Linear switched DAEs: Lyapunov exponents, a converse Lyapunov Theorem,
and Barabanov norms
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Abstract—For linear switched differential algebraic equa-
tions (DAEs) we consider the problem of characterizing the
maximal exponential growth rate of solutions. It is shown that
a finite exponential growth rate exists if and only if the set
of consistency projectors associated to the family of DAEs is
product bounded. This result may be used to derive a converse
Lyapunov theorem for switched DAEs. Under the assumption
of irreducibility we show that a construction reminiscent of the
construction of Barabanov norms is feasible as well.

I. INTRODUCTION

In this paper it is our aim to establish a converse Lyapunov
theorem and to construct a Barabanov norm for switched
DAEs of the form

E,,(t)g'c(t) = Ag(t)x(t)7 (E(to—) =1x9€R" @))

where the switching signals o satisfy, for some finite or
infinite index set Z,

UEZ::{U:R—)I

o is piecewise constant with }

locally finitely many switches

Switched DAEs (1) have attracted some interest in recent
years [17]. A general solution theory has recently been
developed in [15], [16]. First results on the stability of
switched DAEs have been derived in [9], [11], [10]. In
particular, it follows from the general theory that for arbitrary
switched linear DAEs solutions need to be defined in the
space of piecewise smooth distributions, which potentially
include Dirac impulses. The problem in DAEs is the discon-
tinuity due to the restriction of the state to the consistency
space, see e.g. [13]. As an impulse in a solution prevents a
reasonable notion of stability, we only consider the situation
where the solutions of (1) do not contain Dirac impulses.
As we consider arbitrary initial values, non-existence of
Dirac impulses in the solution is equivalent to the index-one
assumption of the matrix pairs (F;, 4;).

For switched linear ordinary differential inclusions con-
verse Lyapunov theorems were obtained in [1], [19] and we
adapt some of the ideas to the setting considered here. The
class of systems we consider here can be modeled within
the class of hybrid systems in the framework discussed in
[6]. In particular, in this general context converse Lyapunov
theorems are available, [3]. These are also applicable in
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principal for the systems studied here, but our construction
provides some more information as the exponential growth
rate of the system is characterized precisely. This has proven
to be an essential tool for switched linear ordinary differential
equations and we expect the same to be true for switched
DAE:s (1).

The paper is organized as follows. In Section II we
show that a switched DAE under certain conditions can
be rewritten as a switched ODE with jumps. We study the
latter in its own right in Section III and derive a converse
Lyapunov theorem (Corollary 14) as well as conditions for
the existence of a Barabanov norm (Theorem 16). These
results can then be formulated for switched DAEs which
is done in the concluding Section IV.

Throughout this paper || - || denotes an arbitrary (but fixed)
norm on R™ as well as the corresponding induced matrix
norm.

II. SwWiTCHED DAES AND SWITCHED ODES WITH JUMPS

In this section we will show that under certain assumptions
on (1) we can reformulate (1) for a fixed switching signal
o € ¥ as a switched ODE with jumps, given by

i(t) = ATz (t), on (tk,trt1)
x(te+) =, x(tk—), x(to—) =x0 € R"
where t;, K € N are the ordered switching times of o
beginning at ty € R and i, € Z is such that o(t) = i

on (ty,tk41), furthermore, (A% TI;) € AIT for all i € Z,
where

AT = { (A, TT) € (R™™)? |TI? =TI, AIl=1IA }.

Here AY characterizes the differential dynamics of the DAE
E;& = A;x and II; is the so called consistency projector.

For deriving the connection between (1) and (2) we start
by collecting some facts about non-switched DAEs

Ei = Ax. 3)

Definition 1 (Regularity): A matrix pair (E,A) €
R™*™ x R™*™ (and the associated DAE) is called regular
if, and only if, the polynomial det(sE — A) is not the zero
polynomial.

An important characterization of regularity is the quasi-
Weierstrass form:

Lemma 2 (Quasi-Weierstrass form, [18], cf. [5], [2]):
The matrix pair (E, A) is regular if, and only if, there exist
invertible S and 7T such that

sersan~([L L[ ). e
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where N € R™2*"2 ig nilpotent and J € R™*™ ny4ny =
n. The smallest number ¥ € N such that N¥ = 0 is called
the index of the regular pair (F, A).

