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S. Trenn: Distributional DAEs

Abstract

Linear implicit differential equations of the form Ei = Az + f are
studied. If the matrix E is not invertible, these equations contain
differential as well as algebraic equations. Hence Ez = Ax + f is called
differential algebraic equation (DAE).

A main goal of this dissertation is the consideration of certain dis-
tributions (or generalized functions) as solutions and studying time-
varying DAEs, whose coefficient matrices have jumps. Therefore, a
suitable solution space is derived. This solution space allows to study
the important class of switched DAEs.

The space of piecewise-smooth distributions is introduced as the solu-
tion space. For this space of distributions, it is possible to define a
multiplication, hence DAEs can be studied whose coefficient matrices
have also distributional entries. A distributional DAE is an equation of
the form Ft = Az + f where the matrices E and A contain piecewise-
smooth distributions as entries and the solutions x as well as the in-
homogeneities f are also piecewise-smooth distributions.

For distributional DAESs, existence and uniqueness of solutions are
studied, therefore, the concept of regularity for distributional DAEs
is introduced. Necessary and sufficient conditions for existence and
uniqueness of solutions are derived. As special cases, the equations
& = Az + f (distributional ODEs) and Ni = z+ f (pure distributional
DAE) are studied and explicit solution formulae are given.

Switched DAEs are distributional DAEs with piecewise constant coef-
ficient matrices. Sufficient conditions are given which ensure that all
solutions of a switched DAE are impulse free. Furthermore, it is stud-
ied which conditions ensure that arbitrary switching between stable
subsystems yield a stable overall system.

Finally, controllability and observability for distributional DAEs are
studied. For this, it is accounted for the fact that input signals can
contain impulses, hence an “instantaneous” control is theoretically pos-
sible. For a DAE of the form Ni = x + bu, y = cx, with constant,
nilpotent N and constant vectors b and ¢, a normal form is given which
allows for a simple characterization of controllability and observability.
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Zusammenfassung

Lineare implizite Differentialgleichungen der Form Fi = Az + f werden
untersucht. Da die Matrix E nicht als invertierbar angenommen wird,
enthilt das Gleichungssystem neben den Differentialgleichungen auch
algebraische Gleichungen. Deshalb werden diese Gleichungen differen-
tial-algebraische Gleichungen (differential algebraic equations, DAEs)
genannt.

Ein wesentliches Ziel der Dissertation ist es, Distributionen (oder ver-
allgemeinerte Funktionen) als Losungen zuzulassen und gleichzeitig soll
es moglich sein, zeitvariante DAEs zu untersuchen, deren Koeffizienten-
matrizen Spriinge haben kénnen. Dazu wird zunéchst ein geeigneter
Losungsraum hergeleitet. Insbesondere ist es mit diesem Losungsraum
moglich, die wichtige Klasse der geschalteten DAEs (switched DAESs)
zu untersuchen.

Als Losungsraum wird der Raum der stiickweise glatten Distribu-
tionen (piecewise-smooth distributions) eingefiihrt. Fiir diesen Raum
ist es moglich, eine Multiplikation zu definieren, so dass auch DAEs
betrachtet werden koénnen, deren Koeffizienten ebenfalls distributionel-
le Eintrdge haben. Eine distributionelle DAE ist eine Gleichung der
Form Ei& = Az + f, bei der die Matrizen F und A stiickweise glat-
te Distributionen als Eintrdge enthalten und die Losungen x sowie die
Inhomogenitéten f ebenfalls stiickweise glatte Distributionen sind.

Fiir distributionelle DAEs wird die Existenz und Eindeutigkeit von
Losungen untersucht, dazu wird das Konzept der Regularitét fiir dis-
tributionelle DAEs eingefiihrt. Es werden notwendige und hinreichende
Bedingungen fiir die Existenz und Eindeutigkeit von Losungen herge-
leitet. Als Spezialfiille werden die beiden Gleichungen & = Az + f (so
genannte distributionelle ODEs) und N = z + f (so genannte rei-
ne distributionelle DAEs) untersucht, fiir die explizite Losungsformeln
angegeben werden kénnen.

Geschaltete DAEs sind distributionelle DAEs mit stiickweise kon-
stanten Koeffizientenmatrizen. Es werden hinreichende Bedingung her-
geleitet, die sicherstellen, dass die Losungen von geschalteten DAEs
keine Impulse enthalten. Weiterhin wird untersucht, unter welchen Be-
dingungen das beliebige Schalten zwischen stabilen Teilsystemen zu




einem stabilen Gesamtsystem fiihrt.

Schliefllich werden Steuerbarkeit und Beobachtbarkeit fiir distribu-
tionelle DAEs untersucht. Hierbei wird beriicksichtigt, dass das Ein-
gangssignal Impulse enthalten kann und damit theoretisch eine ,,in-
stantane* Steuerung moglich ist. Fiir eine DAE der Form N = x + bu,
y = cx, mit konstanten, nilpotenten N sowie konstanten Vektoren b und
¢ wird eine Normalform angegeben, die eine einfache Charakterisierung
der Steuerbarkeit und Beobachtbarkeit ermoglicht.
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1 Introduction

In this dissertation linear implicit differential equations or differential
algebraic equations (DAEs) of the form

Ei=Ax+f

are studied. In the simplest case, E, A € R™*" are constant matrices,
f : R — R™ is some inhomogeneity and solutions are differentiable
functions = : R — R™. It is not assumed that E is invertible which
yields that, in addition to differential equation, also algebraic equations
are involved. DAEs naturally occur when modelling linear electrical
circuits, simple mechanical systems or, in general, (linear) systems with
additional (linear) algebraic constraints.

On a first view it seems that the theory of differential algebraic equa-
tions is well developed and mature (see e.g. the textbooks [Cam80,
Cam82, GM86, Dai89, Apl91, RR02, KMO06] and the references therein).
However, a solution theory for switched DAESs or, in general, for DAEs
with time-varying discontinuous coefficient matrices seems not to be
available. One aim of this dissertation is therefore to develop a solu-
tion framework for time-varying DAEs with discontinuous coefficients
and to establish a starting point for future research on, e.g., switched
DAEs.

1.1 Distributional solutions

If only classical solutions (i.e. differential functions) of DAEs are con-
sidered, then many interesting and important properties of DAEs (e.g.
inconsistent initial values, impulsive solutions, impulse-controllability
and -observability) can not be studied even in the constant coefficient
case. There are basically two well known approaches too enlarge the
solution space: 1) Considering solutions where only certain compon-
ents are differentiable, this leads to so called properly stated leading
term introduced in [BM02], and 2) the possible solution space for DAEs
is enlarged to allow for so called generalized functions or distributions
[VLKS81, Cam82]. The latter approach has the advantage that the un-
derlying solution space does not depend on the considered DAE and is

13



1. Introduction

therefore conceptionally easier. Furthermore, the first approach alone
cannot be used to study impulse-related questions.

The disadvantage of a distributional solution space is that distribu-
tions are not functions anymore, so that for example an evaluation at a
certain time is in general not possible, in particular, initial value prob-
lems cannot be formulated directly. In fact, the space of distributions is
for practical purposes too large, in most situations it is enough that the
Dirac impulse (d-function) and its derivatives are allowed as solutions.
Therefore, Cobb [Cob84] introduced the smaller space of piecewise-
continuous distributions, for which it is possible to define a restriction
of a distribution which he used to formulate initial value problems and
to define the impulsive part of a distribution. However, the derivat-
ives of a piecewise-continuous distributions are no longer piecewise-
continuous so that the problems of a distributional approach are only
solved partially. Another approach is the solution space of impulsive-
smooth distributions as introduced in [RR96b] which had its origins in
[HS83], this space consists of distributions which are smooth functions
on R\ {0} and which can have Dirac impulses and its derivatives at
zero. In this setup initial value problems are firstly reformulated as ini-
tial trajectory problems and, secondly, the inhomogeneity is changed
such that the initial trajectory becomes consistent. A disadvantage
of the space of impulsive-smooth distributions is that Dirac-impulses
can only occur at zero, because a general distributional solution theory
should allow for arbitrarily many Dirac-impulses at arbitrary times.

There seems to be no literature on DAEs with non-continuous coeffi-
cients in combination with distributional solutions. In fact, this is not
surprising because for distributions only a multiplication with smooth
functions is well defined. However, switched DAEs can also be written
as DAEs which should only be valid on certain intervals, which by-
passes the need to multiply with discontinuous functions. Initial value
problems (in particular with inconsistent initial values) can also be seen
as a DAEs which should be valid only on the interval [tg, c0).

This motivates studying restrictions of distributions. Surprisingly,
defining a restriction for distributions turns out to be difficult, in fact,
it can be shown that it is not possible to define a restriction for distri-

14
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butions in general (Theorem 2.2.2). Therefore, the space of piecewise-
regular distributions is defined on which a restriction can be defined.
As a consequence, it is then also possible to define the multiplication
with a certain class of non-continuous functions. However, it is still
not possible to study switched DAEs because, as with the approach in
[Cob84], the derivative of an arbitrary piecewise-regular distribution is
not always piecewise-regular.

This leads to the definition of the space of piecewise-smooth dis-
tributions which combines the advantages of the space of piecewise-
continuous distributions (Dirac impulses can be everywhere) and the
space of impulsive-smooth distributions (closed under differentiation).

The piecewise-smooth distributional framework can then be applied
to switched DAEs (i.e. DAEs with piecewise-constant coefficient matri-
ces), see Section 4 where, as an application of the distributional solution
theory, conditions are formulated which ensure that the solutions of the
switched DAEs do not exhibit impulsive behaviour. To illustrate the
relevance of the proposed framework a “real world” electrical circuit
is studied in detail with respect to its ability to generate impulses in
response to switches or component failures. Another application of the
proposed framework is the stability analysis of switched DAEs.

1.2 Distributional DAEs and multiplication of
distributions

For the analysis of classical DAEs (i.e. with constant coefficients) equi-
valence transformations play an important role. For example, mul-
tiplying a DAE from the left with an invertible matrix does not change
its solutions but it might reveal special structural properties of the
DAE, the same is true for a coordinate transformation. Hence many
properties of the classical DAE E4 = Ax + f can also be obtained by
studying the “equivalent” DAE SETt = SATx + Sf, where S, T are
invertible matrices. An example for this is the Kronecker normal form
[Kro90, Gan59] or, for regular matrix pairs, the Weierstrafl normal form
[Wei68, Ganb9).

If time-varying coefficient matrices are considered it is natural to also

15



1. Introduction

consider time-varying transformation matrices, hence the matrix pair
(E, A) is transformed to the matrix pair (SET,SAT — SET"), where
T’ is the time-derivative of the time-varying coordinate transformation.
If T is piecewise-smooth (as the matrices E and A) then T’ will only
be well defined in a distributional sense. Hence if all transformation
matrices S, T are allowed which have the same type as the coefficient
matrices (i.e. matrices of piecewise-smooth functions) then the occur-
rence of T” implies that in the coefficient matrices of DAEs also Dirac
impulses must be allowed.

This leads to the problem that a multiplication of the Dirac im-
pulse with a (piecewise-smooth) distribution must be defined. How-
ever, it is well known that it is not possible to define a multiplication
of distributions in general and even for the simple product of the Dirac
impulse with itself there has been a considerable dispute in the liter-
ature, whether the square of the Dirac impulse is well defined or not
(see Remark 2.4.5). Furthermore, allowing Dirac impulses in the coef-
ficient matrices of a DAE implies inductively with the same argument
as above that all derivatives of the Dirac impulse must be allowed in
the coefficient matrices as well.

In summary: if one wants to study “natural” transformation of time-
varying DAFEs with piecewise-smooth entries, then it is necessary to
enlarge the system class to encompass also coefficient matrices whose
entries are piecewise-smooth distributions and to define a multiplica-
tion for piecewise-smooth distribution.

In fact, defining a suitable multiplication is possible, although there
are two ways to define the multiplication, one way yields “causal”
DAEs, the other one yields “anticausal” DAEs. The causal multiplica-
tion is called Fuchssteiner multiplication because Fuchssteiner studied
a very similar multiplication for distributions [Fuc68, Fuc84].

Therefore, the class of distributional DAEs Ex = Ax + f, where the
coefficient matrix entries, the inhomogeneities and the solutions are
piecewise-smooth distributions are well defined and can be studied.

The existence of Dirac impulses in the coefficient matrices can also
be motivated by so-called impulsive systems (see e.g. [LBS89]) which
can be rewritten in closed form as & = Az, where A has Dirac impulses

16
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at the jump-times of the state.

1.3 Regularity of distributional DAEs

As a first application of the piecewise-smooth distributional framework,
the well known concept of regularity for classical DAEs is generalized
to to distributional DAEs in Section 3. Roughly speaking, a distribu-
tional DAE is called regular if, and only if, existence and uniqueness
of solutions are guaranteed for arbitrary initial values and inhomogen-
eities. Sufficient and necessary conditions for regularity are given. For
two special DAEs, so called distributional ODEs and pure distribu-
tional DAESs, explicit solution formulae are developed. Furthermore, a
generalized Weierstral normal form is proposed.

A direct consequence is that the regularity of time-varying DAEs
with analytical coefficient matrices in the sense of analytical solvabil-
ity [CP83] implies regularity of the corresponding distributional DAE
(Corollary 3.5.4).

The regularity for distributional DAEs implies, by Theorem 3.2.5,
regularity for time-varying DAEs as in [RR96a, Defn. 3.1], but it is
not clear how regularity relates to the concept of complete reqularity
[RR96a, Defn. 3.4]. Furthermore, (complete) regularity in the sense of
[RR96a] does not imply uniqueness of solutions, see Example 3.2.7.

1.4 Controllability and observability

For DAEs the controllability definition split into two independent defin-
itions: R-controllability and impulse-controllability; the same is true
for the definition of observability (see e.g. [Dai89]). These definitions
are somewhat mysterious (in particular the impulse-controllability and
-observability definitions), because no proper distributional framework
is proposed. In Section 5 jump-controllability, impulse-controllability,
jump-observability and impulse-controllability are defined in such a way
that 1) the definition incorporate the time-varying nature of the DAE,
2) jump- and impulse-controllability as well as jump- and impulse-
observability are defined such that they are in some sense complement-
ary, 3) for classical DAEs the definitions are equivalent to the classical

17
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definitions.

Finally, for a pure DAE with constant coefficients a new normal form
is proposed which separates the state into four substates which are
impulse-controllable and impulse-observable, impulse-observable but
not impulse-controllable, impulse-controllable but not impulse-observ-
able, neither impulse-controllable nor impulse-observable. The normal
form is also used to construct a control input such that an impulse-
controllable DAE does not have an impulsive solution, for an impulse-
observable DAE it is shown how the impulses in the solution can be
determined by the output.

1.5 Previously published results and joint work

The following parts of this dissertation are already published or sub-
mitted for publication. Parts of Sections 3.3.1 and 3.4 are published in
[Tre08a] (without proofs). The submitted manuscript [Tre08b] contains
parts of Sections 2, 3.1, 3.2 and 3.5. The results of Sections 4.2.2 and
4.2.3 are submitted for publication [Tre09a]. The normal from from
Section 5.3 is published in [Tre09b].

The Quasi-Weierstrafl form in Section 4.2.1 stems from a joined work
with Thomas Berger and Achim Ilchmann (both Ilmenau University of
Technology) which is submitted for publication [BIT09]. The stability
results for switched systems in Section 4.3 were obtained in coopera-
tion with Daniel Liberzon (University of Illinois at Urbana-Champaign)
and are accepted for publication [LT09]. The example of a dual re-
dundant buck converter in Section 4.2.4 was provided by Alejandro D.
Dominguez-Garcia (University of Illinois at Urbana-Champaign).

1.6 Basic notational conventions

The real numbers, complex number, natural numbers and integers are
denoted by R, C, N, Z, respectively. Positive numbers and non-negative
numbers are denoted by the indices - or >¢, in particular Z>o = N.
The subset-relation is denoted by C while the proper subset-relation
is C. For some set M C R the indicator function 1p; : R — {0,1} is

18
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given by 1,(¢) =1 if, and only if, ¢ € M.

For some vectors vy, vs, ..., v, € R® denote the matrix consisting of
this vectors as columns as [v1, v, ..., V] € R"*™ the matrix consist-
ing of these vectors as rows is denoted by [v1/va/ -+ /v,] € R™*™. A
matrix N € R™*" is called nilpotent if, and only if, N¥ = 0 for some
veN.

For some matrix M € R™*"™ and set M C R" the image of M
under M is MM :={ Mz | x € M } and for M C R™ the preimage
of M under M is M—'!M = {z€R" | Mz € M }. In particular,
ker M := M~1{0} denotes the kernel of M and im M := MR" is the
image of M. The direct sum of two linear subspaces is denoted by .

It is assumed, that the real numbers are equipped with the Lebesgue
measure and that integrals are Lebesgue integrals.

19
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2 Distribution theory

2.1 Review of classical distribution theory

Definition 2.1.1 (Test functions)
Let

C*:=C*R —R)
:={ f:R—R | fis arbitrarily often differentiable }
be the space of smooth functions. The support of f € C* is given by
supp f:=cl{z €R | f(z) #0 },

where cl M is the closure of the set M € R. The space of test functions
is defined by

Cy? :=C(R —=R):={peC>® |suppyp is bounded },
i.e. C§° is the space of smooth functions with bounded support. O

It can be shown that the space of test functions C§° is a topological
space (see e.g. [Jan71, §12] or [Wer02, VIII.1.Bsp.(f)]). In the following
it is assumed that C§° is equipped with the topology given in [Jan71,
§12].

Lemma 2.1.2 ([Jan71, Satze 12.7 and 14.2])
A linear operator L : C§° — R is continuous if, and only if, L(y,) — 0

as n — oo for all sequences (¢ )nen € (C3°)" with

(i) 3 compact K CR Vn € N: supp ¢, C K, and

(ii) Vi e N: @ﬁf) — 0 uniformly as n — oo. o

Definition 2.1.3 (Distributions)
The space of distributions is given by

D:={D:C5° — R | D is linear and continuous }. O

21



2. Distribution theory

Note that the space of test functions is often denoted by D and the
space of distribution is then defined as the dual space of D and is
therefore denoted by D’. However, nearly all statements in this work
are made on distributions and the space of distributions plays a much
more important role than the space of test functions. In particular,
many times the space of distribution will have sub- and super-indices
and it will improve readability to have a single letter for the space of
distributions, therefore instead of D’ the notation DD is used.

Definition 2.1.4 (Regular distributions)
Let

Lijoc = L1joc(R—=R):={ f: R— R | f is locally integrable }

be the space of locally integrable functions, i.e. the space of all meas-
urable functions f : R — R for which the integral [ |f] is finite for all
compact sets K C R. The regular distribution induced by f € Lj joc is

foiCF =R g [ of.
R
The space of regular distributions is given by

]D)reg = { f]D) | f € Ll,loc } [m]

Proposition 2.1.5 ([Jan71, Sitze 15.1 and 15.3])

Dieg C D
and
Vg€ Lio: [fo=¢gp < [f=galmosteverywhere].

Definition 2.1.6 (Distributional derivative)
For D € D let

%‘2 :D—D,D ((pH—D(Lp/))

22
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be the distributional derivative of D. The following notations for the
derivative of D are also used:

D':=D:=%$D. o

Proposition 2.1.7 ([Jan71, Satz 19.1])

The distributional derivative is well defined, i.e. D’ € D for all distri-
butions D € D, and it is a generalization of the classical derivative, i.e.
for all differentiable functions f : R — R it holds that

(f ) = (fn)". o

A consequence of this proposition is that distributions can arbitrarily
often be differentiated, for higher derivatives the following notation is
used:

(doyr+ip .= ptD .= (D)’ where D := D, n € Nand D € D.

t

Proposition 2.1.8 (Sequences of distributions, [Jan71, 28.3, 28.1])
Let (D,,) € DY be a sequence of distributions such that for all ¢ € C5°
the sequence (Dn(Lp)) € RY converges. Then D := ¢ + lim,, o0 Dy ()
is a distribution and (D,,) converges to D in the sense:

D,—Dasn—oo0 & VYpeli°: lim D,(¢) = D(p).
Furthermore,
D,—Dasn—o0o = D, — D asn— oo. g

From a functional analysis viewpoint the above convergence is the
well known weak* convergence.

Definition 2.1.9 (Multiplication with smooth functions)
Let @ € C*° and D € D, then the multiplication aD is defined by

aD:C3° — R, ¢ — D(ay). O
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Proposition 2.1.10 (Multiplication with smooth functions)
Let a € C* and D € D, then

aD eD

and the multiplication is a generalization of the standard multiplication,
ie.
afD = (Oéf)]]]) for all f S Ll,loc-

Furthermore,
(aD) =a'D + aD’

Proof. The first two assertions are shown in [Jan71, Satz 18.1]. The
product rule of the differentiation follows from the definition:

Vi € C° : (aD)' () = —(aD)(¢') = D(-ay) = D(a¢ — (ap)’)
= D(d'p) + D'(ap) = a’'D(p) + aD'(p)  [aea

Definition 2.1.11 (Support of a distribution)
The support of a distribution D € D is defined by

supp D ::R\U{ OCR

i.e. the support is the complement of the largest open set on which D
vanishes. The set of all distributions with support in some M C R is

O open and Yy € C;° :
suppp CO = D(p) =0 [’

Dy:={DeD |suppDC M }.

Proposition 2.1.12 (Properties of Dirac impulses, [Jan71, §15])
The Dirac impulse at t € R given by

0 : C5° = R, o= 8i(p) = (1)
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is a distribution which is not regular. The support of §; and of all its
derivatives is {t}, i.e.

VneNVteR: 6" € Dy

The Dirac impulse is the distributional derivative of the so called Hea-
viside function 1 ), i-e.

VteR: & = %(1[t700))D.

