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Power systems model

Power grid consists of
> ng € N generators

> power lines 1 2
> Ng+ np line connectors (busses)
> power demand at each bus

Variables
For each generator:
> a(t) and w(t) angle and angular velocity of rotating mass

> Pg(t) generator power acting on turbine
For each bus:
> V(t) and 6(t) voltage modulus and angle

> P(t), Q(t) active and reactive power demand

:
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Basic modelling assumptions

Generator

> Rotating mass(es) with linear friction (and linear elastic coupling)
> Constant voltage behind transient reactance model (Kundur 1994)
> sin(a(t)— 6(t)) = a(t) — 6(t)

Busses

> V(t) = 1 (per unit)
> sm(e,— 0;) ~ 6;— 6; for any adjacent busses i and j

Lines
TT-model with negligible conductances

—s reactive power flow can be ignored
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Linearized model

Dynamics of i-th generator
ai(t) = wi(t)
mwi(t) = —Dw(t) — Pe,i(t) + Pg,i(t)

where Pg,i(t) = Zli(a[(t)— 0i(t)) and m; > 0 is the moment of inertia

Linearized power flow balance at each bus i

Ng+np

0="Pi(t)+Pei(t)— > L;(6:(t)— B;(t)),

J=1
where /;; = [;; > 0 is the line susceptance and Pe i(t) = 0 for i > ng
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Linear DAE model

Overall we get a linear DAE

Ex =Ax + Bu
where in our example 1 5
T
X=(all aZ: wll w21 911 921 931 94) 3 4
T
u=(Pg,]_,Pg,Z,P]_,PZ,P3,P4)
and, with £; := % 1,
’ [T j=1 Uyr
1 ] r 1 .
1 1
m1 -Z'll -D1 Z'll
E— m2 A= -z 0 D2 z}
- ’ - 2'11 -Z'll-fll 0 113 l14
2_21 0 -Zél-ﬂzz 123 4
131 £32  -I33 [34
L . L La1 Lap  La3 -Lag J
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General DAE-structure

DAE-model for ng generators and np busses has the following structure:

Ex =Ax+ Bu (powerDAE)
with .
X = (alr sy ang, wlr sy wng, 9]_, 92, sy eng+nb)
u=(Pg,]_,...,Pg,ng,P]_,...,Png+nb)T
and
Ing Iﬂg
E = M , A= 'Z-l 'D [Z'l ] , B = Ing
-1 ~_[z1o
[Z ] 'L'[ 0 0] Ing+np

where £ =[/;] is the (weighted) Laplacian matrix of the network

:
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Solvability and Stability
Theorem (Solvability and Stability, Grol8 et al. 2016)

Consider a power grid network and assume that is connected. Then
> (powerDAE) is regular, i.e. existence and uniqueness of solutions is
guaranteed

> (powerDAE) has index one, i.e. it is numerically well posed
> (powerDAE) is stable, i.e. all solutions remain bounded

Remark
Result remains true for multiple-rotating mass models of generators.

P1® e Pg2® o Po3(® o Po.a® & Pos® i Pe(8)
2.
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Topological changes

Eix=A1x+Biu inmodel
E>x =Ax+ Bou in mode 2

or, introducing a switching signal 0 : R — {1, 2}

3 4 )
EoyX =Aot)X + Bonyu

In fact, topological changes (removal / addition / parameter changes of
lines) only effect Laplacian matrix £!

In, Ing
E = M AO'(t) = 'Z-l 'D [Z-l ]

’

1 2 , B= Ing
[Z ] 'SU(f)'[Zo 8] Ing+np
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Simulation

Parameters:
mi=my=1
z1=2=0.1

r both modes:

~0T | 0 0.005 0.005 1-2.005 ' 0 0.005 2

o —| 0 50050005 5 o = 0~ -5.0050.005 5
17| 0.005 0.005 -0.02 o0.01 [’ 2 0.005 0.005 -0.02 0.01
0.005 5 0.01 [-5.015 | 2 5 0.01 [-7.01]
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Sufficient condition for stability under arbitrary switching

:
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Stability and Lyapunov functions

Eyx = AgX (swDAE)

Theorem (cf. Liberzon and T. 2012)
Assume (swDAE) to be regular and index one. If
1. each mode is stable with Lyapunov function Vp(-)

2. Vqy(Tgx) £ Vp(x) for all p, q, where Tlq is the consistency projector
then (swDAE) is stable under arbitrary switching.

Remark

0

If E-matrix is switch-independent and has the form E = [%1 0

invertible E1, then Vqg(TTgx) = Vg(x).

} with

— common Lyapunov function guarantees stability

:
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Key lemma

Lemma
Consider (E,A) with structure

E; 0 O A1 Ao 0
E=({0 0 Of, A=|A3 —£21+As —£»],
0O 0 O 0 —£3 —£4
£1 £ , , ,
where ¢ = [ e £ ] is a (weighted) Laplacian matrix. If
> (E,A) is regular, index one and stable

> rank g3 =1
then 3 common Lyapunov function for all possible £4
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Structural assumption for stability

Assume U = Uy UV U Y, such that

1. 94 are the generator busses e e
2.  no edges between Uy and U, @ 1 5
3. full connection between Uy and V. ? > <
4. Laplacian of edges between Ugand Tc 3 4
. has .rank one | W 5 h ;
5. topological changes only occur in
edges in YUY,
Theorem
Under above assumptions, stability is preserved under arbitrary
switching.
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