Following [2] we call (4) a quasi-Weierstrass form, as
we do not assume that N and J are in Jordan canonical
form. Also, [2] describes a convenient way to obtain a quasi-
Weierstrass form (and the corresponding transformation ma-
trices) utilizing the Wong sequences.

We are now able to characterize the (classical) solutions
of the DAE (3). Here classical means continuously differen-
tiable or absolutely continuous.

Lemma 3 (Differential flow matrix, [14]): Consider a
regular matrix pair (E, A) with transformation matrices S
and T which put (F, A) in a quasi-Weierstrass form. Let
the differential flow matrix of the DAE (3) be given by

AdiH::T{Igl 8} SA:T[‘é 8} T,

then x solves the DAE (3) if, and only if, x solves

=A%y 2(0) eV :=imT [1’81 8]

In particular, the solutions evolve within the consistency
space V* which is in general not the whole R™. This is
important when studying switched DAEs (1) as the con-
sistency spaces corresponding to different modes need not
coincide. In particular, existence of classical solution cannot
be expected in general. In order to continue a solution from
a switching instant with an appropriate jump we have to
utilize the solution space of piecewise-smooth distributions
as introduced in [15], [16]. In this distributional framework
the jumping behavior at a switching instant follows from
studying the solution of the initial trajectory problem (ITP)
for the DAE (3):

T(—00,0) = T(—c00)
(E‘r)[o,oo) = (Ax)[o,oo)

where " is an arbitrary past trajectory; in particular, it is not
assumed that 2° evolves within V*. The following results
now establishes existence and uniqueness of solutions of the
ITP in the piecewise-smoothly distributional framework.

Lemma 4 (Consistency projector, [15]): The ITP (5) has
a unique (distributional) solution for all initial trajectories
20 if, and only if, (E, A) is regular. In particular, each local
solution of the switched DAE (1) can uniquely be extended
forward in time up to infinity. Furthermore, the jump in the
ITP (5) is given by the consistency projector

(&)

0

2(0+) = M2°(0—) where IT =T {Igl g} T,

and where 7' € R™*" is as in Lemma 2.

However, this unique solution might exhibit “infinite
peaks” in the form of the Dirac impulse (and its derivatives).
In the context of stability the existence of infinite peaks is
clearly an undesirable behavior. It is well known (cf. [17]),
that the ITP (5) does not produce Dirac impulses for arbitrary
initial trajectories if, and only if, N = 0 in the quasi-
Weierstrass form (4), i.e. the matrix pair (F, A) has index
one.

Theorem 5 (Connection between (1) and (2)): Consider
the switched DAE (1) with regular matrix pairs (E;, 4;),
1 € Z, of index one and switching signal o € 3. Let

M= (AT TL) i€},

where AYfT TI; are the flow matrix and consistency projector
of (E;, A;) as in Lemmas 3 and 4. Then

Mivme AT

and x is a solution on [0, c0) of the switched DAE (1) with
initial condition z(0—) = ¢ if, and only if, z is a solution
on [0, 00) of the switched ODE with jumps (2) corresponding
to MU and with initial condition z(0—) = .

Proof: First note that commutativity of A% and TI
corresponding to a regular matrix pair (E, A) easily follows
from the definition. From Lemma 3, Lemma 4 and impulse-
freeness due to index one we can conclude that the solution
z of the switched DAE (1) with switching signal o € ¥ and
initial condition 2:(0—) = ¢ is given by

ASE (=) st
(tr+) Ha(thr)@ (tp1+ Ha(tk,1+)

.eAi“{toH(tl_tO)HU(t0+):co, (6)

z(t)=e ) (b —tr1)

where t € [tg,tg+1) and 0 = tg < t; < to < ..., are the
switching times of o. This already shows the claim of the
theorem. [ ]

III. A CONVERSE LYAPUNOV THEOREM AND
BARABANOV NORMS FOR SWITCHED ODES WITH JUMPS

In this section we consider switched ODEs with jumps in
its own right because a converse Lyapunov Theorem and a
Barabanov norm construction is itself of interest for switched
ODEs with jumps. To this end, let for some finite or infinite
index set 7

M= [ (A1) € (R™™)? | €T } C Al

be a compact set. For each o € ¥ we associate to MIU™ 3
switched ODE with jumps

I(t) = Aa(t)x(t), on (tk,tk+1)

.I‘(tk-i-) :HO'(thr)m(tk_)v k207172a---7 (7)
.’)S(to—) =X € Rn,
where ) < t1 < ... < tx < tg41 < ..., k € N, are the

switching times of o (beginning at ¢j). Note that, although
we do not assume that (A4,II) € M™™ are induced by some
regular matrix pair, we do assume commutativity of A and
II for all (A, II) € M™ which will play an important role
later (see Lemma 6 and Remark 7).