For every distribution D with point support, i.e. 3t € R : supp D C {t},
there exists N € N, ag,a1,...,ay € R such that

N .
D= Z ai5§1).
=0

Remark 2.1.13 (Product of smooth functions with Dirac impulses)
For a € C*° and t € R it follows inductively from Definition 2.1.6 and
Proposition 2.1.10 that for all n € N

n = au i n—i
as™ =3 "(-1) (i)a()(t)(St( ).

i=0
In particular, a&t(") € Dyyy. o

Remark 2.1.14 (Linear independence of Djrac impulses)

The elements of the set { 6t(l) teR,i € N } are linearly independent
in the R vector space D. In particular, for a fixed ¢ € R and for all
ai,...,an € RyneN,

N

Zaiét(l) =0 & ar=ax=...=a, =0,

i=0
and for every finite or infinite set of distributions with pairwise disjoint
point support, only the trivial linear combination is the zero distribu-
tion. o
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Proposition 2.1.15 (Support of regular distributions)

VfeLij(R—R): [suppfphas measure zero < fp=0],
i.e. every non-trivial regular distribution has an essential support. g

Proof. Let S = supp fp, then by definition 7" = R\ S is an open set and
for all ¢ € C§° with suppy C T it is fp(v) = 0. Every open subset of
R can be written as a countable disjoint union of open intervals, hence
there exists [;,r; € R, 7 € N, such that

T = U(l“’f@)

€N

Note that one runs into notational difficulties if T contains one or two
unbounded intervals. This can be fixed by just considering SUZ instead
of S.

Let ¢ € C§°; it will be shown, that fp(y) = 0.

For a,b € R and ¢ > 0 let ]l[ga7b] € C§° be such that

1, te€]a,b]
19 1) = ) s Ul
et ®) {o, t¢(a-0b+0)

and 0 < ll[gaAb] (t) <1 for all t € R (for details how to construct such

a function see e.g. [KR95, Satz 1.4]). For € > 0 choose ¢; > 0, i € N,

such that
. e ri—l
g; < min ﬁ7 T .

e =P H (1 - II.EiL*F&i,T‘i*Ei]) ’

i€EN

(2.1.1)

Let

then it follows that ¢, € C§° and

supp (o — ) C T.
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Hence fp(p — ¢e) = 0, or, equivalently, fp(¢) = fp(pe). Note further
that

supp . C SUT.,

where
T = [ Ji, li +28:) U (ri — 284, 73).
ieN

This, together with ’cpg(t)’ < ‘(p(t)

, yields

p(2)] = | folge)] s/R|¢€|f|=/S|%||f|+/T¢g|f|+/T\T|%||f|

(6]
2 [ el < el [ 11,
Te I:

where the equality (x) follows from the two facts that S has measure
zero and that . is zero on T\T.. The Lebesgue measure \(T;) of T is

MT:) = 2451- < Z; =&,

1€N 1€N

hence [, |f| tends to zero if & tends to zero. Therefore, fp(p) = 0 and
since ¢ was arbitrarily chosen it follows that fp = 0. ged

Proposition 2.1.16 ([KR95, Folg. 3.24])
Let D € Dy, for some M C R and let ¢ € C° with ¢ (t) = 0 for all
t € M and all i € N. Then D(¢p) = 0. o

Note that in Proposition 2.1.16 it is not assumed that supp e N
supp D = 0.

Corollary 2.1.17 (Zero product)
Let D € D,; for some measurable M C R and let « € C*® with
aD(t) =0 for all t € M and all i € N. Then aD = 0. o

Proof. For all p € C° it is (ap)®(t) = 0 for all t € M and all i € N.
Hence, by Proposition 2.1.16, (aD)(¢) = D(ap) =0 aed

27



2. Distribution theory

Proposition 2.1.18 (Distributional antiderivative, [Jan71, 22.4])

For every distribution D € D there exists a distributional antiderivat-
ive H € D of D, i.e. H = D. For two distributional antiderivatives
H,, H> € D of D there exists a constant ¢ € R, such that H; —Hy = clp,
i.e. a distributional antiderivative is unique modulo a constant. o

2.2 Piecewise-regular distributions
2.2.1 Restrictions of distributions

The aim of this subsection is to define a distributional restriction in the
following sense. In general, a distributional restriction is a mapping

{ M CR | M measurable } xD —D, (M,D)+— Dy, (2.2.1)

i.e. the restriction should be defined again on the whole space of test
function (and not only the subspace of test functions whose support
is contained in M C R). Furthermore, the distributional restriction
should fulfill the following properties:

(R1) The distributional restriction (2.2.1) fulfills Dy; C Dgps for all
D €D, M C R and is for each fixed M C R a projection, i.e.
D +— Djy is linear and idempotent.

(R2) For f € L1 1oc and measurable M C R let fy; := 1, f, then the
distributional restriction (2.2.1) fulfills

(far)p = (fo)m,
i.e. it is a generalization of restrictions of functions.

(R3) The restriction property of (2.2.1) for trivial cases is fulfilled, i.e.
for all test functions ¢ € C§°, distributions D € D and measurable
sets M C R the following two implications hold

suppp CM = Dyl(e) = D(p)

and
supppNM =0 = Dyn(p)=0.
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(R4) For any family of pairwise disjoint measurable sets (M;);en with
M := U;cny M; and any D € D the restriction (2.2.1) fulfills

Dy = Z Dy,
iEN

in particular,
DM1UM2 = DM1 +DM2'

Furthermore, for any disjoint sets M7, My C R the restriction
fulfills
(Do) pr, = 0.

Remark 2.2.1 (Support of a restriction)

One might wonder why it is assumed in (R1) that supp Dps C cl M and
not supp Dy € M for some M C R. The reason is that the support
of a distribution is always a closed set, so one cannot expect that the
support of a restriction to an open set will be contained within this
open set. However, the second property of (R4) ensures that nothing
“essential” will remain on the boundary of M. As an example consider
the distribution §p + 1p, i.e. the sum of the Dirac impulse at zero with
one, then a restriction to the open interval (0,1) is (1(,))p whose
support is [0, 1], however, (R4) with My = (0,1) and My = {0} ensures
that the restriction does not contain a distribution with point support
at zero. o

Theorem 2.2.2 (Distributional restriction impossible)
A distributional restriction (2.2.1) cannot fulfill (R1)-(R4) simultan-
eously. o

For the proof a specific distribution will be used as a counter example,
the existence of this distribution will be established first in the following
lemma.

Lemma 2.2.3 (“Bad” distribution)

Let (dy),cn € RY be given by d, := (;i)ln and let

D:C° =R, ¢~ dep(dn).
i=0
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Then D € D. o

Proof. By the mean value theorem there exists some sequence (&)

neN
€ RN such that

VneN: o(d,) = ¢(0) + dne' (&)

Z dn‘P(dn) = ‘P(O) Z dn + Z dn290/(£n)-

neN neN neN

Then

By Leibniz’ alternating series test, ), _yd, exists in R. Since ¢’ is
continuous with compact support, it follows that

> e (&)

neN

<sup o' ()] dn® < o0,
£ER neN

which shows that D(yp) is well defined.
Invoking Proposition 2.1.8 yields that D is a distribution. aed

Proof (of Theorem 2.2.2). Consider D € D from Lemma 2.2.3. It will
be shown, that a restriction to (0, 00) is not possible.
First observe that D can be rewritten as

D=> dyda,.
neN
Condition (R4) enforces that D ) must be the sum of all Dirac im-
pulses with support in (0, c0), i.e.
Do,0) = Z dak0dsyy, -
keN

But now D g, ) is not a distribution any more, because if one considers
a test function ¢ with the property ¢(t) = 1 for all ¢ € [0, 1], then

1
D(0,00)(p) = Z el >
keN qged
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Instead of trying to define restrictions for all distributions one can
try to define an appropriate subspace of D for which a definition of
a restriction with the desired properties is possible. For example, an
obvious subspace for which the distributional restriction is well defined
is the space of regular distribution (just take (R2) as the definition),
but, of course, this would not be satisfactory, because the restriction
would not be defined for any “real” distribution.

Definition 2.2.4 (Piecewise-regular distributions)

A set T C R is called locally finite if, and only if, for all compact
sets K C R the set K NT is finite. The space of piecewise-regular
distributions is defined as

Dpwreg = { f]D) + ZDt

f € Lijoe, T C R locally finite, }
teT [m}

VtET:DtGD{t}

Proposition 2.2.5 (Proper subset)

Dpreg C D. a

Proof. From Proposition 2.1.8 it follows that Dpyreg € . To show that
Dpwreg 7# D it suffices to define a distribution which is not in Dpwreg-
This was already done in Lemma 2.2.3. aed

Proposition 2.2.6 (Unique representation)
Let D € Dpwreg and assume there exist two locally finite sets S,T" C

R, two sets of distributions with point support { DY € Dy, [ s€ S }
and { DI e Dy ‘ teT }, and two locally integrable functions f, g €

L1710C with
fD+ZDT:D:gD+ZDf.
teT seS

Then
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(i) f = g almost everywhere,
(ii) Vr € SNT: D? = DT,
(iii) Vs € S\T': DY =0, and Vt € T\S : DI = 0.

In other words, a piecewise-regular distribution has a “unique” repres-
entation. O

Proof. From
fo—go=>»_D{=> D
ses teT

it follows that the support of the regular distribution fp — gp is con-
tained in the countable set S UT. Hence Proposition 2.1.15 yields
fo — gp = 0, which, together with Proposition 2.1.5, shows f = g al-
most everywhere.

Let 7 € SNT. Seeking a contradiction assume D2 () # DT (¢) for some
© € C5°. Choose € > 0 so small that (7—3e,74+32)N(SUT) = {7} and
let o := @I __ ., where 1f ___  is chosen as is in (2.1.1). Then
supp (¢ — =) C R\(7 —&,7 +¢), hence D7 (¢ — ¢:) = 0= DI (¢ — )
and therefore D? (p.) # DX (p.). Observe that

ZDSS—ZDT =f—9gp=0,
sesS teT
which gives the contradiction
ZD;‘S(()OE): (‘ps)#D ZDT Pe)-
ses seT

Finally, let s € S\T and assume D () # 0 for some ¢ € C§°. Defining
¢e as above such that supp . N (SUT) = {s} and D5 (p) = DI (p.),
this yields the contradiction

O#DS 906 ZD 506 ZDtT(SOE):O
ses teT

For t € T\S the argument is analogous and omitted. qed
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Definition 2.2.7 (Restriction of piecewise-regular distributions)
For D = fp+),cr Dt € Dpwreg and measurable M C R, the restriction
of D on M is defined by

Dy = (fm)p + Z Tas(t) Dy
teT O

Proposition 2.2.8 (Restriction well defined)
The restriction

{ M CR | M measurable } X Dpyreg — Dpwreg; (M, D) +— Dy

as in Definition 2.2.7 is well defined and fulfills properties (R1)-(R4) for
piecewise-regular distributions, i.e. replace D in (R1)-(R4) by Dpwreg.o

Proof. Proposition 2.2.6 shows that Dj; does not depend on the specific
representation, hence it remains to show that (R1)-(R4) hold.

(R1) Since for every locally integrable f € L joc the restriction fas to
some measurable set M C R is again a locally integrable function,
(far)p is well defined and is a (regular) distribution with support
supp (fa)p C cl M.

To show that ), 1a/(t)D; is a distribution, observe first that
for every ¢ the sum (3,.1 Las(t)Dy) (i) is actually a finite sum
and is therefore well defined. Now Proposition 2.1.8 ensures that
Dy is a distribution.

Clearly, supp > o 1as(t)Dy € M. Altogether this shows Dys €
D¢ ps- Linearity and idempotence follows directly from the defin-
ition.

(R2) This property is fulfilled by definition.

(R3) The first implication follows easily from the definition. If supp ¢N
M = (), then ¢ (t) = 0 for all t € cI M and all i € N. Hence
Proposition 2.1.16 yields Dy (¢) = 0.
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(R4) This property follows directly from the definition and from the
fact that far = >,y fur, for any family of pairwise disjoint sets
(M;)ien and M = |J;cy M; and for all functions f: R — R (in
particular for f = 1). qod

Definition 2.2.9 (Impulsive and regular part)
For t € R and D € Dyyreg With representation D = fp + ZteT Dy let

D, teT,
D[t] := Dyyy = {o teT

be the impulsive part of D at t. The impulsive part of D € Dyyreg is

defined by
D[]:=> _D]=> D,
teR teT
The regular part of D € Dpyreg is any function D™ € Ly 1o such that

Dreg = DregD = D — D[] = f]D)~

A piecewise-regular distribution D € Dpyre is called impulse free if,
and only if, D[-] = 0 or, equivalently, D = Dyc,. o

The following proposition shows the relationship between the restric-
tion to an open interval and the “restriction” to test functions with
support in this open set.

Proposition 2.2.10 (Restriction to open interval)
Let (a,b) € R be an open interval and let F,G € Dpyreg. Then the
following equivalence holds:

Fap =Gupy & VYol withsuppy C (a,b) : Fp) = G(p).

Proof. Necessity follows from property (R3) of the restriction. To prove
sufficiency, let H := F' — G, then it remains to show that H,; = 0 or
equivalently H(, ) (¢) = 0 for all ¢ € C§°. Note that, by assumption,

Vo e C5°: suppy C (a,b) = H(p) = Hiap)(¢) = 0.
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Consider an arbitrary ¢ € C§°. For € > 0 choose o7, ¢5, ¥5,, 5, @5 €
Cy° such that

e e N R A
e supp ] C (—00,a), hence Hqp)(¢f) = 0,
e supp ¢, € (=€ +a,a+¢€) and |07 floo < [l
e supp g5, C (a,b), hence H,p)(5,) =0,
o suppf C (e +b,b-+e) and [¢floe < gl
o suppt C (b, 00), hence Hygp(¢5) = 0.
Then H,p) (@) = Hap)(¢5) + Hap)(0;). Let € > 0 so small that

there are no impulsive parts of H, ) in (a,a+¢) and (—e+0b,0). Then
H(a,b)(‘P) = (Hreg)(a,b)(QOZ) + (Hreg)(a,b)(@i) and

b

s+ [
—e+

a+e

|Hap)(#)] < /

a

a+te b
snwnw/ |Hreg|+/ ).
a —e+

Since H™® is locally integrable the right hand tends to zero for ¢ — 0.
This shows that H, () = 0. aed

Note that the assertion of Proposition 2.2.10 is in general not true
for non-open intervals as is shown in the following example.

Example 2.2.11 (Restriction to non-open intervals)

Consider the interval [0,1) together with F' = 0y and G = 0, then
F(p) = G(yp) for all ¢ € C§° with supp ¢ C [0,1) (because this implies
©(0) = 0), but Fig1) = do # 0= GJo,1)- o
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2.2.2 Multiplication with piecewise-smooth functions

Definition 2.2.12 (Piecewise-smooth functions)
The space of piecewise-smooth functions is defined by

COO

pw

(ai)iez € (C),
=< a=> Iy o | {ti€R[i€Z } locally finite
€L with ¢; < tiv1, 1 €7

Note that C55, € L joc-

Remark 2.2.13 (Special properties of Cpy,)
The space of piecewise-smooth functions has two special properties:

(i)

Each “smooth piece” of the a piecewise-smooth function is part
of a globally smooth function, in particular, there exist func-
tions which are smooth on each interval [t;,t;11) for a locally
finite set { t; | ¢ € Z }, but which are not piecewise-smooth in
the sense of Definition 2.2.12; consider for example the function

(t— V) (—00,0)°

Definition 2.2.12 implies that each piecewise-smooth function is
continuous from the right, which seems to be of no significance
at this point. However, this leads to the following definition of
the multiplication of piecewise-smooth functions and piecewise-
regular distribution, where the restrictions of a piecewise-smooth
function are “transferred” to restrictions of a piecewise-regular
distribution, but for the latter there is an essential difference
whether the restriction is Dy, ¢, ) or Dy, t,,,)- This issue will
be discussed further in Section 2.4, see also Remark 2.2.16. o

Definition 2.2.14 (Multiplication with piecewise-smooth functions)
The multiplication of a piecewise-regular distribution D € Dyyreg with
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a piecewise-smooth function a = Y7, 1y, 4, )0 € Cow is defined by

aD = (Z ai[tri7ti+1)> D = ZaiD[tiyt’H»l)'

1€Z €L [m]

Proposition 2.2.15 (Properties of multiplication)
The multiplication as in 2.2.14 is well defined and has the following
properties:

(i) Va € Coy VD € Dpyreg : D € Dpyreg-

(ii) Va,pB € Cow VF,G € Dpyreg : a(BF) = (af)F, (a+ B)F =
aF + BF, and o(F + G) = oF + oG. o

Proof. Note that the representation o = >, i L, +,.,) is not unique:
a; may vary on R\[t;, ¢;4+1) without changing « and one can add more
points to the set T = { t; | i € Z } without changing a. Nevertheless,
Corollary 2.1.17 ensures that the term a; Dy, 4, ,) does not depend on
the values of ; outside the interval [¢;, ¢;+1): if one has another a; € C*>
with a;(t) = a;(t) for all ¢ € [t;,t;11), then (o — ;) Dy, 4,y = 0. If
T is not “minimal” (i.e. there are points in 7" at which « is smooth),
then property (R4) of the restriction ensures that oD is not changed by
the additional points in T. Hence aD does not depend on the specific
representation o = » ;- L, ¢, )@ and is therefore well defined.

To show that aD € Dpuwreg, Observe first that aD(y) reduces to a
finite sum for all test functions ¢ € C3°, hence aD is a distribution by
Proposition 2.2.8 and Proposition 2.1.8. Finally,

O[D = Z aiD[ti7ti+1)

1€Z

= Z i (Dreg) it ti41) T Z a; Dy
i€ tE[ti,tit1)

= (aD™®)p + > D,

teT
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where, by Remark 2.1.13, ﬁt = a;D; € Dyyy for i € Z such that
t € [ti,tit1). This yields aD € Dpyreg-
The rest of the proposition follows easily from the definition. ged

Remark 2.2.16 (Restriction is more than multiplication)

The restriction of a piecewise-regular distribution D € Dpyyreg to an
interval of the special form M = [s,t) C R can be expressed as a
multiplication with a piecewise-smooth function, i.e.

V D € Dpyreg VM = [s,t) 1 Dpp = 1yD.

However, restrictions to other subsets M C R cannot be expressed
directly as multiplication with 1,; because in general 1), ¢ Cow- Since

VseR: D{S}:D[S],
restriction to other intervals can be expressed as
Disty = LsnyD = Dlsl,

Dys = Ljs,nD — D[s| + D],
Dis g = 15,0 D + D[t],

where —o00 < s <t < 0o and D[to0] := 0. o

2.3 Piecewise-smooth distributions and its properties

Definition 2.3.1 (Piecewise-smooth distribution)
The space of piecewise-smooth distributions is

Dpr@G = { De Dpwreg ’ Elf € ng?v : Dreg = f]D) }a

i.e. a piecewise-regular distribution is called piecewise-smooth if, and
only if, its regular part is induced by a piecewise-smooth function. g

Obviously, Dpwe~ is a linear subspace of Dyyreg. In the following
it will be assumed that the regular part D' € L; 1. of a piecewise-
smooth distribution D € Dpyce~ is a piecewise-smooth function, in
particular D™8(¢) is uniquely defined for every ¢ € R.
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Remark 2.3.2 (Restriction of piecewise-smooth distribtutions)
Since, by definition, each piecewise-smooth distribution is piecewise-
regular, the distributional restriction as in Definition 2.2.7 is also well
defined for piecewise-smooth distributions and for all measurable sets
M C R. However, a restriction of a piecewise-smooth function to an
interval which has not the form [s,¢) (e.g. an open interval) is not
a piecewise-smooth function in the strict sense of Definition 2.2.12.
But since the corresponding regular distribution is invariant under
changes of the underlying function on a set of measure zero, the re-
striction of a piecewise-smooth distribution to any interval (and loc-
ally finite unions of intervals) will be a piecewise-smooth distribution
again. Nevertheless, a restriction to a general measurable set will not
always yield a piecewise-smooth distribution, consider for example the
set M =, on [1/(2n +1),1/2n).

Definition 2.3.3 (Pointwise evaluation)
The left (right) sided evaluation of D € Dpyeoo at t € R is defined by

D(t=) := D™¥(t=) := lim D"(t — h)
h>0

and
D(t+) := D™8(t+) = D™5(t).

The jump of D at ¢t € R is defined as

A{D} = D(t+) — D(t-). .

Note that for every D € Dpyeoe
Dyeg = (t— D(t=))p = (t = D(t+)) .

It is worth mentioning that for piecewise-regular distributions D €
Dpwreg @ left or right sided evaluation is in general not possible because
L1 joc-functions are not necessarily left or right continuous.
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Proposition 2.3.4 (Derivative of a piecewise-smooth distribution)
Let D € Dpyee with D™ =37, 1y, 4., ) fi for some locally finite set
T={t |i€Z } and some smooth f; € C*, i € Z. Then

7= (Z ]l[tiyti+1)fi/> * ZAti{D}éti + DH/ (2.3.1)
D

i€z i€L
In particular,

D e Dpwcoo = D¢ Dpr°°~ o

Proof. By Proposition 2.1.10 it is, for every i € Z,

d d
T@(ﬂ[tivtiﬂ)fi)ﬂ) = (fi(]l[tiatwl))ﬂ))
= fi/(]l[tmtiﬂ))]]) + fi%(l[trivoo) - ]l[ti+1a<>0))ﬂ])
= (Lts,t000) fi D + fibe, — fibe,y,
= (]]-[ti,ti+1)fi/)]]) + fi(ti)ds, — fi(tiz1)de,,,-
Now (2.3.1) follows from f;(t;) — fi—1(t;) = Ay, {D}. Finally, Proposi-

tion 2.1.12 implies that D[-]’ is again a sum of distributions with point
support, hence D’ € Dpyeos. aod

Corollary 2.3.5 (Restrictions and derivatives)
For all —oo < s <t <ooand D € Dyyees,

(Dis.ty)) = (D")is,0) + D(s—)ds — D(t—)éy,
(Disy) = (D) (s.4) + D(s+)d5 — D(t—)d,
(Desy)' = (D) e + D(s4)3s — D(t+)6,
(Dps)’ = (D) sy + D(s—)8, — D(t4)3,,
where d1, = 0. .

