the sequence of modes is required. In [21] a
discontinuous Lyapunov function designed by looking at the
system structure has been proposed for a point mass subject
to Coulomb friction in feedback with a PID controller.
The analysis proposed in this paper originates from the
preliminary arguments presented in [22] where more restrictive classes of PWA systems and PWQ Lyapunov functions were considered. Herein the possibly discontinuous
Lyapunov function does not require to have a PWQ form,
although can be particularized to that class thus allowing
the formulation of the stability conditions in terms of LMIs
through the copositive programming approach [23].
The rest of the paper is organized as follows. The class
of continuous-time discontinuous PWA systems with the
relevant solution concepts are presented in Sec. II. The classification of the system modes depending on the trajectory
behavior on the boundaries is discussed in Sec. III. The
main stability theorem with the conditions for the existence
of a possibly discontinuous piecewise Lyapunov function is
proved in Sec. IV. Conditions for the characterization of
boundaries in terms of inequalities to be satisfied on their
relative interior is discussed in Sec. V. The analysis is then
particularized to the case of PWQ Lyapunov functions in
Sec. VI where numerical results confirm the effectiveness of
the approach. Sec. VII concludes the paper.
II. PWA SYSTEM AND SOLUTION CONCEPT
We consider the PWA system
ẋ = As x + bs ,

x ∈ Xs ,

s∈Σ

(1)

where As ∈ Rn×n , bs ∈ Rn and {Xs }Ss=1 is a polyhedral
partition of Rn with S ∈ N being the finite size of the
partition; let Σ := {1, . . . , S}. In particular, every Xs is
a closed convex set resulting from the finite intersection
of (closed) half-spaces. Furthermore, we assume that the