A. Growth rates for switched ODEs with jumps

The solution of the switched ODE (7) is, for t € [t, ti+1)s
given by a formula analogous to (6).

Hence we can define the evolution operator ®7(-,tg) :
(to,00) — R™ ™ corresponding to a fixed switching signal
o such that for all solution z and all £ > ¢

(L‘(t) = (I)a(t, to)(L‘(to—).



Since the considered set of switching signals is shift invari-
ant, the set of all evolution operations only depends on the
time span ¢t > 0, i.e.

Sy :={D%(to +t,to) |toeR,0 €L}

k
- H eAiTiTL
J
j=1

The set S; defines all possible evolutions of length ¢ that
can be realized by the switched ODE with jumps defined by
MUmP and (7) if we admit arbitrary o € X. Note that the
definition assumes that there is at most one jump at each
time instant, i.e. x(t+) = IL,II;z(¢—) is not possible for
p,q € T with p # q. However, these “multiple” jumps are
in the closure of S; which will play some role later.

We highlight the important property that

S = U S, )

t>0

k€N, (A1) € M"™, 7 >0,

. (8)
ey Th—1 > 0,7k 207Zj:17j =1

is a semigroup with the following factorization property.
Lemma 6 (Semigroup): For all s,t > 0 it holds that

Ssyt = 851 =

{0, e R | D, €8,,0, €S } . (10)
Proof: 1t is clear by (8), that S;S; C S,4+. Conversely,
let ® € S;14, i.e. D is the flow at s+t of the switched ODE
(7) for a fixed switching signal. If ¢ is a switching instant of o
there is nothing to show. Otherwise there are two consecutive
switches ty,trp+1 with ¢ < t < tg4;. First observe that
commutativity of IT; and Aj implies commutativity of IIj

and e*7 for all 7 > 0. Secondly, Hi = II, hence

eAk(tk+1—tk)Hk — eAk(tk+1—t)Hk€Ak(t—tk)Hk .

This may be used to represent ® as the product of elements
in §; and &; by introducing an artificial switching instant at
time ¢. [ ]

Remark 7 (Commutativity condition): To show the semi-
group property (10) the commutativity condition AIT = IIA
for all (A, II) € MM js essential. However, if also ODEs
(7) with arbitrary jumps should be considered, one could
add the artificial ODE corresponding to (A, I), i.e. an ODE
without a jump, to recover the semigroup property. It is
then possible to introduce “artificial” switches anywhere
without altering the solution. If, however, a jump must
occur whenever the systems jumps from one mode to a
different mode then this approach does not work because the
semigroup also contains solutions corresponding to switches
without jumps.

We now define the exponential growth rate of (7).

Definition 8 (Exponential growth rate): For t > 0 define
first the exponential growth bound of (7) at time ¢ by

In ||®
A (Sy) = @Slég In ||

€ RU {—o0, +00},
The exponential growth rate, or upper Lyapunov exponent,

of the semigroup S is then given by

)\(S) = tli}rgo)\t(st), (11)

provided the limit exists and is finite.
Note that we did not exclude \;(S;) = £oo at this point.
Still, for every solution x of (7),

lz(O)ll = |@ewoll < ¢ llzoll < e )l

which motivates the term “exponential growth bound”. For
switched ODEs without jumps, i.e.

V(A II) e MM TT=]

and compact MU it can be shown [7] that the associated
evolution operators S; are bounded and, furthermore, the
growth can be bounded exponentially, i.e. there exist A > 0
such that for all ¢ > 0 and ®; € S;

@] <
or, equivalently, for all solutions = of the switched ODE
lz(@)]] < eX[|zo].

In particular, A(S) exists and is finite for switched ODEs

without jumps and with a compact A-matrices set.
Surprisingly, this property does not hold anymore when

considering switched ODEs with jumps; the sets S; can ac-

tually be unbounded for finite ¢. See the following example.
Example 9 (Unbounded evolution operators): Let

MismP = {(0,11;), (0,II2)} with projectors

0 1 0 0
mefo o] m= ]
Note that S; contains all possible finite products of II; and
II5. It is easily seen that

1 1

k
) J = 2F=11, 11,

(I IIp)* = [
hence &, is unbounded for each ¢ > 0 because in the setup
considered here there is no upper bound on the number of
switches in an interval [0, ¢].