Proof. Let D™& = %", 1, +,.,)fi for some f; € C*, i € Z, and some
locally finite set { t; € R | i € Z }. Assume, without restriction, that
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s,t€{t; |i€Z }. From (2.3.1) follows

(Disy) = (D) jsty = D A {Dypsy o1, — (Z Ati{D}(Sti)
€L €L [s,t)
= A{ D5 1) }0¢ — (AS{D}(SS — AS{D[S@}éS)
= —D(t—)d; + D(s—)ds.

This shows the first formula. Since D[7]" = D'[r]— A {D}d, for all 7 €
R the other three formulae follow easily by linearity of the differential
operator and property (R4). ged

Proposition 2.3.6 (Unique distributional antiderivative)
For D € Dyywc~ and ty € R there exists a unique distributional antide-
rivative
H= | De&Dpyce
to
with H = D and H(tp—) = 0. Furthermore, for any sequence (D,,) €

(Dpr“)Na
/ D, H/ D = D,—D.
to to [m]

Proof. 1t follows from Proposition 2.1.18 that every distribution D €
D has a distributional antiderivative and that all antiderivatives only
differ by a constant.

It is first shown, that every distributional antiderivative H of a piece-
wise-smooth distribution D = fp + ZteT D; € Dpwe~ is a piecewise-
smooth distribution. Let g : R — R be a antiderivative of f, then
g € Coy- Every D; € Dyyy for a fixed ¢ € T' can, by Proposition 2.1.12,

be written as
[n )
=" ais?,
i=0

where n; € N and a?,...,a}'* € R. Clearly, one antiderivative of D is
given by

ay (]]-[t,oo))]D) + Z aiagi_l)-

i=1
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Now let

h= g+ Za?]l[t,oo) S ng?v
teT

and, for t € T,

ng )
Dy =Y aiof " e Dy,
=1

then Hy; = hp + ZteT Et € Dpwee is a distributional antiderivative of
D. Since, by Proposition 2.1.18, all other antiderivatives only differ by
a constant, all antiderivatives of D are piecewise-smooth distributions.
Let

H = H, — Hy(to—)1p,

then H fulfills H(tp—) = 0 and it is the only antiderivative with this
property.

The second assertion follows from Proposition 2.1.8 because % to D, =
Dy and § [, D=D ad

2.4 Multiplication of piecewise-smooth distributions

The aim of this section is to define a multiplication for piecewise-smooth
distributions. It is shown that there exists a whole family of multipli-
cations which generalize the multiplication of functions, are associative
and obey the differentiation rule. However, only two are “time invari-
ant” and can be seen as a “causal” and “anticausal” multiplication.
Naturally, the multiplication for piecewise-smooth distributions should
generalize the already defined multiplication for piecewise-smooth func-
tions and piecewise-regular distributions as in Definition 2.2.14. This
reduces the choices to the causal multiplication.

In view of Remark 2.2.13, it now becomes clear that the choice
of piecewise-smooth functions being continuous from the right (which
made Definition 2.2.14 intuitive) yield that there is exactly one mean-
ingful multiplication for piecewise-smooth distributions.
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2.4.1 Uniqueness of multiplications on D¢~

The main ideas of this section stem from the work of Fuchssteiner
[Fuc68], see also [Fuc84], where so called almost bounded distributions
are studied. A distribution D € D is called almost bounded if, and
only if, there exists a continuous function g : R — R and n € N
such that D = (%)n gp and, furthermore, for each k£ € N and each
finite interval T' C R there exists a finite set Jr(k,g) C T such that g
is k times uniformly continuously differentiable on T\ Jr(k, g). The
space of almost bounded distributions is neither a subset of the space
of piecewise-smooth distributions nor is it a superset. It is not a subset
because the sequence my, := |Jr(k, g)| corresponding to some g : R — R
can grow (locally) unbounded as k — oo which yields that the function
g is not a piecewise-smooth function as in Definition 2.2.12. It is not a
superset because the piecewise-smooth distribution ),y 51@ is not a
finite derivative of a continuous function. However, the spaces are very
similar and the results for multiplications are identical.

Theorem 2.4.1 (Characterization of all multiplications on Dywcee)
There exists an algebra M : Dywcoe X Dpwese — Dpwes with

(M1) Vf,g € Coy : M(fp,gp) = (fg)p, i.e. the multiplication of func-
tions is generalized,

(M2) VF,G,H € Dyyee : M(M(F,G),H) = M(F,M(G,H)), ie.
the multiplication is associative,

(M3) VF,G € Dypye : M(F,G) = M(F',G) + M(F,G"), ie. the

differentiation rule for a multiplication is fulfilled.

Furthermore, for each algebra M fulfilling (M1)-(M3) there exists a set
Maq C R such that
vt e MM : M(]l[t,oo)D76t) = 6757

(2.4.1)
vVt € R\ Ma : M(1j,00)p,0t) =0,

and, for two algebras M, Ms which fulfill (M1)-(M3), the equality
of the sets My, = My, implies M; = My, i.e. each multiplication
satisfying (M1)-(M3) is uniquely given by a set M C R and (2.4.1). o
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Proof. Step 1: All algebras with (M1)-(M3) fulfill (2.4.1)
Let M be an algebra fulfilling (M1)-(M3). First observe that 0 =
M(Lt,00) s L—o0,)p) for all t € R implies

0= M(]]-[t,oo)Da ]]-(—oo,t)D), = M(5t3 ]]-(—oo,t)]])) + M(]]-[t,oo)Da 761‘/)3

hence
VteR: M(]]-[t,oo)Da 5t) = M((Stv ]l(foo,t)D)' (242)

From Proposition 2.1.10 it follows that, for all smooth o € C* and
t e R,

M(a]ﬁ)a 5t) = M(OZ]D), ]]-[tpo)D)/ - M(a]/Db ]]-[t,oo)]D))

= (al{t,00))p — (@' 00))p =
and, inductively for n € N,

M(ap,6") = M(ap,5") = M(ap, ") = (ad{™) — /6
= a6§n+1).

Altogether this yields

Ya € C* VD € Dpwcoo : M(OZ]D),D) =aD

(2.4.3)
and analogously M(D, ap) = Da := aD.

For t € Rlet Hy := M(Lt 00y 0t) = M(0t, L(—co.t)p) and idy == (s —
s —t) € C*, then id;d; = 0 and therefore, by (M2),

0 = M(idyp, Hy) = ide Hy
Now [Jan71, Satz 33.3/4] shows that there exists a; € R such that
Hy = a:dy,
furthermore, by (M2),

Hy = M(Li,00)p, Hi) = MLt 00y at0t) = aHy
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and it follows that a;0; = a?d;, therefore only the two cases a; = 1 or
a; = 0 are possible, which shows (2.4.1).

Step 2: Existence and uniqueness is shown.
It will be shown that (M1)-(M3) together with (2.4.1) uniquely defines a
multiplication M. First observe that M(F,G) for some F,G € Dpyco
can be reduced to a locally finite sum of the following products, s,t € R,
nkeN, a,3€Coy:

M(amaﬁD)7 M(aD76£H)>7 M(égk)aﬁ]@)? M((sgk)76t(n))

The first product is uniquely defined by (M1) hence it remains to study
the other three products. Since each piecewise-smooth function a €
Cow can be written as a = Y icz @ilp, o0y for some locally finite set
{t; € R | i €Z } and some smooth functions «; € C* and since (2.4.3)
holds, the second and third products can further be reduced to locally
finite sums of, s,t € R, k,n € N,

M(]]-[s,oo)Dv 6§n))7 M((sgk)v Il'[tvoo)]D))'

Let s < t and choose a smooth function ags € C* such that supp as C
(—o0,t) and as(7) = 1 for all 7 in an neighbourhood of s, then a0 =
5£n) for all n € N. Furthermore, 1j; oyas = 0, therefore, by (M2),

Vs < t¥n € N: 0= M (0 M((05)5,88) ) = M(Lg0)5:88))
and, analogously,

Vs >tVneN:0= M(]l(_oo,t)Da 5gn))’
Vs>t Vn e N: 0= MO, 1_asp)-

Vs<tVneN:0= ./\/1(5("), l[t,oo)D>7

Since, for all s,t € R, n € N,

M(Lis 00y ™) = ML =T _ao0))p: 6™) = 65 = M(L(_ g5 6™)
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it also follows that

Vs>tVneN: ([too)D, ) 5
Vs>t V¥neN: MW, ) 5<">
Vs <tVneN: (]1( Oot)D, )

Vs <tV¥neN: M@ ]l(oot )=

For s # t choose ag,a; € C* such that s ¢ supp oy, t ¢ supp as and
that as,a; are constantly one in a neighbourhood of s, t, respectively.
Then as§§k) = 5§’“), a35§k) =0, at(;gk) = 0 and at&gk) = 5t(k) for all
n, k € N, this implies:

Vs £t Vn,k e N: M(GE® 6™y = MW ay, ap6™)

= M(6P g, ad™) =0
It remains to study the three products, t € R, n, k € N,
n k k n
M(]l[t,oo)ﬂyéwg ))7 M((SE )a]l[t,oo)D)v M(dt( )7615 ))

Consider first n = k = 0. The first product is uniquely given by

(2.4.1): M(6t,1t,00)) = a¢dy for a corresponding a; € {0,1}. The
second product follows from (2.4.2) and M (¢, Lt,c0)p) = M (3¢, (1 —

L(—oo))n) = 6 — M(Ljt 00)ps ")) = (1 — a;)d;. From this it follows
by (M2) that

(1 - at)M((St, 5t> = M(dtvM(]]-[t7oo)Da 5t)) = Cl,tM((St, 5t)7

hence

M(8,6,) =0

Inductively it follows that, for n,k € N:

M(L00)p 65 ) = M1y 00y, 87) = M(81,6) = agsi™ ™
MBI 1) = MO 10y ) = M, 6,) = (1 an)of?,
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and

(1= a)MBF [ 600) = MEFT, M1 00y, 6™)
= a, M6 5y,

which implies that M(5§k+1),5t(")) = 0. Analogously, it follows that
M(5§k),§§"+1)) = 0 and M(6§k+1),5t("+1)) = 0. This concludes the
proof.

Corollary 2.4.2 (Unique multiplication on Dpwceo)
There exists a unique multiplication on Dpywcee satisfying (M1)-(M3)
and

(M4) VieR: ]]-[t,oo)(st = 5t- [m}

Remark 2.4.3 (Causal and anticausal multiplication)

Under the assumption that a multiplication satisfying (M1)-(M3) is
“time-invariant”, only two possibilities remain: the multiplications ei-
ther fulfills (M4) or

(M47) VteR: ]]-(—oo,t)(st = 6;.

The unique multiplication on Dpwce satisfying (M1)-(M4) might be
called causal Fuchssteiner multiplication and the one satisfying (M1)-
(M3) and (M4’) might be called anticausal Fuchssteiner multiplication.
The reason for using the term “causal” and “anticausal” is motivated by
observing the solution behaviour of the following simple distributional
ODE:

T = £dox. (2.4.4)

Assume first that the causal Fuchssteiner multiplication is used in
(2.4.4) with a minus sign. It can be shown that all solutions within
Dpwee of (2.4.4) are given by

r=cli—xo)p CE R.

Note that z[p ) is identical zero, i.e. for initial value pairs (to,zo)
with tg > 0 only for xy = 0 there exist solutions, all these solutions
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are uniquely determined in the “future” (tg,c0) but not in the “past”
(—OO, to).
Applying the anticausal Fuchssteiner multiplication to (2.4.4) with a
plus sign, the situation is exactly the other way around: All solutions
are given by

z=clpo), c€R

and the initial value pair (f9,0) with ¢y < 0 determines the solution
uniquely in the past but not in the future. o

Definition 2.4.4 (Fuchssteiner multiplication)

The (causal) Fuchssteiner multiplication is the unique multiplication
M Dpweee X Dpyweos — Dpweee satisfying (M1)-(M4). For F,G €
Dpwes let FG := M(F,G). o

In the rest of the work only the causal Fuchssteiner multiplication
will be used, therefore the “causal” will be omitted.

Remark 2.4.5 (Square of Dirac impulse)
Let § := g, then, as shown in the proof of Theorem 2.4.1,

62 =0.

It is interesting to compare the different approaches to define a multi-
plication for distributions in the literature with respect to the square
of the Dirac impulse: In [Wal94] it is claimed that it is impossible to
define this square!. A similar result is obtained in [Wal70, Thm. 3.9],
however, in the proof it is shown that the square of the Dirac impulse,
if it exists, must be zero which contradicts the assumptions made in
that paper. In [Mik66] the equation 62 — - (1)2 = —L L is estab-

2 2 2
lished, where the left hand side is considereﬂd ag a “singlg exntity”, this
is motivated by quantum mechanics where 62 appears only in this con-
text. The square of the Dirac impulse is well defined in [K6n55], but
only in a generalized space of distributions and it is shown that 62 is
not a classical distribution. In [FLZ92] a commutative multiplication
for a subspace of distributions is defined and there the square of the

Dirac-impulse is zero. o

1[Wal94, 3.1V]: “Im besonderen ist es nicht mdglich, das Quadrat der 5-Funktion
62 zu bilden.”
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2.4.2 Properties of the Fuchssteiner multiplication

Proposition 2.4.6 (Properties of the Fuchssteiner multiplication)
The Fuchssteiner multiplication has the following properties, F,G €
]D)pwcoc, n € N:

(i) 6:F = F(t—)6; and 5t(”)F = (=D FD (t_)§£n—i)7

(ii) Fo, = F(t+)d0, and F(Sg") = 3 (1) (M) FO (t_’_)(sﬁnfi)’
(ii) F[G[]=0,

(iv) in general, FG # GF,

(v) supp (FG) C supp F Nsupp G.

Proof. (i) The equation §;F = F(t—)d; follows easily from (M4) to-
gether with (2.4.3) and an analogon of (2.4.2). The expression
for (5,§n)F follows by an inductive argument and (M3).

(ii) This follows analogous as above.

(iii) This is an immediate consequence from the above results because
F[](t4) =0 for all t € R.

(iv) Consider for example the product of 1jg o)y, and do:
Li0,00)p%0 = d0 # 0 = d01[0,00)p-
(v) This follows from

supp FG = supp (F*®Geg + F'8G[] + F[|Gyeg + F[]G[])
C (supp Freg Nsupp Greg) U (Supp Freg N G[])
U (supp F'[-] N supp Greg) U (supp F[-] N supp G[])
= (supp Freg U sup F[]) N (supp Greg U supp G[+])
= supp F Nsupp G. qed
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Remark 2.4.7 (Fuchssteiner multiplication is not “continuous”)
Note that the Fuchssteiner multiplication is not “continuous”, i.e., for
some sequences (Fy)nen, (Gn)neny within Dpye~ and some F,G €
]:D)proc ’

Fr,—-F NG, —-G # F,G,— FG.

As a simple example consider the sequence (J_1 /,, )nen Which converges
to do. However 1jgo)d_1/n = 0 # do = Ljg,0c)do- The reason is
that already the distributional restriction as in Definition 2.2.7 is not
“continuous” in the sense that the restriction of the limit of a sequence
need not to be same as limit of the sequence of restriction.

It may be an interesting research topic to define a different convergence
for distributions or, equivalently, a different space of test functions,
so that the space of “restrictable distributions” (i.e. distributions for
which a restriction with properties (R1)-(R4) is possible) can also be
understood as a dual space of some space of test functions. O

Proposition 2.4.8 (Multiplication and restriction)
Let F,G € Dpwe~ and s,t € RU{£oo} with s <, then, for any ¢ > 0,

(FG)(s,t) = Fls,p)Gs,p)

(FG)is) = Fis )Gty + F[8]G5—c,5)

(FG) (s, = Fis,qGs.0) + Fit,046)Glt]

(FG)s4) = Fls.)Gls) + Flt440)Glt] + F[3]Gs—cs)

Proof. Let M C R be one of the four intervals with boundaries s and
t, then by linearity of the restriction

(FG)m = (FregGreg) M + (FregGl]) s + (F[]Greg) ar
First observe that (FregGreg)m = (Freg)n (Greg) - Furthermore,
(FregG['])M :((Freg)MG[']M)M + ((Freg)R\MG[']M)M
+ (FregG[']R\M))Mv

where the term ((Fieg)Glr\nm)),, is zero, because FregG[]r\ar is a
distribution with zero regular part and whose support is a locally finite
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set contained in R\ M, hence the restriction to M is zero by definition.
Since the support of (Freg)mG[-]ar is a locally finite set and is con-
tained within M the outer restriction does not change it. Finally, the
support of (Fieg)r\arG[-Jas is also a locally finite set and is contained
in cl (R\M) N M C {s,t}, hence, if s < t,

(FregGlDar = (Freg) mGlas + (Freg)min (Gls] + Glt])
Analogously,

(F[1Greg)rr = FIar (Greg)ns + (Fls] + F[t]) y (Greg)myna-

Now let M = (s,t), then (G[s]+G[t]) ,, = 0 = (F[s]+F][t]) ,,, hence the
assertion is shown in this case. For M = [s,t) it is (G[s]+G[t]) ,, = Gls]
and (F[s] —|—F[t])M = F[s]. As mentioned in Proposition 2.4.6 the term
(Freg)m\mGls] depends only on the value ((Fmg)R\M)(Z)(sqL), i €N,
which is zero for all ¢ € N, hence (Freg)r\mG[s] = 0. Also from this
proposition it follows that F[s](Greg)r\ 1 = F'[8]G(5—¢,s) for any e > 0.
This shows the assertion for M = [s,t). Analogous arguments show
the validity of the assertions for M = (s,t] and M = [s, t].

If s =t, then

(FG)is, = (FG)[s] = (FregGl])[s] + (F[-|Greg)s]
= Freg [s] + F[s]G reg
FIS]Gls] + Frog(s o3y Gls] + Fls]Grogso s
=0
= F[s,t]G[s,t] + F(t’t+€)G[S] + F[S]G(s—s,s) qed

2.4.3 Matrix calculus for piecewise-smooth distributions
Definition 2.4.9 (Invertibility of Dywceo-matrices)

For two matrices P € (Dpwee)" ™, @ € (Dpwee)™ P, n,m,p €
N, with piecewise-smooth distributional entries the matrix product is
defined in the standard way, i.e., for¢=1,...,nand j=1,...,p,

(PQ)ij = Z PirQuj,

k=1
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where M;; denotes the (4, j)-entry of some matrix M. A square matrix
M € (Dpwees)™*™, n € N, is called invertible (over Dpyee ) if, and only
if, there exists a matrix M ! € (Dpwe=)"*" such that

MM '=M"1'M=1I,

where I € (Dpyee)"*"™ is the (distributional) identity matrix given by

1 i=]
Ii; = o . j .
0, i F ]
Note that no notational distinction between the matrices I € R™*™,
I'e (Cop)™ ", and I € (Dpwee )™ ™ is made. o

Proposition 2.4.10 (Invertibility of Dywceo-matrices)
A piecewise-smooth distributional matrix M € (Dpwee)"*", n € N, is

invertible if, and only if, M ¢ (CS";)”X” is invertible over C39, i.e.
there exists P € (Cgg,)" " with M™®(t)P(t) = P(t)M™8(t) = I for all
teR.

If M is invertible, then the inverse is given by

M™' = Mgy — Mg M[M;qy, where Mgy = ((M™%)71) .

reg’ reg [m}
Proof. If M™®# is invertible over Ci3, then
MM_I = (Mreg + M[]) (Mr_eé - Mr;éM[]Mr_eé>
= MTeng;gl _Mreng;éM[']Mr;é + M[]Mr;gl
——
= =0
- M[]Mr;glM[]Mr;gl .
=0

An analogous calculation shows M~'M = I. Hence sufficiency is

shown.
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Now assume that M is invertible over Dy coo, i.e. there exists a mat-
rix M 1€(Dpye)™ ™ such that MM 1 = 1. Let M~ = (M~Y)eq +
M1, then
I'=MM™" = (Myeg + MID)((M™)reg + M)
= MrEg(M_l)rEg + MregM_lH + MH(M_I)reg .

=:H

Since H[-] = H and I[-] = 0, it follows that H must be zero. This
implies

I'= Myeg(M ™ )reg = (M™8(M 1))y,
hence M™® is invertible with inverse (M~!)™& € (C2,)"*". Finally,
from H = 0 and the invertibility of M*°# it follows that

M7 = —(M"8) T M (M )reg = — Mg M[ 1M,

reg reg»
hence M ! is unique. ged

Remark 2.4.11 (Invertibility over CJ5
It is important to note that for the invertibility of M € (C55,)" " over
Cow it is not sufficient that det M(t) # 0 for all £ € R. As an example
consider the 1 x 1 “matrix” m(t) = ¢ for t < 0 and m(t) = 1 for
t > 0. Its pointwise inverse is given by m~1(t) = 1/t for t < 0 and
m~!(t) =1 for t > 0. Clearly, m~" is not an element of 35, as defined
in Definition 2.2.12 because ¢t — 1/t cannot be extended to a smooth
function defined on the whole axis R.

