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The observability problem

|

input u —| Switched System |—— outputy

|

switching signal o

Observability questions

> |Is there a unique xo for any given o, u, y? — observability v

> Is there a unique (xg, 0) for any given u and y?
— (X, 0)-observability

> Is there a unique o for any given u, y and unknown x?
— g-observability

:
Stephan Trenn (Jan C. Willems Center, U Groningen) Switch observability for a class of inhomogeneous switched DAEs (1 / 10)



¥%  universityor  Observability notions
% / groningen g

(x, 0)-observability vs. o-observability
First (surprising?) result for linear systems

(x, 0)-observability <= o-observability

= is clear.
Main argument for <=:
Choose initial values x3 # x3 with the same input-output behavior

— X0 :=X3—x3 #0givesy =0
— y =0 also results from xo =0 and any ¢

Corollary for linear systems

o-observability = each individual mode observable
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Weaker observability notion

. _[0 0 X1 X2
x=[3 9
y =Csx
with )
C1=11,0] t observabl
Cz _ [0, 1] Nnot observabnle ;

mode 1 Es mode 2

Switch observability (o1-observability)

Recover x and o from u and y, if at least one switch occurs

:
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The simplest case

Ck
X = Aogx o CkAg

Theorem (cf. Kuisters & Trenn, Automatica 2018)
o-observability <= Vi#j: rank[O; O;j] = 2n

o1-observability «= Yi#j,p#4q,(0,)) # q):rank[g{ gp]=2n
] q

ts-observability <= Vi#j: rank[O;— ;] =n

:
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Adding inputs

X =A0'X+ Bgu
y= CO'X+ Dou

Input-depending observability

Y(Ag, Cy) 0-0observable < X(Ag, Bg, Co, Do) 0-0observable

Example:
X=X

y=x

x=0+u
y=xXx

is o-observable but not distinguishable for u(t) = ef and x(0) =1
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Adding inputs

X = AUX + Bgu
y= CO'X + Dou
Input-depending observability
Y(Ag, Cy) 0-0observable < X(Ag, Bg, Co, Do) 0-0observable

Strong vs. weak observability

observable for allu <> observable for some/almost all u

Further technicalities
Analytic vs. smooth inputs and equivalent switching signals

All problems resolvable — see our 2018 Automatica paper
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Adding algebraic constraints
Eox =Agx
y =CoX

Extended solution space

Distributional solution space — Dirac impulses possible

Suitable solution space: Piecewise-smooth distrubutions
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i1 i> S
C=—F L1 L> y oy T
t
— o i>
S
Switch obsv
open y = 0 for any internal states X
closed equilibrium iy =—i =const - y=0 X
closing | y=0jumpsto #0 v
opening | non-equilibrium: y # 0 jumps to zero (+ Imp.) | v
equilibrium: y(t) = 0 Vt, but with impulseiny | v

The switch-induced impulse is required to determine x and o.
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System classes

algebraic
constraints

X=AOX
y =CgXx
adding input

X =A0'X+ BUU
y= COX+ Dgu

Eax =AgX
y =CgX

1
1
1
1
1
1
h'd

Bimp -0

p
assumptions

Eg’)l( =A0'X + Bgu
y= ng
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Solution formula for nonswitched DAEs

Epx =Apx + Bpu, x(07)=xg

has unique solution on (0, )

t Adiff

Adifft
x(t)=¢€e"r Tipxo+ | €7,
0

n_
(t—S)Bgiffu(s) ds — Z(Ei
i=

Assumption: Biamp =0 — DAE behaves like x = Agiffx + Bg‘ffu

Jumps and Dirac impulses still present at switches

X(t5) = Tpx(t7)

n—1 .
X[tp]l =— Z(Eipmp)wlx(t;)ég;)
i=0
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Observability characterizations

diff pdiff ~diff
Eo'x=Agx+Bo'u . . np:Ap IBp /Cp ’
regular with corresponding

y= CoXx Eimp' Bimp, Cimp
P p p
Notation:
) . 0

c croer crE o

CdiffAdiff CimpEimp . . . . .

k Ak « Ex diff 4 diff pdiff diff pdiff
Ok = | diffpaiti2 |, Ok = cime gimp3 |7 k=] %% A B C Bk

Kk Ak « Ep

diff 4 diff2 pdiff ~diff odiff gdiff "+ *
Ck Ak Bk Ck Ak Bk )
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Observability characterizations

Eyx = Agx + Boll np,Agiff' Bgiff, Cgiff’
regular with corresponding . . .
y =CoX EP, B, CP
p p

Theorem (Assumption B'™MP = Q)

o-observability <<
rank[O; O Ti—T}]=rankTl;+ rankTT; + rank ([ — ;)

+ technical impulse condition

:
Stephan Trenn (Jan C. Willems Center, U Groningen) Switch observability for a class of inhomogeneous switched DAEs (10 / 10)



Observability characterization
o

Observability characterizations

Eyx = Agx + Boll np,Agiff' Bgiff, Clo)liff’
regular with corresponding . . .
y =CoX EP, B, CP
p p

Theorem (Assumption B'™P = 0)

o1-observability <<
ts-observability +
(.Qi . O r':rp — ) Fi—lp ; .
rank| OjMi OqMp Tj=Tq [ = rankTl; + rankTl, + rank| ~_ |—dim M, p,q
O;TI; OqgTTp ji—'q

where M jiq=imTl;nkerEjnkerEq and M;jp,q= {0} fori#p

:
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