The previous example showed that the set of the jump
maps

ME™ = {IT € R™™ | JA: (A,1I) € MP™ }

plays a vital role. Recall that a nonempty set of matrices
B C R™ " is called product bounded [4], if the set of all

possible products
SN(B) I:{BkBk_l...Bl ‘ kEN,Bj EB} (12)

is bounded. By a well known result, [8, Theorem 3], B is

product bounded, if and only if there exists a norm || - || on
R™ such that for the associated operator norm we have
IB]| <1, forall BeB. (13)

The following result gives a characterization of bounded-
ness of the sets S;.

Proposition 10 (Boundedness of S;): Assume that the
set MU = {AeR™" | 3: (A1) € MM™ } s
bounded. Then the following statements are equivalent:

(i) M™ is product bounded.



(ii) there exists a t > 0 such that S; is bounded.
(iii) for all ¢ > O the set S; is bounded.
Of course, the bound in (iii) may depend on t.

Proof: 1t is clear that (iii) implies (ii). To prove (i) =
(iii), assume that My is product bounded. In this case we
may choose a norm || - || on R™ so that |[II]| < 1 for all
II € M}™. Now corresponding to the norm || - || and a
given matrix A € R"*" we may consider the initial growth
rate of A with respect to || - ||, which can be defined, cf. [7,

Chap. 5], as the smallest number p so that
lled]| < ett, forallt>0.

As the initial growth rate is a finite, convex function
and so, in particular, a continuous function of A by [7,
Lemma 5.5.9 (vi)] and the set of matrices

ME™ = {AeR™™ | 30 : (A,1T) € MP™ }

is bounded it follows that there is a constant C' > 0 such

that
e < eCt, forall t >0 and all A € MY™.

With this constant and using submultiplicativity it follows
that for any element of S; we have

k k

diff diff
I I eAj Tj]:[j g I | H‘eAJ Tj
Jj=1 Jj=1

k
S eCE]:lTj — eCt.

I

(14)

This shows that S; is bounded for all ¢ > 0.

(ii) = (i): Fix a t* > 0 and assume, that My is not
product bounded. Then we may choose for every constant
C>0akeNandIl,..., I € My such that

As the map
t— eA’“tHk o 6A1tH1

is continuous, there exists an € > 0 such that
|eA* L ... eI || > C for all t € [0,¢). Choose 7 < &
so that k7 < t*. Then, due to the properties of M™™P,

AR =R QARTIT Ae1TTL . eMTIL € Sp
and using again submultiplicativity

He—Ak(t*—k‘r)

e et et |
> HeA’“TerA’“*lTHk,l ... eAlTl'IlH > C.

Due to compactness of szmp it follows that He*Ak(t**kT) I
is bounded by

sup { [le= || [ te[0,¢7], A ME™ } <o,

which is independent of the choice of C' and k. Hence

unboundedness of S;« is shown. |
We are now able to define the limit growth rate as follows.
Lemma 11 (Boundedness of Lyapunov exponent):

Consider a bounded set MM and assume M™ is

product bounded and contains at least one non-zero
projector. Then the (upper) Lyapunov exponent given by
(11) is well defined and finite.

Proof: Throughout the proof we use the abbreviation
A+ for A¢(St). Due to Lemma 6 and submultiplicativity of
induced matrix norms,

Va,B8>0: (a+ B)Aats < arg + BAs. (15)

Applying (15) to o« =t — ky7 and = ky7 for t > 7 > 0,
where k; € N is such that 7k; < t < 7(k;+ 1) and invoking
(14) we obtain

At < e+ TTkt)\T,

where ¢; — 0 and ’“;—T — 1 as t — oo. Hence,

limsup \; < inf A\, < liminf \;
t—00 >0 t—o0
which shows that the limit in the definition of A(S) exists.
Furthermore, Proposition 10 yields

and it remains to show that A\(S) # —oo.

Since MJ[™ contains a nontrivial projector, we may
consider a nontrivial solution z(t) = e4*I12° with ITz° = 2°
and (A,II) € MM™_ Then there exists some A € R such
that

ez > eAt)|2®, Vvt >o.

Hence A\:(St) > A for all ¢ > 0 and, therefore, A(S) > A\ >
—0Q. |

Note that A(S) does not depend on the norm chosen to
define \¢(S;). Finally, by choosing the specific sequence ¢t =
1,2,3,... for the limit of A;(S:) we obtain the following
corollary.