However, if det M (t) = det M (t+) # 0 and det M (t—) # O for all t € R,
then it is easy to see that M € (Cpy,)"*™ is invertible over C35,. Another
sufficient condition for invertibility over C, is that infier det M(t) >
0. o
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3 Regularity of distributional DAEs

3.1

Initial trajectory problems (ITPs) and
DAE-regularity

Definition 3.1.1 (Distributional DAE)
A distributional DAFE is given by

Ei = Az + f, (3.1.1)

where E, A € (Dpweee)™ ™ and f € (Dpwe=)™ for n,m € N. A short
hand notation for a DAE in form (3.1.1) is

(E,A) € ¥™*"  with inhomogeneity f. o

Definition 3.1.2 (Solutions of distributional DAEs and ITPs)
Consider a distributional DAE (E, A) € ¥™*" with inhomogeneity f.

(i)

(iii)

A (global) solution of (3.1.1) is a piece-smooth distribution z €
(Dpweo)™ for which (3.1.1) is fulfilled. For the multiplications
in (3.1.1) the Fuchssteiner multiplication as in Definition 2.4.4
is used, see also Definition 2.4.9. A global solution will also be
called consistent solution in the following.

A piecewise-smooth distribution z € (Dpyeo)” is called a local
solution of (3.1.1) on the interval J C R if, and only if,

(Ei); = (Az+ f)J.

A piecewise-smooth distribution x € (Dpwee)™ is called an ITP
solution with initial trajectory z° € (Dpwce)" and initial time
to € R if, and only if, x fulfills the initial trajectory problem
(ITP)

(EZ)[ty,00) = (AT + f)ite,00)
T(—o0,tg) = ff?foo_,tn)»

(3.1.2)

i.e. z is a local solution of (3.1.1) on [tg, 00) which coincides with
the initial trajectory 2° on (—oo,tg). o
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In the following the regularity definition for classical DAEs will be
generalized to distributional DAEs. It is well known that classical reg-
ularity is equivalent to 1) the existence of solutions for any (sufficiently
smooth) inhomogeneity and 2) the uniqueness of solutions. This charac-
terization of regularity already made it possible to generalize regularity
to time-varying DAEs with analytical coeflicient matrices [CP83]. In
view of the desired application to switched DAEs it is reasonable to
assume additionally that there exists a distributional solution for all,
i.e. consistent and inconsistent, initial values. Note that this is not an
additional assumption for DAEs with constant coefficient, because it
can be shown that all DAEs which are regular in the classical sense
have unique (distributional) solution for all initial values.

Definition 3.1.3 (DAE-regularity)

A DAE (E, A) € ¥™*" ig called DAE-regular if, and only if, for every
inhomogeneity f, for every initial time ¢35 € R and for every initial
trajectory 20 € (Dpwe=)™ the ITP (3.1.2) has a unique solution. o

Note that there are now two “regularities”: One is the regularity of a
distribution as in Definition 2.1.4 and the other one is the regularity of a
matrix pair as defined above. To avoid confusion the second regularity
is called “DAE-regularity”.

Examples 3.1.4 (Non-regular DAEs)
There are different reasons why a DAE may not be regular:

(i) Solutions are not uniquely determined by an initial trajectory:
for example, the DAE (E, A) € ¥'*2 with some inhomogeneity f

given by
o) (5) ooy (32) + 7.

actually reads as #1 = f. Hence x5 can be arbitrary and is not
uniquely determined by an initial trajectory.

(ii) Not for all inhomogeneities a solution exists: for example, the
DAE (E, A) € ¥2%! with inhomgeneity f = [f1/f2] given by

ol = [l (2)
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only has solutions if fo = 0.

(iii) There do not exist ITP solutions even in the homogeneous case,
i.e. when f = 0in (3.1.2): for example, consider the DAE (E, A) €
¥1X1 given by

(Soj,‘ = (5037

and a corresponding ITP with initial time ¢y = 0. The ITP (3.1.2)
yields that #°(0—)dy = x°(0—)dp which implies that the DAE “en-
forces” the condition #°(0—) = 2°(0—) on the initial trajectory,
i.e. not for all initial trajectories an ITP solution exists. o

The next proposition states that DAE-regularity is invariant under
certain transformations of the matrix pair (E, A) € ¥™*". One natural
transformation is multiplication of the DAE with an invertible matrix
S € (Dpwese)™ "™ from the left, the other is applying a state trans-
formation = +— Tz for some invertible matrix T' € (Dpweee )™ ™. It is
obvious that z is a (global) solution of the DAE (3.1.1) if, and only if,
z is a (global) solution of the transformed DAE

SET# = (SAT — SET')z + Sf.

However, it is not immediately clear how this transformation fits to-
gether with an ITP, because the initial trajectory and the inhomogen-
eity must be adapted appropriately.

Proposition 3.1.5 (DAE-regularity and similarity transformations)
Let S € (Dpwee)™ ™ and T € (Dpweee)™ ™ both be invertible over
Dpweee. Then (E, A) € ¥™*™ is DAE-regular if, and only if, the trans-
formed DAE (SET,SAT — SET’) € ¥™*™ is DAE-regular. o

Proof. First note that it suffices to show one direction of the equl—
valence, because for E := SET, A := = SAT — SET, S = g1

T := T~ it follows that (§Ef §ZT SET') = (E, A), where the equa-
tion 7/ = —T~'T"T~! was used, which itself follows from 0 = (TT~1)’
and the product rule.

For E, A as above and ¢, € R, 7 € Dyess fe Dice it will be shown

that every ITP

E% == AV.% + }:7 .;E(fooyto) - .’1\7'(()700’150)
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3. Regularity of distributional DAEs

has a unique solution.
Step 1: Existence of a solution.
Let x be the solution of the ITP

Ei=Ax+f, T(_ooiy) = x?_oo’to),
where

J =5 g ooy = S fto] (A7° ~ B3

(700,t0)

and 20 = T7°. It will be shown that T := T 'z is the desired solution.
First observe that, by Proposition 2.4.8,

~ —1 —1 0 -1 ~0
T(—oo,te) = (T772) (—oo,t0) = T(foo,to)x(foo,to) = T(foo,to)(T‘rE )(=o0,t0)
= T(—co,to)"
Hence it remains to show that
(E7){to,00) = (AD)[15,00) + fito,00)s
which is equivalent to
STHED) 19.00) = STHAD) (19.00) + 5™ Fitg 00)-

Note that from Proposition 2.4.8 and Property (R4) it follows that, for
any M € (Dpweee)™ " and h =1 or h =n,
S Mgy 00) = (87 Misg 00)) (=o0.t0) (57" Mty 00))ito.o0)
-1
=0+ S[to,oo)M[tUaOO)

= (STM)j1g,00) = S [t0] M(—co,t0)-
Hence 7 must fulfill
(S_lﬁf.é)[to’oo) - S_l[to](E‘%)(*oo,to)
= (571 AT) 19,00 =5 [t} (AT) (—o0,t0) (ST Fito,00) =S5~ [tol f—o0,t0)-

From $(T71) = —T~'7"T1 it follows that

ST'Ey = STISET®(T ) = B — ET'T 2
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and
S™'AZ = S~Y(SAT — SET\T 'z = Az — ET'T 'x.

Since, by assumption, (EZ)[,,00) = (AT)[t,00) T flte,00)s it T€MaINs to
show that

Fitore) = S o) (BZ)(—so,t0) — S~ ) (AF) (—oo,t0) + (571 Fito.o0)
— S [to) Fi—corto)-
Together with Corollary 2.3.5 and Proposition 2.4.8 this follows from
(EZ)(=s0.10) = Boo.t0)T (o0t
= Blooto) (§ (F(-oo.t0)) + T(t0=)81,)
= Booto(% (o) ) + 3(t0—)n)
= E(Oovto)g?oo,to) = (Ego)(—oo,to)a
(AT) (—o0.0) = (A7) (—c0,t0):
(Silf)[to,oo) - Sil[to]f(—oo,to) = S[Zol,oo)f[to,oo) = Sil.}?[to,oo)a

and the definition of f.
Step 2: Uniqueness of a solution.
Let ;1 and 7> be two solutions of the ITP

Ei =A% + f, T(—co,ty) = 5?—0077&0)

for some ¢ty € R, z° € Diwese f € Diceo- Then Z:=T1—Tgis a
solution of the ITP

EZ =A%, o) =0.
It will be shown that z = T'Z is a solution of the ITP
Ei= Az, 2ty =0,

it then follows from the DAE-regularity of (E, A) that z = 0, hence
Z = 0 and the uniqueness of solutions is shown.
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3. Regularity of distributional DAEs

Clearly, z(_s,1,) = 0, hence it remains to show that (E2)y, o) =
(A2)[ty,00)- It is, by Proposition 2.4.8,

0 = (E’V) to (X) - (‘Z{’v)[to OO)
= S[te,00) (B2 — A2)[1g,00) + S[to](E2 — A2)(—oo,t0)
= S(Ez — Az)y,00) +0,

hence (E,é)[tmoo) = (Az)[tmoo). god

Remark 3.1.6 (ITP solutions and similarity transformations)
From the proof of Proposition 3.1.5 it becomes clear that x is a solution
of the ITP (3.1.2) for (E, A) := (SET, SAT — SET’) with initial time
to, initial trajectory z° and inhomogeneity fif, and only if, x = T is
a solution of the ITP (3.1.2) with initial time t¢, initial trajectory

20 =770

and inhomogeneity

f =5 iy ooy = 57 fto] (A7 — B3 .
(—o0,to) O
The next theorem shows that for DAEs with square coefficient ma-
trices any ITP solution corresponds uniquely to a consistent solution
of a special “switched” DAE, where the initial trajectory is part of the
inhomogeneity. Since in Theorem 3.2.1 it will be shown that all regular
DAEs must have square matrix coeflicient, it becomes clear that there
is a strong relationship between regularity and solvability of DAEs with
jumps in the coefficient matrices. In particular, the problem of impos-
ing inconsistent initial values on a DAE can be viewed as finding a
consistent solution of a special DAE with jumps in the coefficients.

Theorem 3.1.7 (ITPs are “switched” DAEs)

Let (E,A) € ¥™*". Then (F, A) is DAE-regular if, and only if, for all
2% € (Dpwe=)™, to € R, and all inhomogeneities f the following DAE
has a unique (global) solution

Eitp® = Aitp + fitp, (3.1.3)
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where Eitp = Ey,00)s Aitp = I(—o0,t0) T Afto,00) a0 fitp = —x?_oo’to) +
f[to,oo)~ ]

Proof. First observe that Proposition 2.4.8 yields
VF,G € Dpwee Vg € R: (FG)[to,oo) = F[to,oo)G~
Hence the following equivalences hold:

x solves (3.1.3) & (Eitp®) (—o0,t0) = (Aitp®)(—o0,t0) + (fitp) (—o0,t0)
A (Eitp)itg,00) = (Aitp)(tg,00) T (fitp)fto,00)
S 0=2T(_oo,t0) — ;z:(()_owo)
N Elgy,00)T = A[to,oo)x + f[to,oo) qod

54 $(7007t0) == x?foo,tg)

A (E2)itg,00) = (AT + [)it.00)
< x solves the ITP (3.1.2)

It should be noted that in most literature on classical DAEs the
problem of inconsistent initial values was not motivated in a satisfying
way. The underlying problem is: An inconsistent initial value prob-
lem is either seen as a special switched DAE (as in Theorem 3.1.7)
or interpreted in terms of restrictions (as in Definition 3.1.2(iii)). But
multiplication with non-continuous coefficient matrices or restriction
to certain intervals is not possible for general distributions hence most
approaches in the literature are “vague”, because often distributional
solutions are considered without specifying the underlying distribu-
tional space. One exception is the approach by Rabier and Rheinboldt
[RR96b, Thm. 4.1] in the context of impulsive smooth distributions.
They defined an initial trajectory problem as follows (translated into
the terminology of this dissertation): x is the ITP solution of the DAE
(3.1.1) with initial trajectory z° and initial time ¢, if, and only if,

Ei = Az + fip, T(—oo,tg) = x(()—oo,to)’

where fip = (Ea'cO—Aazo)(_ooyto) + f[to,00)- This approach can be seen as
a combination of the two viewpoints presented here, however it has the
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3. Regularity of distributional DAEs

conceptual disadvantage that the equation is formally overdetermined
because on the interval (—oo, %) the solution & must fulfill two equa-
tions. Furthermore, it seems unnatural to assume that the original
DAE (given primarily by the matrix coefficients) is also valid in the
past provided an inconsistent initial value is present. Finally, the Defin-
ition 3.1.2(iii), in contrast to the approach in [RR96b], works also for
homogeneous DAEs (which play an important role for the stability
analysis of DAEs as in Section 4.3).

3.2 Necessary and sufficient conditions for
DAE-regularity

Theorem 3.2.1 (m = n)
Let (E,A) € ¥™*™ be DAE-regular. Then m = n. o

Proof. The proof shows that if m > n, then there exists an open interval
and an inhomogeneity such that a local solution does not exist. If m <
n then it will be shown that the trivial solution for the homogeneous
DAE with zero initial trajectory is not unique. So in both cases the
DAE can not be regular.
Step 1: m > n = non-existence of local solution.
The main idea is to reduce the original DAE with m > n locally to
a smaller DAE, which has a local solution if the original DAE has a
local solution. This reduction can be repeated arbitrarily often as long
as the original DAE has local solutions, on the other hand a reduction
of the size can not be repeated arbitrarily often because of the finite
size of the original DAE, hence the assumption that the original DAE
always (i.e. for all inhomogeneities) has a local solution can not hold.
Step 1a: Reduction to smaller DAFE.
Let (E,A) € ¥™*" with m > n. It will be shown that there exists an
open intervals J C J C R and (E,ﬁ) € XX with m < m, n < n and
m > n such that the following implication holds:

Vf S (Dpwcoo)m dx € (Dpwcoo)n : (EIE)J = (AI —+ f)J
= Vf € (Dpue)™ 37 € (Dpwe=)" : (BF) = (AT + f) .
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Choose an open interval J; C R such that Ej is impulse and jump
free, i.e. there exists a matrix E € (C>)™*™ such that E;, = (Ep),.
Choose an open interval Jo C J; such that ¢ — rkE(t) is constant on
Jy. Since rkE(t) < n for all + € R it follows by Dolezal’s Theorem
[Dol64] that there exists a matrix function S : Jo — R™*™ which is
smooth and pointwise invertible such that

SE = (%1) on Jo,

where E; € (C>)"*". Choose an open interval J3 C Jy such that
infyc 7, det S(t) > 0, then S := (I\ s, + S, )p € (Dpwess )™ ™ is invert-
ible over Dpycoe.

Let SA = [ﬁ; ], where A; has size n x n and Ay has size m — n X n.
Choose an open interval J C J3 such that there exists Ay € (C)m—nxn
with (A2)p = (A2)p on J. If the original DAE (E, A) is locally solvable
on J with arbitrary inhomogeneity, then the DAE (SE, SA) must also
be solvable on J for arbitrary inhomogeneities, in particular, for each
t € Jand n € R™™" there must exist a £ € R” such that 0 = Ay (t)é+7,
hence As(t) must have full row rank m —n < n for all t € J. In passing
by, note that this implies m < 2n.

Invoking again Dolezal’s Theorem, there exists a pointwise invertible
and smooth matrix function T : J — R™*™ such that AT = [0, 1] on J.

Choose an open interval .J C J such that inf,_ydet T'(t) > 0 then T :=
(g7 + T7)p € (Dpwese)™ ™ is invertible over Dyyee. Consider the
coordinate transformation z = T~ 1x, then local solvability of (E, A) on
J for all inhomogeneities implies local solvability of (SET, SAT—-SET")
on J C J. By construction,

Eun Er

0 0

where F11, A1 € (Dpwcoo)nxzn_m.

If 2n = m, then the new DAE (SET, SAT — SET") restricted on .J
reads

SET:{

] and SAT—SET’:[A” A”} J

0 7 on J,

B2z = Az + fi1,
0= Z"‘f?a
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3. Regularity of distributional DAEs

where the inhomogeneity is split into [f1, fo] with corresponding sizes.
But this implies that f; = A2 fo— F12f4 hence the inhomogeneity (also
for the original DAE) cannot be arbitrary, therefore 2n > m > n.

In this case the new DAE reads

E1121 + E1272 = Anz1 + Aeze + f1,
0= z2 + f?a

with the corresponding splitting z = [21/22]. Now let E:=En, A:=
A, m:=n<m,n:=2n—m<n=m and

fi=fi— Aiafa+ Eiaf}.

Clearly, local solvability for an arbitrary imhomogeneity of the original
DAE (E, A) on J implies local solvability of the reduced DAE (F), A)
on J C J for an arbitrary inhomogeneity ]7, so Step la is shown.

Step 1b: Reductio ad absurdum. o
The argument of Step la can be applied on the reduced DAE (E, A)
such that another reduction is possible. Since the reduction process
reduces the size of the corresponding matrices, the reduction cannot be
repeated arbitrarily often, on the other hand the reduction process can
be applied always when the corresponding DAE has local solutions for
arbitrary inhomogeneities. Hence the assumption that m > n and that
the original DAE is locally solvable for arbitrary inhomogeneities leads
to a contradiction. This concludes Step 1.

Step 2: m <n = trivial solution not unique.

Similar as in Step 1 the DAE will be reduced such that the reduced
homogeneous DAE has a locally unique trivial solution if the original
homogeneous has a locally unique trivial solution. This reduction can
be repeated arbitrarily often which leads to a contradiction.

Step 2a: Reduction to smaller DAE.

Let (E, A) € ¥™*" with m < n. It will be shown that there exist open
intervals J C J C [0,00) and (E, A) € ©™*7 with i < m, 7 < n and
m < n such that following implication holds:

Vo € (Dpwe)" with Ei = Az and 2(_,0) =0: 27 =0

5 =0.

= V7 € (Dpwe=)" with E7 = AT and T(_o ) = 0: 75
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Choose an open interval J; C [0, 00) such that F;, is impulse and jump
free and let E € (C°°)™*™ be such that Ep = E on J;. Choose an open
interval J, C J; on which the rank of E is constant. Invoking Dolezal’s
Theorem, choose a pointwise invertible and smooth T : Jo — R™X"
such that

ET =[E10] on Jy

for some E; € (C*°)™*™. Choose an open interval J3 C Jy such that
T :=(Ip\y 4+ T)p € (Dpwese)™*™ is invertible over Dyycoe.

Let AT — ET" = [Ay, As], where A1 € (Dpwee)™ ™ and Ay €
(Dpwcoe)mx(”_m). Choose an open interval J C J3 and a smooth
matrix Ay € (C®°)™* (=) such that (Ay)p = A on J. Fix an ar-
bitrary ¢ € J and let £ € ker Ay(t) € R ™, then it follows that
AgSy = As(t)€6; = 0. Therefore, if x € (Dpweo)™ is a solution of the
homogeneous DAE (E, A) with 2(_ o) = 0, then z; := x + T[0/£]0;
is also a solution of the homogeneous DAE (F, A). The assumption
that all solution of the homogeneous DAE (F, A) with zero initial con-
dition fulfill x; = 0 now yield & = 0, hence ker Ay(t) = {0}. Since
t € J was arbitrary, the column rank of A, must be full on J, i.e.
tkAs(t) =n —m < m for all t € J (in particular, n < 2m).

Invoking Dolezal’s Theorem again, there exists an pointwise invert-
ible and smooth S : J — R™*™ such that SA; = [0/I] on J. Choose
an open interval J such that S := (I]R\f+ S)p € (Dpwese)™ ™ is
invertible over Dpyc~. By construction

Ey, 0O

ser - [B |

} and SAT — SET' — {A“ 0} i

Aoy T on J

for some E11, A11 € (ﬂ)pwcm)@mﬂl)xm and Fap, Aoy € @prx)(n%)Xm_
If 2m = n, then the DAE (SET, SAT — SET’) reads, locally on J,

Eo121 = Ag121 + 22,

where Tx = z = [21/22). Let # € (Dpwee)™ be a solution of the
homogeneous DAE (FE, A) with zero initial trajectory, then the above
equation implies that xq := x + T~ Y[z1/F2141 — Ag121] for arbitrary
21 € (Dpweeo )™ with supp 21 C J is also a solutions of the homogeneous
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DAE (E, A) with zero initial trajectory. Hence under the assumption
that x; = 0 for all such solutions the case 2m = n is not possible.

Therefore the homogeneous DAE (SET, SAT — SET’) reads, locally
on J,

Enz =Anxn

Eo121 = Ag121 + 22,

with z = [21/22] of corresponding size. Since 25 is uniquely given by z;
on J it follows that every solution  of the homogeneous DAE (E, A)
with zero initial trajectory fulfills x7 = 0 only if all solutions 21 of
the homogencous DAE (E, A) := (Ey1, Ay1) with zero initial trajectory
fulfill z; = 0 on J. Since 7 :=m and M :=2m —n < m = 7, the claim
of Step 2a is shown.
Step 2b: Reductio ad absurdum.

As in Step 1b, the assumption that the trivial solution of the homo-
geneous DAE (F, A) with zero initial condition is unique implies that
the reduction of Step 2a can be repeated arbitrarily often which is
impossible and therefore Step 2 is shown. qed

Proposition 3.2.2 (Sufficient conditions for DAE-regularity)
Let n € N.

(i) If (Eo, Ao), (E1, A1) € ™™ are DAE-regular, then (Eo(_co ) +
E1lt,,00)) A0(—o0,t1) +A1[t17w)) is also DAE-regular for all t; € R.

(ii) If (E;, A;) € X% ¢ € N, is a family of DAE-regular systems and
{t; e R|i €Z} is alocally finite set, then

(Z Ei[ti,t11+1)7 Z Ai[ti»tiJrl))

i€Z i€Z
is also DAE-regular.