Remark 12 (Generalized spectral radius): Consider the
discretization of the switched ODE (7) with jumps given by

z(k+1)e{Prxk) | 1 €5 }
For this discrete inclusion we can define the generalized
spectral radius [19] as usual:
K 1/k
[14

=1

p(S81) == lim sup
k—oo A,e8,

Then
A(S) =1n p(S1).

B. Converse Lyapunov Theorem

We will now show that we can construct a “Lyapunov
norm” for the switched ODE with jumps (7) with exponential
growth rate arbitrarily close to the upper Lyapunov exponent.

Theorem 13 (Lyapunov norm): Consider the switched
ODE with jumps (7) and assume the -corresponding
Lyapunov exponent A(S) is finite. Then

llzlle = sup sup e NS+ Dz

tESt



defines a semi norm which is positive definite on im S and
satisfies

I@efle < XS .. (16)

Proof:  Since supg,cs, [Pzl < e*SIt|z| and
At(St) = A(S) as t — oo it follows that
e~ S+ qup || By = 0 as t — oo,

;S

hence there exists 7" > 0 such that

sup sup e~ MET P |

t>0 &Sy
= max sup e AETN P, |
te0.T] @€,
which shows that || - ||c is well defined. Furthermore, it is

le =

IA[|z]|c for all z,y € R™, A € R. To show positive

definiteness on im S let z € imS \ {0}, i.e. there exists

t>0, &, € S; and xyp € R" such that z = ®yxg. As x # 0

there exists (A,II) € MM such that Ilz = x # 0 and

hence eA*I1x # 0 for all ¢+ > 0. This shows that [[z]|. > 0.
To show (16) observe that using the definition

easily seen that [l + yl|e < [lz]lc + [lylc and [[Az

|®z]|c = sup sup e NI D D]
>0®,.€8,
< AETN ..

|

An immediate consequence of this result is the following
converse Lyapunov Theorem.

Corollary 14 (Converse Lyapunov Theorem): Assume
that the switched ODE with jumps (7) is (uniformly)
exponentially stable, i.e. there exists A > 0 and M > 1 such
that for all switching signals ¢ € ¥ and all corresponding
solutions z it holds that

lz(@)[l < Me™*[|lz(0)|| ¥t > 0.

Then A\(S) < 0 and (7) permits a (in general nonsmooth)
Lyapunov function V : R" — R>( given by V = || - || as
in Theorem 13 with sufficiently small € > 0.

Since trajectories of (7) have jumps it is not clear whether
the smoothing technique from [12], [3] can be applied
to obtain a smooth Lyapunov function. In particular, the
important property

V(Iz) < V(z) VzeR" e M™
might be lost in a convolution of V' with a smooth kernel.

C. Construction of a Barabanov norm

Even in the case that the Lyapunov norm || - ||. is well
defined for € = 0 it would not be an “extremal” norm because
in general equality in (16) will not hold for all x € R".
We are therefore interested in conditions which ensure the
existence of a Barabanov norm, defined as follows.

Definition 15 (Barabanov norm): Consider Mi'™ C AIT
with corresponding switched ODE with jumps (7) and flows
St t> 0. Anorm || - || is called a Barabanov norm for (7),
if there exists a A € R such that

() for all t >0, (A, II) € MI*™ 2 c R

e T < e[|, (17)

(i) for all £ > 0, z € R™ there exists a ®; € S; such that
[ @] = eI, (18)

where S; denotes the closure of S;.

The value A is called exponential growth rate w.r.t. || - ||.
Note that (17) for t = 0 implies

Tz ]| < Jlf| ¥ TT € ME™,z € R™

Furthermore, if (7) admits a Barabanov norm with exponen-
tial growth rate A € R then (17) and the solution formula
analogous to (6) imply for all solutions z(-)

@)l < e*fl(to-)ll

and (18) implies that no smaller value fulfills this property.
We will now present our second main result concerning
the existence of a Barabanov norm. Recall that a semigroup
S C R™* ™ is called irreducible, if there are no trivial S-
invariant linear subspaces X C R". Le., if #X C X for all
® € Sthen X = {0} or X =R".
Theorem 16 (Barabanov norm): Consider a bounded set

M C AT

and the associated switched ODE with jumps (7). Assume
that the semigroup S defined by (8) and (9) is irreducible.
Then the following statements are equivalent:

(i) The set M is product bounded.