(iii) If (B, A) € """ is DAE-regular, then (E + E;, A + A;) is also
DAE-regular for all By, A; € (D)™ ™", t € R.
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(iv) If (B, A) € £"*" is DAE-regular, then (E + E[], A+ A[]) is also
DAE-regular for all £, A € Dpycoe. o

Proof. (i) If tg > t1, then the ITP for (E, A) is identical to the ITP
for (Ey1, A1), hence only ty < t; needs to be considered. For 20 €
(Dpwee)™ and f € (Dpyee)™ let 2! be the unique solution of the
ITP (Ey, Ao), m%foo’to) = l‘?foo,to) with inhomogeneity f and let
 be the unique solution of the ITP (Ey, A1), T(_oo ) = z(l_ooﬂfl)
with inhomogeneity f.

It will be shown that x is also the unique solution of the ITP
(E,A), (—oo,t) = x?ﬁoo’to). First observe that x(—ooio):x%foo,tg)

= ac?_oo to) because ty < t;. Secondly, the following equivalences

hold (invoking Proposition 2.4.8)
(Ei')[to,oo) = (Az + f)[toyoo)
< (E(t)[tuﬂh) = (ACE + f)[t(htl)
N (Ei')[thoo) = (A.T + .f)[thoo)
A (onjl)[toytl) = (onl + f)[to>t1)
A (E1¢)[t1,oo) =(Az+ f)[tl,oc)~
The last expression is true by the definition of ! and x, hence x
is a solution of the ITP.

It remains to show that x is unique. Assume that 7 is also an ITP
solution. Since, by definition, Z(_ 1) = x?ﬁoo,to) = T(—oo,te)s 1t
remains to show that Ty, ) = T(1o,4,) and ZTpy, o) = Tpp, 00)- Let
z and 2 be the solutions of the ITP (Eo, Ao), 2(—c0,t;) = T(—o0,t1)
and Z(_oo t,) = T(—o0,t,), T€SP., then

(E02)(t,0) = (Eo®)(t0,t,) = (Ao + fito,t1) = (A2 + fito,e1)

and

(Eogl)[to,tl) = (EO-%)[to,tl) = (AT + fg,t1) = (A0Z + [itg,t1)-
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(iii)

Hence z and z z are also solutions of the ITP (Eo, Ag), 2(—cc,t9) =
T(—oco,ty) = :c( o01t0) and Z(_oo 1) = T(—oo,ty) = x( so,t9)? LESD-
Since (Fy, Ap) is DAE-regular it follows that z = Z and therefore
T[ty,t;) = T[te,t,)- Finally, observe that x and z are solutions of
the ITP (E1, A1), T(—o0,t;) = T(—o0,tr) A T(—o0,t) = T(—o0,t1)
resp. Since (El,A ) is DAE-regular and 2(_oc ¢,) = T(—oot;)s it
follows that x = x.

Consider the ITP (E,A), #(_co,ry) = 53_00)70) for some initial
trajectory £° and 79 € R. Without restriction of generality it
may be assumed that to < 79 < t1 (just by changing the indices).
Let 2° be the solution of the ITP (Ey, A), x( vorre) = f?foo’m)
and, for i € N, let 2! be the solution of the ITP (E;11, Ajt1),
EHOO ti) = x’(fooi/#l) Then z = lim; o z* is a well defined
distribution and it follows by inductively repeating the same ar-
guments as in (i) that = is the unique solution of the ITP (E, A),

T(—oo,r) = 5?700,70). Hence (E, A) is DAE-regular.

Consider the ITP (E + Ey, A + At), T(—oo,ty) = x?_oo,to) for
some 20 € (Dpwe=)", to € R and with an inhomogeneity f €
(Dpweos)™. Clearly, if o > ¢ this ITP is identical to the ITP
(E, A) with the same initial trajectory and inhomogeneity. Hence
it remains to consider ty < t. Let Z be the solution of the ITP
(E,A), Z(—oty) = x?_oo’t& with inhomogeneity f and let 2 be the
solution of the ITP (E, A), #(_oo,t) = T(—oo,r) With inhomogeneity
]/C\Z: f+AT— E,7. It will be shown that  is the unique solution
of the ITP (E + Et, A+ At), T(—ooty) = x?ﬁoo)to) with inhomo-
geneity f. First observe that o(_oc 1) = T(—cc,tg) =

20
(—oo,to)”
Secondly,

(E+ E)i), o= (B = (ED)t.0) = (AZ + fito.t)

= ((A+A)z+ ), 0
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~

and, since T(_oo,1) = T(—co,t);

(B + Et)m) [t,00) = (B )[t o0) T Ex
= (

= (A$+f+At=’E)[t,oo)
= ((A+ Az +f)[t07t).

Hence it remains to show uniqueness of the solution x. Therefore,
let = also be a solution of the ITP (E + Ey, A+ Ay), Z(—oo,ty) =
x(()foo’to) with inhomogeneity f. With the same arguments as
above it follows that Z(_oc +) = T(—ot) = T(—o0,). NOW

((E+ E)&) ) = (A+ Az + f)
& (B)100) = (AT + F)it.00)

[t,00)

and the same for 7, hence z and ¥ are both solutions of the ITP
(E,A), Z(—s0,t) = T(—o0,t) With inhomogeneity f. Because (E, A)
is DAE-regular it follows that = = .

(iv) Let T = { t; € R | i € Z } be a locally finite set such that E[-] =
Y ez E[ti} and Z[] = Zz‘ezg[ti]- Furthermore, let By = FE,
Ag = Aand, for k € N, Eyyy = Ex + Elty), E_j—1 = E_p +
E[t,k], Ak+1 = Ak + g[tk], A,k,1 = Afk + Av[t,k}. Then it
follows inductively from (iii) that (E;, A;) is DAE-regular for all
i € Z. Finally,

(E-‘,—EH A+A (ZE t“t1+1)7ZAl[t“tz+1 )

iE€EZ iE€EZ
and regularity follows from (ii). aed
Corollary 3.2.3 (DAE-regularity independent of impulses)

(E,A) € ¥"*" is DAE-regular if, and only if, (Ereg, Areg) is DAE-
regular. o
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Remark 3.2.4 (Significance of impulses in coefficient matrices)

The Corollary 3.2.3 does not state that the impulses in £ and A have
no influence on the solutions, in fact, the proof of the Theorem 3.2.2
reveals that the impulsive parts of F and A are preserved in an altered
inhomogeneity. In general, the presence of Dirac impulses and its de-
rivatives in F and A yield solutions which might depend also on the
derivatives of the initial trajectory. o

The following theorem gives necessary conditions for DAE-regularity.
The first condition arises by taken successively the derivative of the
equation Bt = Ax + f and to check whether all derivatives of the in-
homogeneity can be matched “structurally”, i.e. when z,%,%,... are
seen as independent variables. The resulting matrix is very similar
to the so called derivative array as in [KMO06] which had its origin
in [Cam87]. In a distributional framework it is also possible to check,
whether the impulsive terms of the inhomogeneity can be matched, this
leads to the so called impulse array. Note that for time-invariant sys-
tems both conditions are equivalent and are actually a characterization
of regularity (see Remark 3.2.6).

Theorem 3.2.5 (Necessary conditions for regularity)
Consider a regular DAE (E, A) € X™*" n € N.

(i) Define the derivative array of order p € N as the block matrix
MP e ((ID) c )an)(p+1)X(p+2)
pwC>
where each blocks is defined as, fori =1,...,p+1,j=1,...,p+2,
(M7)iy = (G2 BV 7HY = (2) AU,

with the convention that (J) = 1 and (") = (i) = 0 for k>0,

n €N ie.
—A E
—A E-A E
MP = | -4 E" —24A' 2E"— A E
—AP) E@_pA@-D) ppe-1)_ (g)A(P-Z) (‘IZJ)E(?JL (g)A(p-ii) ... E
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Then MP(t+) and MP(t—) have full row rank for all p € N and
teN.

(ii) Define the impulse array of order p x P, p, P € UN, as the block

matrix (P
NP7P€ ((DPWCOO)an)(P+ )X (P+2)

where, fori=1,...,p+1,j=1,...,P+1,
) = ! (G - (2 a65).

J—i—

with the convention that (2) = (_kl) =0forall k €Z,ie.

E E-A E'-A ... E®) — AP-D
AP -E  2E'+A - —PEP=1 4 (P - 1)AP-2)
P _ P- —p—
(B e (1 ()BT () A )

Then for all p € N there exists P € N such that N?F(t+) has
full row rank for all ¢t € R. O

Proof. Let f € (Dpwes)™ be an arbitrary inhomogeneity.

(i) Taking successively the derivative of the equation Fi = Az + f
yields
Ei—Ax=f
Ei+ (B —Ai— Az =f
E% + (2E — A)i+ (B" =243 — A"z = "

and it follows inductively that, for all p € N,

. f
T
MP : = r
(.p) .
x
L) f®
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3. Regularity of distributional DAEs

(i)

and, in particular, for all t € R,

x(t+)
. ftt)
‘r(t:l:) f/ (t:t)
Mp(t:l:) . = :
() )
. (p+1()t(fi) F@) ()

Since (E, A) is assumed to be DAE-regular there exists a solution
for any given inhomogeneity f, hence MP(t+) and MP(t—) must
both have full row rank.

For a fixed tg € R consider the impulsive part of the DAE (3.1.1)
at to:
(E2)[to] = (Az + f)[to]

or, equivalently,

Ety,00)E[to] — Atg,00)T[to] = Alto]T(—co,te) = Elto]T(—oo,t0) + f[to]

= f[t()]

Since f[to] can be assumed to be arbitrary, and since (F, A) is
DAE-regular it follows that the operator

(BEE—A)ty : Dpwe=)" = DYyys &= Etg o0)@[to] = Atg 00) 2 [t0]
must be surjective. Assume
p .
x[tg] = Z xiét(z)
i=0
for some p € N and zg,21,...,2, € R", then

p
tlto] = Z $i§§é+1),

i=—1
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where x_1 := x(t+) — z(t—). Easy calculations (using Proposi-
tion 2.4.6) yield

. o~
E(1y,00)E[to] = Aty,00)L[t0] = 001,410y, ++ - '+ap+15t(§+1) = f[to],

where
ap Tr_1
aj Lyl Zo
:Ner p+ (t0+)
Gp+1 Zp

Note that, in particular, for ¢ =0,1,...,p+1

ag T_1

a; — NP (0 4) Zo

a; Tp
Since f[to] is arbitrary it follows that ag, a1, ..., can be arbitrary.
Hence surjectivity of the operator (E % — A)y, implies that for all

i € N there must exist P; € N such that N*%# has full row rank.
This proves the theorem.

Remark 3.2.6 (Necessary condition for constant coefficient case)
Applying Theorem 3.2.5 to the constant coefficient case both conditions
reduces to the simple condition that all matrices

-FE A
—-E A
—-FE A

—-FE A
have full row rank. Actually, this condition is a characterization of
classical regularity of time-invariant DAEs [YS81]. o
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3. Regularity of distributional DAEs

Example 3.2.7 (Regularity in the sense of [RR96a])

Consider the case of a DAE with analytical coefficients, then, as already
mentioned in the introduction, DAE-regularity implies in particular
that [—FE(t), A(t)] must have full rank and hence regularity in the sense
of [RR964a] is implied. However, consider the DAE t#(t) = x(t) which
is (completely) regular in the sense of [RR96a], then all solutions are
given by

at, t <0,
x(t) =<0, t=0,
Bt, t>0,

where «, 8 € R. In particular, the absolute continuous solution is not
uniquely given by the past, because [ can be chosen independently
from «, hence the example is not DAE-regular. For more examples of
this type see [IMO05]. o

3.3 Distributional ODEs

3.3.1 Consistent solutions of distributional ODEs

Definition 3.3.1 (Distributional ODE)

A DAE (E,A) € ¥"*" n € N, is called a distributional ODE if, and
only if, F is invertible over Dpyco. A distributional ODE is called in
standard form if, and only if, £ = I. o

Consider a distributional ODE (E, A) € £"*" n € N, with some
inhomogeneity f € Dpwee, then z solves E& = Az + f if, and only if, =
solves & = E~1 Az + E~! f. Hence for the purpose of finding consistent
solutions, it suffices to consider in the following the distributional ODE
in standard form

i= Az + f. (3.3.1)

The aim of this section is to show that there exists a solution formula
similar to the classical ODE case. More precisely, it is shown that
if there exists to € R such that A[-]_.c¢,) = 0, then there exists a
transition matrix ®;, and a linear operator ¥, such that every solution
x of the distributional ODE (3.3.1) can be written as

T = ‘I)to.'lfo + \IJto (f), o € R™.
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In other words, the solution x can be decomposed into a free motion
and a forced (by f) motion. The condition that the coefficient matrix
A must be impulse free in the past is necessary to avoid problems which
will be discussed in Remark 3.3.4. See also Section 3.3.3.

Before stating the main result several technical lemmas are needed.
The next lemma studies the fundamental solution of a classical ODE,
here the focus is on the piecewise-smooth properties (as in Defini-
tion 2.2.12) of the fundamental solution and its inverse.

Lemma 3.3.2 (Fundamental solution of classical ODE)
Let A € (Coe)" ", n € N. Then, for every ¢y € R there exists a unique

matrix ¢(-,to) € Cpy, which is absolutely continuous and fulfills:

d(-,to) = Ag(-, o) almost everywhere and ¢(to, o) = I.  (3.3.2)
Furthermore,

Vs, t,to ER:  @(s,t0) = ¢(s,t)p(t, to),

and ¢(-, o) is invertible over (C35,)"*™:
VtvtO eR: ¢(ta tO)il = d)(tOvt)'

The matrix ¢ (-, to) is called fundamental solution of the (classical) ODE
J}/ = A.T [m]

Proof. The existence of an absolutely continuous fundamental solution
o(+,to), to € R, is shown in [Son98, C.4], there it is also shown (Remark
C.4.3) that ¢(-,to) is smooth on intervals and has the above properties.

It remains to show that ¢(-, %) is piecewise-smooth as defined in
Definition 2.2.12. Let T = { 7, € R | i € Z } be a locally finite set
such that A = > icz Ailr, riyy) for some family of smooth matrices
(A;)icz. Fortg € R and i € Z let ¢;(+,t9) be the fundamental solutions
of & = A;xz. Then ¢;(-,t) is smooth for all i € Z because each A; is
smooth. Since the ODEs # = Az and 4 = A;x are identical on the
interval [r;,7;41), the fundamental solution restricted to this interval
are also identical if the initial time fulfills ¢ € [7;, 7;41), hence ¢(s,t) =

(0]
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¢i(s,t) for all s,t € [13,741). For a fixed to € R this yields ¢(¢,to) =
@i (t, i) (74, to) where i € Z is chosen such that ¢y € [r;, 7;41). Now it
follows that

o(- to) = Z (¢i(, 7)¢(7i t0))

€L

[Ti,Tit+1)’

which shows that ¢(-,t) as well is piecewise-smooth. Since ¢;(-,7;) is
invertible over C*° it also follows that the inverse

¢( to)il - Z (¢(t0’ 7i)oi(-, Ti)il) [7i,Ti41)’
i€
is a piecewise-smooth matrix-function. qed

The following lemma is used later several times to show uniqueness
of solutions.

Lemma 3.3.3 (Unique trivial solution)
Let to € R, A € (Dpwe=)", n € N and assume A[](_o4,) = 0. Then
only the trivial solution x = 0 fulfills

&= Az, xz(to—) =0, (3.3.3)

]

Proof. Consider first some open interval (a,b) € R for which A, )
is impulse free. Let x be any solution of (3.3.3) and define n :=
(¢(',T)71)DI7 where ¢(-,7) is the fundamental solution of the clas-
sical ODE & = A'*8x with initial time 7 € R as in Lemma 3.3.2. Then,
since x = ¢(-, T)7,

T = Areg¢('7 T)T] + ¢(7 T)T.)’

hence
n=¢(,7)  Alla
and, in particular,

(f))(a,b) =0.
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Using [Wal94, 6.11.Cor.] together with Proposition 2.2.10 yields that

N(a,b) = Clab)

where C' = (t — ¢)p € Dpweee, ¢ € R?, is any constant distribution. As
a consequence this yields for all solutions z of (3.3.3) and for all open
intervals (a,b) C R for which A(, ) is impulse free that

VreRIceR": z(op) = (00, T)D)(q,p)C (3.3.4)

LetT:{ti eR | 1e€N }Withto <t <2< ...suchthatA[t] =0
for all ¢ ¢ T. By induction it will be shown that 2(_ ;) = 0 for all
i € N. From (3.3.4) it follows that

T(—c0,t0) = (D(+:10)D) (—o0,10)C

for some ¢ € R™. Since z(to—) = 0 and ¢(+, to)p(to—) = é(to,to) = I it
follows that ¢ = 0, hence

x(—oo,to) = 0
Assume now that z(_,) = 0 for some i € N. Then
l‘[tz] = (Al‘)[tz} = A[ti]l‘ + Aregx[ti],

since 1) (t;—) = 0 for all j € N it follows from the definition of the
product that Aft;]a = 0, hence

E[t;] = Areg[ti].

Seeking a contradiction assume z[t;] # 0, ie. z[t;] = >}, a,5(k) i €
N, for some aq,...,a,, € R" and with a,, # 0, then

] = (w(tit) — 2 (ti— Z SETD LAt

Since Ayeg[t;] contains no term 5(n1+1) the coeflicient vector a,, must

be zero (see also Remark 2.1.14), which contradicts the assumption,
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3. Regularity of distributional DAEs

hence z[t;] = 0 and therefore &[t;] = Aegz[t;] = 0. In particular,
xz(ti+) = z(t;—) = 0. Invoking (3.3.4) with 7 = ¢; and z(t;+) = 0
yields @, ¢,y = 0. Altogether this shows &(_so 1, 1) = T(—oo,t;) T
x[ti] + 2, +,.,) = 0 and the proof is complete. god

Remark 3.3.4 (Impulses in the past)

If the condition A[](_s,4) = 0 is not fulfilled, then, in general, the
assertion of Lemma 3.3.3 is not true. This can be seen by the simple
distributional ODE # = —dpx which has the solutions z = cl(_ ),
¢ € R, hence, for tg > 0 the condition x(tp—) = 0 does not imply x = 0,
see also Remark 2.4.3. The underlying problem is that it is, in general,
not possible to solve distributional ODEs “backward” in time. o

The matrix ®;, and the linear operator ¥, in the desired solution
formula © = ®4,z0 + Uy (f), ®o € R will be given by the limits of
certain sequences. In the following lemma the existence of a general
family of limits is shown.

Lemma 3.3.5 (Convergence of a special sequence of distributions)

Let H,G € (Dpwe=)"*", n € N, with Hyeg = 0 and H(_ ;) = 0 for

some to € R. Let (5;)en € ((Dpwcm)"xm)N, m € N, be some sequence
such that, for all i € N,

Sit1—Si =G [ H(S; —Si1),

to
where S_; := 0. Then (S;)ien converges to some S € (Dpwee )" ™ as
i — oo and for all ¢ € R there exists N € N such that, for all i > N,
S(oo,t) = (8i) (—o0,t)- 0

Proof. By assumption, H = Y .° H|t;] for some t1,ts,... € R with
to <t;1 <ty <...andt; — oo for i — oo.

Step 1: It is shown that supp (Si+1 — Si) C [tiy1,00) for all i € N.
This assertion is shown by induction. By definition

Sl—SozG/ HSy,
to
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and by Proposition 2.4.6(v) it follows that
supp HSy C supp H = {t1,ta,t3,...}.

Since tg < tq,
supp/ HSy C [ty,00)
to

and invoking again Proposition 2.4.6(v) yields
supp (S1 — So) C [t1,00).

Now assume supp (S;—S5;_1) C [t;, 00) for some ¢ € N, then H|[t;](S;—
Si—1) = 0. Together with Proposition 2.4.6(v) this implies

supp H(S; — Si—1) C {tit1,tivo, ...},

which analogously as above yields that supp fto H(S;—S;—1) C [tix1,00)
and
supp (Si+1 — Si) C [tiy1,00).

This concludes Step 1.

Step 2: Convergence of the sequence (S;) is shown.
For every test function ¢ € C3° there exists N € N such that supp ¢ C
(—00,tn), hence S;y1(p) — Si(¢) =0 for all ¢ > N, or equivalently,

Si(p) = Sn(p).

This implies that the sequence (S;(¢)) € (R™*™)N converges for every
test function ¢ € CS°, invoking Proposition 2.1.8 yields the asser-

pW b
tion. qod

Corollary 3.3.6 (Existence of ®;, and W)

Let to € R, A € (Dpwe=)"*", n € N and assume that A[-]_o ) = 0.
Let ¢(-,t0) € (Cpy)™™™ be the fundamental solution of the classical
ODE & = A™#&z as in Lemma 3.3.2. Define

(pto,O = ¢(7 tO)Da

Vi eN: q)to,i-l-l = ¢('7tO)D + ¢(a to)/ ¢('7t0)_1A[']¢)t0,i7
to

79



3. Regularity of distributional DAEs

and, for f € (Dpwe)",
Uy, o(f) == (-, to) / o 10) ",

VieN: Wy (f) = <z><-,to>/t o(-,t0) M (f + AL T40,i(f))-

Then
Dy = Zlirgo D40 € (Dpweoe )"
and
Wiy 0 (Dpwee)" = (Dpwe=)" : f Zlgglo Wi (f)
are well defined. o

Having established the existence of the above limits it remains to
show that all solutions of (3.3.1) can be expressed as x = @, 9+ ¥, (f)
for some xy € R"™.

Theorem 3.3.7 (Solution formula for distributional ODE)
Consider the distributional ODE (3.3.1) in standard form and assume
there exists tp € R with A[]_w,) = 0. Let the matrix ®;, €
(Dpweoe)™*™ and the linear operator ¥y, : (Dpwee)” — (Dpwe=)™ be
given as in Corollary 3.3.6. Then x € (Dpwe=)™ is a solution of (3.3.1)
if, and only if, there exists zo € R™ with

x = Dy wo + Uiy (f). (3.3.5)

Furthermore, the matrix ®;, and the operator ¥;, have the following
properties:

(i) @4 (to—) =1,
) Lo, = Ay,
(ili) Wy, (f)(to—) =0,
) B (Vi (f) = A4 () + f-
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In particular, z given by (3.3.5) is the only solution with the property

l‘(to—

):$0~ O

Proof. Step 1: The properties (i)-(iv) of @+, and Uy, are shown.
Note that then any x given by (3.3.5) fulfills z(to—) = =o.

(i)

(iii)

Since A[](—oo,to) = 0, it follows from the definition of @4, in Co-

rollary 3.3.6 that (®y))(—co,t) = (¢(+:20)D)(_ s 4,), Where ¢(:, o)
is the fundamental solution of the classical ODE ¢ = A™8zx as in
Lemma 3.3.2. Hence @y, (tg—) = ¢(to, to) = 1.

For ¢ € N and @, ; as in Corollary 3.3.6 the product rule (M3) of
the Fuchssteiner multiplication together with ¢(-, to) = A™8¢(-, to)
almost everywhere yields

o101 = (60 tu)n) + (9010 [ ol ta) Al )

= Areg¢('7 tO)]D) + Areg¢('7 tO)D/ ¢(a tO)ilA['}(I)toyi
to

+ (b('at())(b('?t0>_1A[.](bt0;i
= Aregq)to,iJrl + A['](I)toai'

Taking the limit ¢ — oo on both sides and invoking Proposi-
tion 2.1.8 together with the property

VoeCP AN ENVI>N: & ,(0)=y(p)  (3.3.6)

gives
%q)to = Aregq)to + AH(I)tO = Aq)to'

By definition, ( [, to D) (to—) = 0 for every piecewise-smooth dis-

tribution D € Dpweee. Multiplication from the left with a piece-
wise-smooth function does not change this property, hence, for
all i €N, f € (Dpwe=)"™ and Uy, ;(f) as in Corollary 3.3.6,

Wyyi(f)(to—) =0,
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furthermore, by A[-](~s,19) = 0,
(\Ijto (f))(,oo’to) = (\I/toﬂ'(f))(,oc to)’

)

hence

Uy (f)(to—) = Wy i (f)(to—) = 0.

(iv) For Wy ;(f) as in Corollary 3.3.6, f € Dpwe~ and ¢ € N, the
product rule (M3) of the Fuchssteiner multiplication and ¢(-, tp)’ =
Areg®(+, o) almost everywhere yields

G (3, () = (qs(-,tom t as(-,to)1(f+A[-]wtO,i<f>))

- Arcg¢(’7t0)D \ gb('at())il(f+A[']\Ijt0,i(f))

+ ¢(? t0)¢(a to)_l (f + A[]q}to,l(f))
= AvegWto,i+1(f) + f+ Al W40, f)-

Taking the limit ¢ — oo on both sides and invoking Proposi-
tion 2.1.8 together with the analogon of (3.3.6) yields

D (T4 (f) = Areg Ve, (f) + F + A4, (f) = AWy, (f) + f.

Step 2: It is shown that any x given by (3.3.5) is a solution of (3.3.1).
By properties (ii) and (iv) it follows that

&= ((I)toxo + \I’to(f))l = A‘I’toﬂfo + A\Ijto(f) + f = Ax + f7

i.e. x is a solution of (3.3.1).

Step 3: It is shown that any solution of (3.3.1) is given by (3.3.5).
Let € € (Dpwe=)™ be any solution of (3.3.1) and let x = ®,,&(to—) +
U, (f). It must be shown that £ = x or, equivalently, e := ¢ — 2 = 0.
It is _

e=f—d=A+ f— (Ar+ f) = Ae
and e(to—) = {(to—) — 2(tp—) = 0. Now Lemma 3.3.3 shows that
é=Ae, e(tp—) =0,

only has the trivial solution, hence the claim is shown. ged

82



S. Trenn: Distributional DAEs

3.3.2 ITP solutions of distributional ODEs

Theorem 3.3.8 (DAE-regularity of distributional ODEs)
Every distributional ODE is DAE-regular. o

Proof. By Proposition 3.1.5 and Corollary 3.2.3 it suffices to consider
a distributional ODE (E, A) € £™*" in standard form and the impulse
free case, i.e. E =1 and A[-] = 0.

Let ¢(-,t0) : R = R™ " ¢35 € R, be the fundamental solution of the
classical ODE # = A™8z as in Lemma 3.3.2. It will be shown now that
the ITP

_ .0
TL(—o0,to) = T(—o00,t0)

‘i'[toyoo) = (A:E + f)[to,oo)7

where 29, f € (Dpwe=)" and to € R, has the unique solution

xr = a:?_oo’to) + (d)(',to)]ﬂ)xo(to—) + d)(.’tO)D/t QZS(, tO)]Iglf)

[to,00)

It must first be shown, that @, ) = (AT)},00). Corollary 2.3.5,
Proposition 2.4.8 and ¢(-, to)p = A¢(-, to)p yield

f[to,oo):—ifo(to—)&ﬁgﬁ(wto)ﬁﬂo(to—ﬂ(éﬁ("to)w t¢('vt0)m_»1f> >

[to,00)

i ¢<-,to>n<to—>x°<to—>+(¢<-,to>m ¢<-,to>D1f) (to—)| 8
S——— to

=1

=0

- (A¢<~,to>w0<to>+A¢(~,to>m / ¢(~,to)]51f+f)

[t(),OO)
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and, since A[tg] = 0,

(A2 + Pitye) = (Ao 1)
=0

+ <A¢('af0)D$O(to—) + A, to)p | d(-to)p' f+ f) ,
to

[t07oc)

[tﬂvoo)

which shows that x is a solution of the ITP.

It remains to show that the proposed solution is unique. Assume
that 1,2 € (Dpweee)™ are solutions of the same ITP, then e = z1 —z9
fulfills e(_ o ¢4) = 0 and

€lto,00) = (A€)[1,00)-

Note that é_o ty) = 0 = (A€)(—oo,ty), hence e is a solution of ¢ = Ae
with e(tp—) = 0 and Lemma 3.3.3 shows that e = 0, hence x as given
above is the only solution of the ITP. ged

The result of Theorem 3.3.8 is only of qualitative nature it is not
obvious how the solution of an ITP looks like, although all theoretical
results are already available. The following corollary summarizes all
the previous results and gives an explicit formula for an ITP solution
of a distributional ODE.

Corollary 3.3.9 (ITP solution of a distributional ODE)

Let (E,A) € """ n € N, be a distributional ODE and consider the
corresponding ITP with initial time ¢, € R, initial trajectory 20 €
(Dpwee=)™ and inhomogeneity f € (Dpwe=)". Let A := (E71A)1,,00)
and choose (Isto and \f/to for the distributional ODE & = Az as in
Theorem 3.3.7. Then the unique solution of the ITP is given by

x:x?,oo7to)+(&>tox0(to—)@to(E—l ( f[tmoo)—&—A[to]xO—E[tO]jyo)))

[to,00) -

o

84



S. Trenn: Distributional DAEs

3.3.3 On the dimension of the solution space of distributional
ODEs

For classical ODEs & = Ax with some (measurable) matrix function
A:R — R"™" n €N, it is well known that the solution space of & =
Az is isomorphic to R™, in particular its dimension is n. Theorem 3.3.7
shows that this property remains true provided there exists ty € R such
that A[](—oc.t,) = 0 in (3.3.1), i.e. the following corollary holds:

Corollary 3.3.10 (Dimension of solution space for impulse-free past)
Consider a distributional ODE (E, A) € ¥™*™ and assume there exists
to € R such that (EilA)['](_Oo,to) = 0. Then

dim{ z € (Dpwe=)" | Ex = Az } =n. o
The following example shows that the condition (B~ A)[-](_s019) = 0

for some ty € R is important in the above result.

Example 3.3.11 (Distributional ODE with trivial solution space)
Consider the distributional ODE

Tr=— Z 5,‘.%.
i€
First observe that #(; ;11) = 0 for all i € Z, hence, with the same
argument as in the proof of Lemma 3.3.3, it follows that & must be
constant on (4,7 4+ 1), ¢ € Z. Evaluating the impulsive term at i € Z
yields (z(i+) —(i—))d; + (x[i])’ = x(i—)d;, hence z(i+) = and z[i] = 0
for all i € R. Altogether this implies that only the trivial solution = 0
solves the above distributional ODE, hence

dim{ z € (Dpwe=)" | Ex = Az } =0. O

For the space of consistent solutions there is at least an upper bound
for the dimension as the following proposition shows.

Proposition 3.3.12 (Upper bound for solution space)
Every distributional ODE (E, A) € ¥™*" satisfies

dim{ € (Dpye=)" | Bi = Az } <n. .
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3. Regularity of distributional DAEs

Proof. Without restriction assume E = I. For a given coefficient mat-
rix A, Corollary 3.3.9 reveals that the solutions on [tg, 00), to € R, only
depend on () (ty—), i € N. Observe that

@(to—) = A(to—)z(to—)
i(to—) = (Az)' (to—) = A'(to—)x(to—) + A(to—)Z(to—)
= (A" + A%)(to—)x(to—)

x(i)(to—) - (Am)(i_l)(to—) - (igl)A(i_l_j)(to—)x(j)(to—),

I
=

hence, inductively, all derivatives 2(*)(to—), i € N, are determined by
x(to—). Altogether this implies that for two consistent solutions z!, 2
of the distributional ODE (3.3.1) the following implication holds for all
tg € R:
1 _ 2 1 _ 2
z(to—) =2"(to—) =  Thy o) = Tig,00)- (3.3.7)

Let x1,22,...,25 € (Dpwe=)", k € N, be linearly independent solu-
tions of (3.3.1) and let X := [z1,22,...,7k] € (Dpwe=)"*k. It will be
shown that there exist a ¢y € R such that X ({o—) has full column rank
and, therefore, £ < n holds.

For t € R let K; := ker X (t—) C R¥, then, by (3.3.7) and linearity,

Vae Ky Xjpoya =0,

hence
Vs>t: Kg2 K.

Let K := [,cr K¢ and, seeking a contradiction, assume IC # {0}. For
a € K\ {0} it holds that
VEER: Xpooa =0,

hence X a = 0 which contradicts the linear independence of z1, o, ...,
x. Therefore, £ = {0}. This implies that there exists ¢y € R such
that K, = {0} or, equivalently, that X (to—) has full column rank. [geq]
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Consider now ITP solutions for a distributional ODE (E, A) € ¥"*",
then a direct consequence from Corollary 3.3.9 is the following result.

Corollary 3.3.13 (Dimension of solution space, impulse free case)
Let (E,A) € ¥™*" be a distributional ODE with E[tg] = 0 = A[tg] for
to € R. Then

dim { 2Z(1y.00) | (Bi)jtg,00) = (AT)tg,00) } =1 o

The following examples show what could happen when the assump-
tion Eftg] = 0 = A[tg] does not hold.

Examples 3.3.14 (Dimension of ITP solution space)

In the following, distributional ODEs (E, A) € ¥"*™ and the corres-
ponding ITPs with initial time #o and initial trajectory z° € (Dpwe=)"
are considered.

(i) Let E =TI and A = —dol, then all solutions = € (Dpywee)™ of the
ITP fulfill [, ) = 0, hence

dim { Z(1,00) | (B)[tg,00) = (A2)(tg,00) } = O

(ii) Let E = I+ 6ol and A = 0, then all solutions z € (Dpwee)™ of
the ITP fulfill

Zitg,00) = (2°(to—) — i°(t0—)) Lty ,00)p
hence the solution depends also on the derivative of the initial

trajectory, however the dimension of the solution space is not 2n
but remains n:

dim{ Tltg,00) ‘ (Eﬂb)[tmoo) = (Ax)[to,oo) } =n.

(iii) Let E =1, A= §(1, then all solutions = € (Dpwce)" of the ITP
fulfill

T(tg,00) = (2°(to—) — 2°(to—)) Ljtg,00)p + (to—)d¢,
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3. Regularity of distributional DAEs

again the solution depends on the derivative of the initial tra-
jectory but this time this increases the dimension of the solution
space:

dim{ x[toyoo) ’ (Ei)[to,oo) = (A.%‘)[tmm) } = 2n.

Note that the dimension of the solution space can be arbitrarily
high, just replace &, above by 6(()k) for some k € N. o

There is a similar result as Proposition 3.3.12 for ITP solutions, but
it only holds when one considers the solution in the “strict” future, i.e.
the restriction of the solution to the open interval (tg,00).

Proposition 3.3.15 (Upper bound for dimension)
Consider a distributional ODE (E, A) € ¥"*" n € N, with initial time
to € R, then

dim{ Z(tg,00) | (Ei)[tmoo) = (AJ?)[tD)OO) } <n. O

Proof. From (3.3.4) together with the regularity of a distributional
ODE, it follows that (4, ) is uniquely given by z(to+), hence the
dimension of the solution space for x(;, ) fulfills

dim { 2(19,00) | (B)ftg,00) = (A7)ty,00) }
=dim{ zp € R™ | 3 ITP solution = with z(to+) = z0 } < n.

3.4 Pure distributional DAEs

Definition 3.4.1 (Pure distributional DAE)

A DAE (E,A) € ¥™*" n € N, is called a pure distributional DAE if,
and only if, A4 is invertible and (A7 E),q is a strictly lower triangular

matrix. A pure distributional DAE is in standard form if, and only if,
A=1. o

Asin Section 3.3.1, it suffices to consider the pure distributional DAE

in standard form
Ni=x+f, (3.4.1)
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where N € (Dpweoo )" ™™ is such that Ny is a strictly lower triangular
matrix. The key “ingredient” of the solution theory for pure distribu-
tional DAEs is the following lemma.

Lemma 3.4.2 (Nilpotency of N$2)

Let N € (Dpwe=)™*™, n € N, and assume that N, is a strictly lower
triangular matrix. Consider the linear operator

with its corresponding functional power (N %)1 : (Dpweoe)™ = (Dpwes)™,
i € N. Then N% is nilpotent, i.e. there exists v € N such that
(NL) =0. o

Proof. In the following a square matrix M € R"*" n € N, is called
lower triangular of order ¢ € N if, and only if, My; = 0 for all k,l € N
with k < !+ 4. Note that any lower triangular matrix is a lower trian-
gular matrix of order zero and a lower triangular matrix of order i > n
is the zero matrix. Furthermore, the product of two lower triangular
matrices My, My of orders i1,i2 € N, resp., is a lower triangular matrix
of order i1 + 7.
To prove the Lemma, it is shown inductively that, for v € N,

v v—1My ik
, .
(NE) =Y A Mui+> > PoikjHuinjQuiw-1-x; | (B,
i=0 k=0 j=1

where m, ;, € N, M, ; € Dg‘;é’m is a lower triangular matrix of order v.

The matrices P, ;1 ; € ngtgx and Quiv—1-k,; € ]ngfgx are impulse-
free and lower triangular matrices of order k and v —1—k, resp., finally,
Hy ki = Hyikj[] € Dpiés is a purely impulsive matrix.

Since

o . N0
(NG) =id=T(3)",

and I € ]D)gvigx is a lower triangular matrix of order 0 the claim is
shown for v = 0 with Mo = I. Now assume that the claim holds for
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some v € N, then

dl)y+l

(NG

= (Neg + N[]) ((N%)V)/

= Z (Nreg + N[])M),; +

v—1Muy ik

A0 Neeg(Poin) Huik jQuiiv—1-1.
k=0 j=1

v—1Muy ik

+ Z Z Nregpu,i,k,j (Hu,i,k,j)/Qu,i,uflfk,j

k=0 j=1
v—1My ik

+D 0> NeewPoikiHuin(Quin—1-15)" | ()

k=0 j=1

v

+Z Nreg+N DMV,i“F

v—1My ik

1
+D > NeewPoikHoik jQuiv-1-kj | ()7

k=0 j=1

v+1

= Z My 1+

=0

v My+t1,ik

Ao v
+E g Poi1ik,g u—‘rl,i,k,jQV—‘rl,iW—kJ (d%)l’
Jj=

where

/
MV+1,O - NregMy 0

Mu+1 i NregM/ + NregMu,i—la 1=1,...
Ml/+1,l/+l = Nreng/,V7
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P01 =1,

Hyi1i01=
QV—&-LO,U,I =
Qu+1,i,u,1 =
Qu+1,v+1,u,1 =

My+1,i,0 =

and for k=1,...,v,

My+41,0,k
My+1,i,k
mu+1,u+1,k

PL/+1,V+1,k,j

Hu+1,1/+1,k,j =

Qu+1,u+l7u—k7j

N[,
(M,L7i)reg7
(Mllz,z + MV,i—I)reg
(Mu,l/)rega

1

)

= 3mMy.0,k-1,
=3My k-1 + My i1k-1,
= My, v,k-1,

= Nrcgpu,l/,k—l,ja

v,w,k-1,55
Ql/,l/71/-k}7j7

and additionally for i =0,...,v

Poi1ik35-2

Hy 15,352
Ql/+1,i,l/—k,3j—2
Poi1ik34-1
Hyg1,ik,351
Qv+1,i,u—k,3j-1
Piiik3;

Hy 105,35
Qu1,i,0-k,3j
Pyitikj+3mo, i
Hy1ikj43m,.q 0

QV+1,i>V-k,j+3mu,i,k71

= Nreg( ;,i,k-l,j)regv

v,i,k-1,5

Ql/,i,l/-k,ja

= NregPl/,i,k—l,ja
— H/

v,ik-1,51

= Qv,i,u-k,ja
= NregPl/,i,k—l,ja

v,ik-1,55

= (Q;,i,u-k,j)rega

= Nregpu,i—l,k—l,ja

v,i-1,k-1,75

= Qu,i—l,u—k:,j;

1=0,...,v+1
1=0,...,v+1
1=1,...,v
1=0,...,v+1
1=1,...,v
j: 1, <y My, k-1,
17' <My v k-1,
— 17' My v k-1,
jzlv"'7ml/,i,k—17
j:17"‘7mu,i,k-l7
j:]-,-“,mu,i,k—h
j:17"'7mu,i,k—17
j:17"'7mu,i,k—17
j:]-a"'vml/,i,k—lv
j:17"'7mu,i,k—l7
jzlv"'7mu,i,k—17
j:17"‘7mu,i,k-l7
Z# 0, j= 17--~7mu,i-1,k—1,
Z;AO, j: 1,...,m,,7i_17k_1,

i#£0,5=1,...

y My i-1,k-1-
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This proves the claim. For v > nitis M, ; =0 forall i =0,...,v,
furthermore for v > 2n either £k > n or v — 1 — k > n, hence either
P,irij=00r Quiv—1-k,; = 0. Altogether this yields for v > 2n

qed

It is now very simple to characterize all solutions of the pure DAE
(3.4.1): the pure DAE in standard form (3.4.1) can be rewritten as a
linear operator equation

(NG — D) = f,

and since by Lemma 3.4.2 the operator N % is nilpotent it is easy to
see that the operator (N% —I) : (Dpwes)" — (Dpweee)™ is bijective
with inverse operator

v—1

(NE -7 ==Y (N&),
=0

where v € N is such that (N %‘2)” = 0. This already yields the following
theorem.

Theorem 3.4.3 (Unique solution of pure distributional DAE)
Every pure distributional DAE (E,A) € ¥™*™ with inhomogeneity
f € (Dpwee=)™ is uniquely solvable and its solution is given by

r—1

r==) (ATEF)AT),

=0

where v € N is such that (A_lE%)” = 0. In particular, the homogen-
eous pure distributional DAE has only the trivial solution. o

Proof. Clearly, z solves Ei = Ax + f if, and only if, x solves A™!Ei =
z+ A7'f. By Definition (A7!E),eq is a strictly lower triangular mat-
rix and Lemma 3.4.2 yields the above mentioned invertibility of the
operator (A"1ES® — ). qed
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Corollary 3.4.4 (DAE-regularity of pure distributional DAEs)
Every pure distributional DAE is DAE-regular. In particular, for any
pure distributional DAE (E, A) € ¥"*" n € N, with inhomogeneity
f € (Dpwe=)™ the corresponding ITP with initial time ¢y € R and
initial trajectory 2° € (Dpyce)™ has the unique solution

|
—

v

2==> (A" E)ty,000 ) (fitoro0) = T{—oog) T A~ [to] (B3 — Az?)),

i

where v € N is such that (A71E)” = 0. o

I
=)

Proof. Consider first a pure DAE in standard form (3.4.1) with initial
time ¢y € R and initial trajectory 2° € (Dpwee)™. By Theorem 3.1.7
(N, I) is DAE-regular if, and only if,

Nitpj: =r+ fitpa

is uniquely solvable, where Ny, = Niy o0y and figp, = x?_oo,to) + fito,00)-
Since the latter equation is itself a pure distributional DAE, The-
orem 3.4.3 shows that there exists a unique solution. Proposition 3.1.5
yields that also general pure distributional DAEs are regular and simple
calculations in the spirit of Remark 3.1.6 yield the explicit solution for-
mula. ged

This section will be concluded with a result on the dimension of
the solution spaces of homogeneous pure distributional DAEs, i.e. pure
distributional DAEs (3.4.1) for which the inhomogeneity f is zero.

Proposition 3.4.5 (Dimension of solutions space)

Consider a pure distributional DAE (E, A) € ™™,
(i) dim{ z € (Dpwe=)" | Ex = Az } =0.

(ii) dim { Z(r00) € Dpwe=)" | (BE)[ty,00) = (A)[ty,00) } = 0for any
tg € R.

(iii) If Efto] = 0 = Alto] for some ty € R, then

dim { 21y, 00) | (E#)jtg,00) = (AT)[19,00) }
<dimim (A7'E)(to+). o
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Proof. The first two dimension formulae follow directly from the expli-
cit solution formulae given in Theorem 3.4.3 and Corollary 3.4.4.