(ii) The Lyapunov exponent A(S) exists and is finite.

(iii) The switched ODE with jumps (7) admits a Barabanov

norm.

Furthermore, in case of existence of a Barabanov norm its
exponential growth rate is given by A(S).

Proof: The equivalence of (i) and (ii) is a direct
consequence of Proposition 10 and Lemma 11. Furthermore,
the existence of a Barabanov norm implies that each flow set
S; is bounded, hence Proposition 10 also shows validity of
the implication (iii)=-(i). It remains to show existence of a
Barabanov norm if the Lyapunov exponent A(S) exists and is
finite (note that due to irreducibility Lemma 11 is applicable
and so A\(S) > —o0).

As in [19] we define the limit semigroup corresponding

to S by
Soo = ﬂ U eik(s) tSt
T>0t>T
We note the following properties of So,. The proof is a
minor modification of that in [19, Prop. 3.2] and therefore
omitted.
(i) S is a compact, irreducible semigroup,
(i) for all t > 0,®; € S;, R € S, we have

e MSRP, € S, 19)
(iii) for all Tl € MI™ R € S, we have
RIl € S, (20)



(iv) for all t > 0, R € S there exist ®; € S;, Re Sy

such that L
R=e¢ OGP, R. 1)
We now claim that the norm defined by
[lz]] := max{[[Sz] | S € Sx }| (22)
is a Barabanov norm. Note that || - || is positive definite by

irreducibility of S... Positive homogeneity is clear and || - ||
is convex as the maximum of convex functions. This shows
that || - || is indeed a norm. To show that (17) holds, let
r€R"and ®; = M € Sy, t > 0 and (A, II) € Mivp,
then, by (19)

)] = XS ma { =) Ry ‘ Re Sy |
<M max {[|Sz]| | § € S } = V2|,

which shows (17) for £ > 0. For ¢ = 0 observe that by (20)

Tz || = max { ||RIlz| | R € S }
<max{||Sz| | S €Sx } = ||z

Finally, for 2 € R” choose R € S, such that ||z = || Rz].
By (2) we may choose, for any tiQ, matrices R € S
and ®; € S; such that R = e *S)*®, R, hence

[®ell > Xt |e ™A RD

= Y| Ra|| = A9

and the second property (18) is shown. [ ]

Remark 17 (Barabanov norm on a subspace): In  case
that the consistency spaces are restricted to a lower
dimensional space X C R”, i.e., im® C X for all & € S,
then if S is irreducible on X the above result yields a
Barabanov norm on X.

IV. CONCLUSIONS FOR SWITCHED DAES

We return now to our original problem of switched DAEs
E,i=A,zx.

We can apply the results from the previous section to
obtain the following results about switched DAE:s.

Corollary 18 (Converse Lyapunov Theorem): Consider
the switched DAE (1) with regular matrix pairs (E;, 4;),
i € Z, and switching signals o € ¥. Assume that MM™ as
in Theorem 5 is bounded. If (1) is uniformly exponentially
stable for all switching signals then there exists a Lyapunov
function V' : R® — R3¢ for (1), in particular, for all
consistency projectors II,

Ve e R": V(IIx) < V(z).

Proof: Exponential stability implies impulse freeness
by definition (cf. [17, Defn. 6.6.1]), which in turn implies
index one for all matrix pairs, hence we can apply Theorem 5
to rewrite the switched DAE (1) as a switched ODE with
jumps. In particular, uniform exponential stability of (1)
implies the same for the corresponding switched ODE with
jumps (2). So Corollary 14 yields the converse Lyapunov
theorem for switched DAEs. [ ]

Corollary 19 (Barabanov norm): Consider the switched
DAE (1) with regular index one matrix pairs (F;, A;), 1 € Z
and switching signals ¢ € ¥. Assume that M/'™ as in
Theorem 5 is bounded and S as given by (8) and (9) is
irreducible. Then the following statements are equivalent:

(1) The set of consistency projectors is product bounded.
(ii) The Lyapunov exponent A(S) is bounded.
(iii) There exists a Barabanov norm.
Proof: Follows from Theorems 13 and 16. [ ]
Remark 20 (Boundedness of M™): In both of the
above results we need to assume that M"™ is bounded.
This is true if the index set is finite. However, in the general
case it is not clear yet whether compactness of the set
{(E;, A;) | i €T} implies boundedness of the set MIU™P,
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