To prove (iii), let N := A='E. Then the solution of the ITP with
initial time to € R and initial trajectory z° € (Dpwee)™ is given by

v—1

T = Z(N[to’ )dt ) x( 00,t0)"

=0
The assumption Eftg] = 0 = A[to] implies that N[tg] = 0, hence

(cjiuz;x( o0,to) N[toaoo)(‘,t(()foo,to) - xo(to_)(stf))

= —N(to+)a" (to—)dz,

N[to )

and it easily follows that

v—1

D (Nitg 00 5)" ™ N (to+)2° (to—=)ds, = My, N(to+)a”(to—),
=2

for some distributional matrix My, € Dy, with point support. There-
fore,
g 00) = (I + My, )N (to+)z°(to—)

and the claim follows. god

Remark 3.4.6 (Exact dimension of solution space)

Let (E,A) € ¥™*" be a pure distributional DAE with E[-] = 0 = A[]
and let N := A7'E and choose v € R such that (NS2)” = 0. It is
possible (but also very technical) to calculate matrices My, ; € R™*™,
§j=0,...,v—1, which only depend on N®(tg+),i=0,...,v—1, such
that

v—1

Tltgo0) = D (Nitg.00) B T(— e 10) = ZMth to—
=0

The dimension of the solution space is then exactly given by

dim{ Tty,00) ’ (E;i:)[tmoo) = (Aa?)[to’oo) } = mjaxdimim My, ;.
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As an illustration of the above results consider the following ex-
amples, in particular it is shown that if the assumption Aftg] = 0 =
Elto] does not hold, then the dimension of the solution space as in
Proposition 3.4.5(iii) can be arbitrarily large.

Example 3.4.7 (ITP solution space for pure distributional DAEs)
Consider the pure distributional DAE (3.4.1) in standard form with
N € (Dpwe=)" " and let tg € R and 2° € (Dpwe=)™ be some initial
time and some initial trajectory.

(i) Let N € R™ "™ be some constant nilpotent matrix, then it follows
that

n—1

Z(ty,00) = Z Nil‘(to—)(sg),
=0

hence the dimension of the solution space for [, ) is exactly
dimim N(to+) = dimim N.

(ii) Let n=1and N = 5(()k) € Dywee for some k, then

k

k) ; i i k—i
Titgioe) = 00300y = D (= 1)1 (@)D ()8,
1=0

hence, by 2.1.14, the solution space has dimension k + 1, i.e. the
dimension can be arbitrarily large. o

3.5 Generalized Weierstral3 form

A direct consequence of Proposition 3.2.2 together with Theorem 3.3.8
and Corollary 3.4.4 is the following result.

Corollary 3.5.1 (Generalized Weierstraf3 form)

Consider a distributional DAE (E, A) € £"*", n € N. If there exist in-
vertible matrices S, T € (Dpwee )™ *™, alocally finite set {t; e R|i € Z},
a family of matrices J; € (C3g,)"*", i € Z, 0 < n; < n, and a family of
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strictly lower triangular matrices N; € (C;‘V)V)(”*m)x(”*"i), i € 7, such
that

((SET)reqs (SAT — SET')1eg)

e 2 )
=2 , ) , (3.5.1)
<ieZ [ Nip [tistit1) ez I [titiv1)

then (E,A) is DAE-regular. In the following (3.5.1) will be called
generalized Weierstraf§ form. o

It is still an open question whether the existence of a generalized
Weierstrafl form for a distributional DAE (E, A) € X™*" is also a
necessary condition for DAE-regularity of (E, A). However, there are
special cases where DAE-regularity is equivalent to the existence of a
generalized Weierstrafl form.

Theorem 3.5.2 (Piecewise-constant coefficients)

Let (E7 A) = (ZieZ Ei[ti,ti+1)7 ZiGZ Ai[ti,ti+1)) Where{ ti R |Z €7 }
is a locally finite set and each matrix pair (E;, A;) € R"*™ x R"*"
n € N, i € Z, is constant. Then the corresponding distributional
DAE (E, A) is DAE-regular if, and only if, (F;, A;) is regular in the
classical sense, i.e. det(E;s—A4;) € R[s]\{0}, for all i € Z. In particular,
the corresponding distributional DAE (E, A) is DAE-regular if, and
only if, it can be put into the generalized Weierstrass normal form
(3.5.1). Furthermore, for two solutions z,y € (Dpwe~)™ the following
implication holds for all tg € R

x(to—) = y(to—) = x[to,:)o) = y[to,oo) [m]

Proof. Tt is well known that any matrix pair (E;, A;) € R"*™ x R?*",
i € Z, is regular in the classical sense if, and only if, there exists
invertible matrices S;,T; € R™ "™ such that (F;, A;) is put into the
Weierstrafl normal form:

I 0 J; 0
(S BT, S; AT;) = ({0 NJ ) [0 I})
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where J; € R%1*"1 n,; 1 € N, and N; € R(—7ni,1)x(n=ni1) are matri-
ces in (real) Jordan normal form, N; is nilpotent and I stands for dif-
ferent identity matrices of appropriate size. Let S = ., Sif, +,,,) and
T =3 iczTift, t:,,), then clearly (SET, SAT—SET') g = (SET, SAT)
is in generalized Weierstrafl form (3.5.1) and Corollary 3.5.1 implies
that the corresponding distributional DAE (E, A) is DAE-regular. If
for some ¢ € Z the matrix pair (F;, A;) is not regular in the classical
sense it can be shown, see e.g. [KMO06, Thm 2.14], that there exist non-
trivial solutions of the homogeneous DAE E;i = A;x with x(o4,) = 0,
hence (E, A) is not uniquely solvable and therefore (E, A) is not DAE-
regular.

To show that each solutions z is uniquely defined on [ty,o0) by its
value x(to—) it suffices to consider the single constant coefficient ITP

(Ei')[to,oo) = (Ax)[to,oo),

_ .0
T(—00,to) = T(—o0,to)

(3.5.2)

where 29 € Dpyee is an arbitrary initial trajectory and (E, A) is some
regular matrix pair. It will be shown that z[;, ) only depends on
2(to—), the claim of Theorem 3.5.2 follows then easily by induction.
Since (E,A) is regular, there exist matrices S and T such that
(SET,SAT) = ([} 1, [39]) for some nilpotent matrix N € R"2%"2,
ne € N, and some matrix J € R™*™ n; =n —ny. Let 2 = T~ 'z and
20 = T712% then, clearly, z solves (3.5.2) if, and only if, z = T~ 1x

solves
[tO ’ ) [t07 )

0
Z(—o00,tg) = Z(—oo,to)'

The solution z is now given by two independent solutions of a dis-
tributional ODE and a pure distributional DAE, since the coefficient
matrices are impulse free, the solution formulae from Corollary 3.3.9
and Corollary 3.4.4 reveal that zj;, o) only depends on 2%(to—) which
implies that every solution z of the ITP (3.5.2) is uniquely given by
x9 (to—). qed
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3. Regularity of distributional DAEs

In the following, DAEs with real analytical coefficients will be con-
sidered. A function f: R — R is called real analytical at t € R if, and
only if, all derivatives f()(t), i € N at t exists and if there exists ¢ > 0
such that o

Vre(—ee): flt+T) =) LU
ieN
A function f: R — R is called real analytical on some interval H C R
if, and only if f is real analytical at ¢ for all ¢ € H. For later results
the following lemma is needed.

Lemma 3.5.3
Let f : R — R be real analytical on some closed interval [s,t] C R,
then there exists a smooth g € C* such that gj, g = f[s,g- O

Proof. By analyticity of f there exists ¢ > 0 such that f(s —7) =
> ien I96) 16 and fE+7) = en f(li),(t) 7% for all 0 < 7 < ¢, hence

4! !

f is smooth on (s — g,t + ¢), see e.g. [AE05, Cor. V.3.2]. Choose a

smooth function ]l[ss/f] € C* such that ]lfs/f] (1) =1 for all 7 € [s,t]
2

and ﬂfs<t](7) =0 for all 7 € R\(s —¢/2,t +¢/2). Then g := ]l[ss/i]f is
smooth and g5 4 = f[s,4- ged

In view of [CP83], a matrix pair (F, A) with real analytical coeffi-
cients on some closed interval [s, t] C R is called analytically solvable on
the interval [s, t] if and only if for all smooth f : [s,t] — C> there exists
a classical solution z : [s,t] — R™ of Ex = Az + f and all solutions are
uniquely determined by the value z(tg) for any fixed tg € [s, t].

In [CP83] it is shown that the matrix pair (F, A) is analytically
solvable on R if, and only if, there exists invertible matrix functions
S,T : R — R™™"™ which are real analytical on [s,t] such that, on the
interval [s, t],

(SET,SAT — SET') = ({é J%] , B ?D : (3.5.3)

where J is some real analytical matrix function and N is a strictly
lower triangular real analytical matrix function. With this result the
following corollary can be shown easily.
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Corollary 3.5.4

Let (E, A) = (ZiEZ Eift, 1) diez Ai[tmtwl)) where { #; €R |i € Z}
is a locally finite set and each matrix pair (E;, A;) : R — R"*" x R"*"
n € N, ¢ € Z, is real analytical and analytically solvable on [t;,t;11].
Then the corresponding distributional DAE (E, A) is DAE-regular. o

Proof. Since each (E;, 4;), © € Z, is analytically solvable there exist
invertible matrices S;,T; which are analytical on [t;,t;11] such that
(353) holds. With S = ZieZ Si[ti,ti+1) and T = ZieZTi[ti7ti+l) it
follows that (SET,SAT — SET"),eg is in generalized Weierstrafl form
(3.5.1). T

It remains unclear whether DAE-regularity implies analytical solvab-
ility for analytical coefficients: for analytical solvability it is assumed
that any local solution can be extended to a solution on the whole
corresponding interval, but for DAE-regularity it is only assumed that
solutions can uniquely be extended into the future. Furthermore, DAE-
regularity guaranties the existence of local solution for arbitrary in-
homogeneities, but it only guarantees existence of distributional solu-
tions and it is not clear in general when these are actually classical
solutions.
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4 Switched DAEs

4.1 System class and motivation

In this section switched differential algebraic equations (switched DAEs)
of the form
E,t = A,z (4.1.1)

will be studied, here 0 : R — {1,..., N}, N € N, is a switching signal
and E,, A, € R™" n € N, are constant coeflicient matrices for each
parameter p € {1,...,N}.

Switched DAEs occur, for example, in modeling electrical circuits
with switches or when modeling possible faults in systems where each
(faulty and non-faulty) configuration is described by a classical DAE
Ei = Az with constant matrices £, A € R™"*"™,

Throughout this section the following two assumptions will be made.

Assumptions
Consider the switched DAE (4.1.1).

(S1) The switching signal o : R — {1,2,..., N} is piecewise-constant
with a locally finite set of jump points and right-continuous.

(S2) Each matrix pair (E,, Ap), p=1,..., N, isregular, i.e. det(sE,—
Ap) € Ris]\ {0}. o

These assumption ensure that the switched DAE (4.1.1) corresponds
to a regular distributional DAE as introduced in Section 3.1, i.e. for
each initial trajectory there exists a unique distributional solution of
the initial trajectory problem, see Theorem 3.5.2.

A first aim of this section is to give easy to check conditions which
ensure that all solutions of the switched DAE (4.1.1) are impulse free.
In electrical circuits, impulses occur as sparks and often lead to the
destruction of some components, therefore it is important to analyze
circuits with respect to the ability to produce impulses. Furthermore,
switches might be induced by faults, hence the switching signal is not
known and therefore the results will be independent of the switching
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signal. In addition, a simple condition will be given, which ensures
that jumps do not occur in the state variables, i.e. a condition that
guaranties that all solutions are actually classical solutions. The con-
ditions for impulse and/or jump freeness of the solutions of (4.1.1) are
formulated in terms of so called consistency projectors. It is possible
to construct these projectors directly in terms of the matrices (E,, Ap),
p = 1,...,N; it is not necessary to explicitly calculate some normal
form (see Definition 4.2.5 together with Theorem 4.2.4).

A second aim is to study the stability of switched DAEs (4.1.1).
When each matrix E, is invertible, (4.1.1) reduces to a more familiar
switched ordinary differential equation (switched ODE), or switched
system. The stability theory of switched ODEs has received consider-
able attention in the last couple of decades, and is now relatively ma-
ture. In particular, it is well known that switching among stable subsys-
tems may lead to instability; a switched system is asymptotically stable
under arbitrary switching if (and only if) the subsystems share a com-
mon Lyapunov function; and stability is preserved under sufficiently
slow switching, as can be shown using multiple Lyapunov functions
(one for each subsystem). The reader is referred to the book [Lib03]
for these and other results on switched systems and for an extensive
literature overview.

On the other hand, an investigation of stability questions for switched
DAESs by similar methods has not yet appeared in the literature. In Sec-
tion 4.3, Lyapunov-based sufficient conditions for stability of switched
DAEs are established. In the special case of switched ODEs, the res-
ults reduce to the known results mentioned above. However, it will
be demonstrated by means of examples that the presence of algebraic
constraints leads to new types of instability mechanisms.

4.2 Impulse free solutions

As mentioned above the aim of this section is to give conditions for
which the switched DAE (4.1.1) has impulse free solutions. Firstly the
so called Quasi-Weierstrass form together with a special sequence of
subspaces will be introduced. This makes the definition of the so called
consistency projectors possible, which play a fundamental role for the
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formulation of the sought conditions for impulse free solutions.

4.2.1 The Quasi WeierstraBB form

It is well known that for a regular matrix pair (E, A) € R**™ x R**"
there exists invertible matrices S,T € C"*™ such that (SET,SAT) =
(11 1,17 ;1) where J € C"*™ ny € N, is in Jordan canonical form
and N € C"2*"2 ngy := n—no, is a nilpotent matrix in Jordan canonical
form. However, the proofs of this result are in general not constructive
and the matrices S and 1" cannot be given easily in terms of the original
matrices E and A.

In most situations it is not necessary that the matrices J and N are
in Jordan canonical form, in fact, this assumption often yield complex-
valued matrices which might not be desirable if one starts with real
valued matrices £ and A. In the following, real-valued invertible ma-
trices S, T € R™*™ will be constructed such that the matrix pair (E, A)
is put into the Quasi Weierstraf§ form

(SET,SAT) = ([é z(\)f} ’ [g ?D

J e R™*™ n, €N,
N e R(v=m)x(n=n1) pilpotent.

(4.2.1)

Note that it is not assumed that J and N are in any special form,
hence the Quasi Weierstral form is not a normal form in the strict
sense. For obtaining the Quasi Weierstrafl form, the following Wong
sequences [Won74] of linear subspaces play a fundamental role.

VO:Rna Vi+1:A71(EVi)7 i:0717"'7

1 (4.2.2)
W():{O}, Wit1 =E~ (AWZ), 1=0,1,....

Note that the Wong sequences are nested, i.e. V41 C V; and W;1q 2D

In the following, several lemmas are given which establish some im-
portant properties of the subspaces V; and W;. Most of these result
are not stated explicitly in [Won74], however, hidden in a proof, the
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Quasi-Weierstrafl appears in an implicit form. Furthermore, in [OD85]
the first Wong-sequence is studied (without being aware of [WonT74])
and some of the following results can be found there as well.

Lemma 4.2.1 (Explicit representation of V; and W;)
Consider a regular matrix pair (E, A) € R™*"™ x R"*" n € N, and let
V; and W;, i € N, be given as in (4.2.2). Then

V, =im (A= \E)'E)’,
W, = ker (A — AE)'E)".

[m]

Vi e NVA € R with det(A— AE) £0: {

Proof. Let A € R be such that det(A — AE) # 0 and let F := (A —
\E)~LE.

Step 1: V; =im F? for all i € N is proved by induction.
For i = 0 the assertion holds by definition, hence assume V; = im F?
holds for some i € N. Invoking the relations V;;1; C V; and im F*t! C
im F* the following equivalences hold for all 2 € R™:

re€Viy1 & dyeV,: Ax=FEy
< dyeV: (A-AE)z=E(y— )
N—_——
=:gey?
& AyeVi=imF': (A-\E)z=Ej
JgeimF': x=Fy

3

x € im F'H!

¥

Step 2: W; = ker F' for all i € N is proved by induction.
For i = 0 the assertion holds by definition, hence assume W; = ker F*.
Observe first that the linear operator (I + AF) : ker F* — ker F' is
i—1

invertible with inverse — j:O(_)‘)j Fi therefore the following equi-
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valences hold for all z € R™:

x €W, & FJyeW,: Ex=Ay=(A—-AE)y+ \Ey
& JyeW,=kerF': Fr=(I+AF)y=17%
& 3JyckerF': Fr=7
& e ker L

Lemma 4.2.2 (Properties of W* and V*)
Let (E,A) € R"*™ x R"*"™ n € N, be a regular matrix pair and let V;,
Wi, i € N, be given by (4.2.2). Let k*,1* € N be such that

VoOVID DV =Vprg1 =+,
WOCWIC"‘CWI* :Wl*—‘rl:"' .
Let V* := Vi = (); Vi and W* := W« = [J; W}, then, clearly, AV* C
EV*, EW* C AW* and, furthermore,
(i) k* =1%,
(ll) V* P WH = Rn,
(iii) ker ENV* = {0} and ker AN W* = {0}. 5

Proof. Since V; and W; are linear subspaces of a finite dimensional
linear space the values k* and [* are well defined.

(i) Let A € R be such that det(A — AE) # 0 and let F' := (A —
AE)7'E, then, by Lemma 4.2.1 and for all i € N,

dimV; + dim W, = dimim F* + dim ker F* = n, (4.2.3)
this implies k* = [*.

(ii) In view of (4.2.3) it suffices to show that V* N W* = {0}. Let
x € V'NW* and F = (A — AE)"'E for some A\ € R with
det(A — AE) # 0. Then, by Lemma 4.2.1 and (i), there exists
y € R” such that = F¥ y and 0 = F¥'z = F?*"y. Hence
Y€ ker 25" = Who = Wy» = ker FF' | ie. 0 = Fk*y =x.
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(iii) From ker A C V; and ker E C W; for all i« € N it follows that
ker A C V* and ker E C W*, hence (ii) implies the claim. ged

Lemma 4.2.3 (Invertibility of [EV, AW])

For a regular matrix pair (£, A) € R"*" x R"*" n € N, let V*, W* C
R™ be given as in Lemma 4.2.2 and let n; := dimV*. Choose V €
R™ ™ and W € R™ (=) guch that imV = V* and im W = W*.
Then T := [V,W] and S~! := [EV, AW] are invertible matrices. o

Proof. Invertibility and existence of T follows Lemma 4.2.2(ii). To
show invertibility of S~ it suffices to show that ker[EV, AW] = {0}.
Therefore, consider any x € R} and y € R"™™ with EVz = 0 and
AWy = 0. Invoking Lemma 4.2.2(iii) yields Vo € V* Nker E = {0}
and Wy € W* Nker A = {0}. Since V and W have full column rank it
follows that = 0 and y = 0. qed

Combining all the above results it is now possible to formulate the
main result.

Theorem 4.2.4 (Quasi-Weierstraf3 form)

Consider a regular matrix pair (E, A) € R"*" n € N and let V*,W* C
R™ be given as in Lemma 4.2.2, i.e. V* := [\, V; and W* = |J, W;,
where V; and W; are given by (4.2.2). Choose V € R™*"™ n; € N,
and W € R"*("=m1) guch that imV = V* and im W = W*. Then
T :=[V,W] and S := [EV, AW]~! put (E, A) into a Quasi Weierstrafl
form (4.2.1), i.e.

sersan= ([ [ )

where J € R™ %" is some matrix, N € R(®=71)x(n=n1) {5 a nilpotent
matrix. o

Proof. Invertibility and existence of T, S € R™*"™ was shown in Lemma
4.2.2(ii) and Lemma 4.2.3.

Hence it remains to show that (SET,SAT) is in Quasi Weierstraf3
form, i.e. it must be shown that there exists a nilpotent matrix N €
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R(n=n1)x(n=n1) and a matrix J € R™*™ guch that
E[V,W] = [EV, AW] F N] and A[V,W] = [EV, AW] {J 1}

or, equivalently, EW = AWN and AV = EV.J. The existence of J
and N with the latter property follows easily from the relations EW* C
AW* and AV* C EV*, hence it remains to show that N is nilpotent.

First observe that by Lemma 4.2.2(iii), for all z,y € R™ and for all
i €N,

Erxr=Ay N xeW;11 AN yeW* = yeW,.

Let k* be such that W* = Wi, then for any x € R*™™

EWxz=AW N
Wz € Wi =" WNz € Wiw_1

EWNz=AWN?
= v WN2z € Wy-_o

EWNK —lg=AWNF" *
= Y WNF 2z ew, = {0},

since W has full column rank it is therefore shown that N*"z = 0 for
all x € R®™™ ie. N is nilpotent. ged

As already mentioned, it is very simple to calculate the matrices V'
and W in Theorem 4.2.4, in fact, it is even possible to do the calculation
symbolically. In the following an implementation in Matlab is given,
where the build-in Matlab functions colspace and null are used:

Listing 1: Matlab function for calculating a basis of the preimage A~!(im S) for
some matrices A and S

function V=getPreImage(A,S)
[m1,n1]=s4ze(A); [m2,n2]=size(S);
if mi==m2 | m2==0
H=null1([A,S]);
V=colspace(H(1:n1,:));
else
error (’Both matrices must have same number of rows’);
end ;
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Listing 2: Matlab function for calculating a basis of the space V* as in The-
orem 4.2.4

function V = getVspace(E,A)
[m,n]l=size(E);
if (m==n) & size(E)==size(A)
V=eye(n,n);
oldsize=n;
newsize=n;
finished=0;
while finished==0;
EV=colspace(E*V);
V=getPreImage (A,EV);
oldsize=newsize;
newsize=rank(V);
finished=(newsize==oldsize);
end;
else
error (’Matrices E and A must be square and of the same size’);
end;

Listing 3: Matlab function for calculating a basis of the space W* as in The-
orem 4.2.4

function W = getWspace(E,A)
[m,n]l=s%ze(E);
if (m==n) & size(E)==size(A)
W=zeros(n,1);
oldsize=0;
newsize=0;
finished=0;
while finished==0;
AW=colspace(A*W);
W=getPrelmage (E,AW);
oldsize=newsize;
newsize=rank(W);
finished=(newsize==oldsize);
end ;
else
error (’Matrices E and A must be square and of the same size’);
end;
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4.2.2 Consistency projectors

Definition 4.2.5 (Consistency projectors)
For a regular matrix pair (E, A), let T € R™*™ and ny € N be given as
in Theorem 4.2.4. The consistency projector for the pair (E, A) is

I 0],._
(g, 4) :T{O O]T L

where I € R™*™ ig an identity matrix of size ny X ny. O

Note that the consistency projector does not depend on the specific
choice of T' = [V, W], because for any other choice T' = [V, W] with
imV = V* and im W = W* there exists invertible matrices P € R™1*™
and @ € R™"2*"2 guch that V =V P and W = WQ, hence

ol r=wm ] (wms o)
W[y o v =

To show how the consistency projectors are related to solutions of
switched DAEs (4.1.1) the following lemma on the nature of local solu-
tions is necessary.

Lemma 4.2.6 (Explicit local solution)

Let Assumptions (S1) and (S2) hold and let x € (Dpwee<)™ be some ITP
solution of (4.1.1) with initial time t; € R. Furthermore, let s,t € R
with tg < s < ¢ be such that the switching signal o is constant on [s, t).
Then there exists an invertible matrix 7' € R™*™ a matrix J € R™ %"
ny; € N, and vg € R™* such that

(r 0=

T(s,t) = T < (424)

(5,8)

Proof. Let p := o(s). Since x is an ITP solution, it follows that
(Eo)(ty,00) = (AoT)[ty,00) and, in particular (see also Proposition 2.4.8),

Epi(s,t) = Apx(s,t) .
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Choose the matrices T, J and N corresponding to the regular mat-
rix pair (Ep, Ap,) as in Theorem 4.2.4. Let () := T~ 'z where v €
(Dpweo=)™ and w € (Dpwee)™?, then

U(s,t) = JV(s,1)
N1y = Wis,p)-

It remains to show that a) v(, s = ((7— eJ(T_S)vO)D)(Svt) for some
vo € R™ and b) w(,4) = 0.

To show a), first observe that by Proposition 2.2.10 the equation
V(s,t) = JV(s,1) 18 equivalent to

Yo € C5° with support in (s,t) : 0(p) = Ju(p).

Now [Wal94, 6.VIIL.Satz] yields that any distributional solution v of
© = Juv on the open interval (s,t) can be represented by a classical
solution of the classical ODE © = Ju, i.e. a) is shown.

To show b), take the derivative of the equation Nt = wis ),
restrict it to (s,t) and multiply it from the left with N to obtain

N21:l.}(s7t) = Nu-}(s,t)‘

Note that the differentiation produces Dirac impulses at s and ¢, how-
ever these are deleted by the restriction to the open interval (s, t). This
process can be repeated and since N is nilpotent it follows that N2 = 0
where ny :=n — nq, hence

0 = anw(nQ)(s’t) = Nn271w(n271)(s7t) =...= N’U:)(s7t) = ’U)(s’t)
and b) is shown. ed

Remark 4.2.7 (Represenation of local solutions)

Lemma 4.2.6 only states the existence of matrices T' € R"*"™ and J €
R™*™ guch that all ITP solutions of (4.1.1) fulfill (4.2.4). However,
the proof of Lemma 4.2.6 reveals that (4.2.4) holds for any invertible
matrix T € R™ "™ and any matrix J € R™*™ n; € N, for which
there exists an invertible matrix S € R™*™ and a nilpotent matrix
N € Rn=m)x(n=m) guch that (SE, 5T, SAx)T) = ([T 1.7 ;])- o
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Finally, it is stressed that the ITP solution z in Lemma 4.2.6 is
only considered on the open interval (s,t), in particular nothing is said
about the impulsive part z[s]. With the above results on local solutions
it is now possible to prove the following main result on the consistency
projectors.

Theorem 4.2.8 (Consistency projectors and solutions)

Consider the switched DAE (4.1.1) with Assumptions (S1) and (S2).
For each p € {1,..., N}, let I, :=I(g, 4 ) be the consistency project-
ors as in Definition 4.2.5. Then every ITP solution x € (Dpwce)™ of
(4.1.1) with initial time to fulfills

Vt > to: £L'(t+) = Ha(t)x(t—) o
Proof. Let p = o(t) and for the matrix pair (E,, A,) choose the ma-

trices S, T, J, N as in Theorem 4.2.4. By Assumption (S1) there exists
€ > 0 such that o is constant on [t,t +¢), hence Lemma 4.2.6 (together

with Remark 4.2.7) yields
z(t+)=T (13)>

for some vg € R™, n; € N. Let T71z(t—) = (3} ), where z; € R™ and

zo € R™ ™, Then
x
Ha’(t)x(t_) =T ( 01> P

so it remains to show that z1 = vg.
Let T7lz = (%), then v(t—) = z; and v(t+) = vy and, since z is an
ITP solution of (4.1.1),

Epfb[t,t—i-a) = Apx[t,t—i-a)v

multiplying from the left with S and substituting = by T () yield

Ul tte) = JU[t,t+s)-

It remains to show that v(t—) = v(t+). Restricting the last differ-
ential equation to the point ¢, i.e. considering the impulsive part of it,
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gives 0[t] = Ju[t] and since v[t] is a distribution with point support
there exists ag,a1,...,any € R™ | K € N, such that

o[t] = agdy + a16l + ... + agd™,

hence, invoking Corollary 2.3.5,

K K
(v(t+) —v(t))o + > ard ™ =3 ape?,
k=0

k=0
or

K+1

0=">" b,

k=0
where by41 = an, by = ag—1 —ax, k = N,...,1, and by = v(t+) —
v(t—) — ag. Since &, 07, . .. 76§N+1) are linearly independent it follows
that 0 = by41 = ... = byp. Hence 0 = ay = ...a9 = 0 and finally
v(t+) — v(t—) = 0 which completes the proof. ed

Combining Lemma 4.2.6 and Remark 4.2.7 with Theorem 4.2.8 im-
mediately gives the following corollary.

Corollary 4.2.9 (No jumps if no switches)
Consider the switched DAE (4.1.1) with assumptions (S1) and (S2) and
let z € (Dpweee)™ be an ITP solution of (4.1.1) with initial time ¢y € R.
Then

VE>ty: o(t—)=o(t+) = z(t+) =z(t—),

i.e. jumps in the solutions can only occur at switching times or at the
initial time tg. o

4.2.3 Sufficient conditions for impulse/jump freeness of solutions

In general, a solution of (4.1.1) will have jumps and impulses. In the
following, sufficient conditions will be given which ensure that every
solution of (4.1.1) under arbitrary switching is impulse free or, addi-
tionally, has no jumps.
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Assumptions
For the switched DAE (4.1.1) and p = 1,..., N, let II,, := [I(g, a,) be
the consistency projectors as in Definition 4.2.5.

(Al) Vpe{l,...,N}: E,(I-1I,)=0or
(A2) Vp,qe{l,...,N}: E,(I —II,)II, =0 or
(A3) ¥p,ge{l,...,N}: (I —1II,)II; = 0. o

Note that the above three assumptions are alternatives, i.e. the fol-
lowing results will only use one of these assumptions. Since the con-
sistency projectors 11, can easily be calculated by a finite sequence of
subspaces (see Theorem 4.2.4 and Definition 4.2.5) only depending on
the original matrix pairs (E,, 4,), the Assumptions (A1)-(A3) can be
checked directly in terms of the original data. The following theorems
state the properties of the solutions if one of the Assumptions (A1)-(A3)
is fulfilled.

Theorem 4.2.10 (A1)

Consider the switched DAE (4.1.1) satisfying Assumptions (S1), (S2)
and (A1l). Then, for every impulse free initial trajectory and any initial
time, the unique ITP solution € (Dpwee)™ is impulse free, i.e. z[t] =0
for all ¢ € R or, in other words, the distributional solution is actually a
piecewise-smooth function. o

Proof. Let € (Dpwee=)™ be the ITP solution to some given initial
trajectory and initial time tg € R and let ty < t; < to < ... be
the switching times of the switching signal o after the initial time .
Lemma 4.2.6 already shows that z(, s, ,) is impulse free for all i € N,
hence it remains to show that z[t;] = 0 for all i € N. Therefore,
consider a fixed ¢ > 0 and let p = o(t;). For the matrix pair (E,, 4,),
choose matrices S,T,J, N as in Theorem 4.2.4, i.e. (SE,T,SA,T) =
([* 51,07 ;]) and let T-'z = (). Then z[t;] = 0 if and only if
v[t;] = 0 and w[t;] = 0, where v and w fulfill
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In the proof of Theorem 4.2.8 it was already shown that 0[t;] = Ju[t;]
implies v[t;] = 0. Hence it remains to show that Nw[t;] = w[t;] together
with Assumption (A1) implies w[t;] = 0. First observe that Nw[t;] =
wlt;] implies, invoking Corollary 2.3.5,

taking the derivative of the equations and multiplying it from the left
with N yields

N2(w[t;])” = N(wt;]) — N*(w(ti+) — w(t;—))d;,
= wlt;] =N (w(ti+) —w(t;—)) 0, — N* (w(ti+) —w(ti—))d;. .
Repeating this process yields, since N is nilpotent,

’I’Lll

0= N"™ (wft;]) ™) = wlt ZN’@“ )~ w(ti=))sr)

or
77,171

= Z NE+1 (w(ti+) — w(ti—))ét(f).
kf
Assumption (A1) and Theorem 4.2.8 yield

0 (A1) E,(I - TL)x(t;~) Thm. 4.2.8

and, in particular,
0= N(w(t;—) —wt;+)), (4.2.5)

hence wlt;] = 0.

Remark 4.2.11 ((A1l) implies index one)

Lemma 4.2.6 reveals that w(to+) = 0in (4.2.5) and since w(to—) can be
arbitrary (because the initial trajectory can be arbitrary) Assumption
(A1) implies that N = 0, i.e. the corresponding matrix pair (E,A)
must have index one or less [KMO06, Def. 2.9]. o
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Note that Assumption (A1) is actually stronger related to impulse
free solutions of I'TPs than to impulse free solutions of switched systems.
In fact, with the help of the proof of Theorem 4.2.10 it is easy to see
that Assumption (A1) is equivalent to the condition that each ITP for
Eyt = Az, p=1,...,N, only has impulse free solutions. In this sense
Assumption (Al) is also a necessary condition for impulse free ITP
solutions.

Remark 4.2.12 (Jump freeness implies impulse freeness)

Consider a solution = of the switched DAE (4.1.1). Assume that
z(t+) = x(t—) for some ¢ € R then the proof of Theorem 4.2.10 shows
z[t] = 0. Hence jump freeness of a solution always implies impulse
freeness of this solution. o

Theorem 4.2.13 (A2)

Consider the switched DAE (4.1.1) satisfying Assumptions (S1), (S2)
and (A2). Then every consistent solution € (Dpwe)™ of (4.1.1) is
impulse free, i.e. z[t] =0 for all ¢ € R. o

Proof. Let € (Dpwe~)™ be some consistent solution of (4.1.1) for
some switching signal ¢ € S. Using the same notation as in the proof
of Theorem 4.2.10 the proof can be repeated identically up to where
Assumption (A1) is used.

Let ¢ = o(t;—) and choose for the matrix pair (E,, A,) the matrices
Sq, Ty, Jq, Ng and ny1 4 € N as in Theorem 4.2.4. Then Lemma 4.2.6
applied to the interval (¢; — e, t;) for sufficiently small £ > 0 yields that
there exists some v, € R such that

v, I 0|1 v
(E(ti—) = Tq |:Oq:| = Tq |:O O] Tq Tq [Oq:| = qu(ti_)~
Therefore, Assumption (A2) implies
0=E,(I —p)Hgz(ti—) = Ep(I —IIp)z(ti—)

and the claim follows as in the proof of Theorem 4.2.10.
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Remark 4.2.14 ((A2) and an ODE subsystem)

In general, Assumption (A2) is independent of the index of the matrix
pairs (Ep, Ap), p=1,...,N. However, if the index of one matrix pair
(Eq,Aq), q € {1,...,N}, is zero, i.e. E, is invertible and (Eg, Aq) is
an ODE, then the consistency projector II, is the identity matrix and
Assumption (A2) is equivalent to Assumption (Al). o

In view of Remark 4.2.11, Assumption (A2) is much more “suited” for
switched DAFEs because it also uses the additional information that at
a switch the trajectory cannot be arbitrary but must be within the con-
sistency space of the previous DAE. An analogon of Theorem 4.2.10 for
jump freeness is not very meaningful because every inconsistent initial
value produces a jump, so that only invertibility of £, p=1,..., N can
assure jump freeness. The above idea which made (A2) more suitable
for switched DAEs than (A1) leads to (A3) as a meaningful condition
for jump freeness of switched DAEs.

Theorem 4.2.15 (A3)

Consider the switched DAE (4.1.1) satisfying Assumptions (S1), (S2)
and (A3). Then every consistent solution € (Dpwe=)™ of (4.1.1) is
impulse free and has no jumps, i.e. z[t] = 0 and z(t—) = z(¢t+) for all
t € R or in other words, the distribution z is actually an absolutely
continuous function. -

Proof. Since Assumption (A3) implies Assumption (A2), it already fol-
lows from Theorem 4.2.13 that all solutions of (4.1.1) are impulse free,
hence it remains to show that all solutions have no jumps, i.e. every
solution = € (Dpwee)™ fulfills z(t—) = z(t+) for allt e R. Let 0 € S
be the switching signal of (4.1.1), z € (Dpwee)" an arbitrary solu-
tion of (4.1.1), t € R, ¢q := o(t—) and p := o(¢t+). If p = ¢, then
Corollary 4.2.9 already shows that z(t—) = x(t+), hence it remains
to consider p # ¢. Identically as in the proof of Theorem 4.2.13, it
follows that II;x(t—) = 2(¢t—), hence Assumption (A3) together with
Theorem 4.2.8 yield

0= —-1,)z({t—) = (I —-1L,)z(t—) = z(t—) — z(t+).
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Remark 4.2.16 (Special switching signal)

The proofs of Theorem 4.2.13 and Theorem 4.2.15 reveals that one can
also consider a fixed parameter pair (p,q) € {1,..., N}2. If Assump-
tion (A2) or Assumption (A3) holds only for this pair (p,q), then it
follows that the switch from system (E;, A;) to system (E,, A,) can-
not produce impulses or jumps, respectively. This observation can be
used to prove impulse and jump freeness of solutions of the switched
DAE 4.1.1 even if Assumptions (A2) or (A3) are not fulfilled for all
pairs p,q € {1,..., N} provided more is known about the switching
signal. o

4.2.4 Application to a dual redundant buck converter

Figure 1: Dual redundant buck converter

Consider the dual-redundant buck converter as illustrated in Fig-
ure 1. The purpose of this redundant design is to ensure reliable power
delivery to the load R even in the presence of component faults. The
two fault free configurations are the “ON” configuration, where the
switches SW7 and SWs are closed and the switches SW3 and SW, are
open, and the “OFF” configuration where SW; and SW5 are open and
SWs3 and SWy are closed, in particular, all four switches are synchron-
ized.
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If the converter is properly designed, the switching between the nom-
inal configurations should not cause any impulse in the converter state
variables. This might not be the case in the presence of component
faults. In this regard, a fault in a component will cause a sudden switch
from one of the nominal configurations to a faulty configuration. De-
pending on the nature of the fault, this could induce some of the state
variables to suddenly jump or even experience an impulse. This phe-
nomenon could affect some parts of the converter that were not affected
by the original fault, potentially destroying the design redundancy, and
causing the converter to fail after a single initiating event.

It is now of interest how the circuit behaves in the following fault
scenarios: a) some of the switches get stuck in a fixed position, b) a
short-circuit occurs in C. As common state variables for all configur-
ation choose

x:(’U17’U27UL1;’ULQaUC17sz;’LL177/L25/LSW17ZSW2;’LSW37ZSW47217227201) .

where v1, v are the input voltages, modelled as constant state variables
by %vl =0 = %v27 the variables vr,, vr,, ve,, vo, stand for the
voltages of the inductors and capacitors, ir,, ir,, tSWys 4SWys 4SWas
isw,, ic, are the currents through the switches, inductors and capacitor
(1, finally, 71, i5 are the currents which add up to the current through
the load R.

The following equations hold independently of the position of the
switches:

Ligin, =vL,, i, =isw, +isws,
LQEZIQ = UL,y UL, = USW, T 1SW,
and
7;01 = iLl - ilu Ucl = 'UC2,

d . . . .
Cog;ve, =ipL, —fi2, vo, = R(i1 +12).

If one of the switches is open, then the corresponding current is zero,
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otherwise the following holds

SWi closed: 0 =v1 + Rsw,tsw, + v, +vcy,
SWy closed: 0 =wva + Rsw,isw, + VL, + vc,,
SWi closed: 0= Rsw,isw, + VL, +vcy,
SWy closed: 0= Rsw,isw, + VL, + Vc,,

where it was assumed that the switches are non-ideal, in the sense
that they are behaving as resistors when they are closed, otherwise the
switches are assumed to be ideal.

Finally, if the capacitor C is not short-circuited, the equation ic, =
Ch %Ucl holds, otherwise, vo, = 0 holds.

These equations directly yield 32 matrix pairs (E,, 4,), p=0,...,31.
Let 0 = 1,...,15 denote the configurations where C7 is not short-
circuited and furthermore identify each switching position with a binary
quadruple and the corresponding number, i.e. all switches open corres-
pond to the quadruple (0,0, 0,0) and number 0, only switch STW5 closed
correspond to (0,1,0,0) and the number 4 and all switches closed cor-
respond to (1,1,1,1) and the number 15. For the configurations where
(1 is short-circuited just add 16 to these numbers. The nominal “ON”
configuration is then given by

L 1
Lo 1

Cy 1 -1

(E12,A12) = , 1

C 1
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and the “OFF” configuration is

(E3,A3) =

It is easy to check (e.g. with a short Matlab program) that all matrix
pairs (Eo, Ao), (F1,A1), ..., (E31, As1) are regular by calculating the
polynomials det(sE, — A), p=0,...,31. With the proposed method in
Section 4.2.1, it is not difficult to calculate the consistency projectors as
in Definition 4.2.5 and to check the Assumptions (A1), (A2) or (A3).
As an illustration, the calculations are done for the nominal “ON”

Ly

Cs

C1

Ly

configuration (F12, A12), where [Vig, Wia] =

Ry
Ry
Ry 1
Ry
R Ry
R Ry
-1 -1 —Ry
-1 -1 —Ry
-1 -1 —Ry
-1 -1 —Ry
e el —Cy el R1C1(R+R2)—RaChR
Ci+C;  C14+C2 Ci1+C2  C1+Cs R(C1+C2)
0y -C, 3 -C RyCs(RYR1)—RiCiR
Ci+C; Ci1+C> Ci+C;  Ci+C» R(C1+Cs)
—Cy —Cy —Cy —C Ci1(RR1+RR>+R1R2)
L C14+C: Ci+C; C1+C2  Ci+Cy —R(C1+C3)

and the corresponding consistency projector is

Mo = [Vig, Wia] [£9] [Viz, Wi2] !
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= -
1
e} e;
-1 [ere=en [ere=en —F
-1 —C; —C “R
Ci3ce Ggce 2
(e
T3 C2 C|+Cz
Cy
C1+C2 C]+C2 1
— 1
1
1
0 0 00 0 0 0 0O 00O0O0O0O0TO0
0 0 00 0 0 0 0O 0O0O0O0O0TO0TO
c,? 1 Co Cy —Cy
R(C1+C2)? R(C;+02)2 C1+C> cl+cz
C1Cy —Cy
R(C1+C2)’ R(Cw(‘;) CitCs C|+Cz
e —C1 Cy C C
L R(C14+C3)?  R(C1+C2)? Ci+C:  Ci+C ]

It now follows that F15(I — IIy3) is not the zero matrix hence As-
sumption (A1) is not fulfilled for the nominal “ON” configuration. In
fact, there exists initial values such that the corresponding ITP for
(F12, A12) has impulsive solutions. However, in nominal conditions,
the initial trajectory for the “ON” configuration is not arbitrary but
is given by the “OFF” configuration. The consistence projector II3 for
the “OFF” configuration (F3, A3) is given by

M .
1
—C —C
[omzen ot s
~Ci —Ca —Ry
clglcg 015202
UlglCZ 015202
C1+C> C1+C>
1
H3 = 1
00 00 0 0 0 0 00 0 0O0O0O0
00 00 0 0 0 0 00 0 O0O0O0O 0
1
1
c,? Ci1Cy Cy e
R(C1+C2)? (cl+02)2 Ci+Cs 01+C2
o “c,
R(cf+52)2 R(cl+c2)2 ot (‘1+C
-2 —C1C» Ccy el
L R(C1+C32)?  R(C1+C2)?  Ci+C2  Ci1+C2 |

It turns out that Assumption (A2) is fulfilled for the two nominal
configurations {12,3}, hence arbitrary switching between the “ON”
and “OFF” configurations does not yield impulses in any solutions.
However, Assumption (A3) is not fulfilled, i.e. jumps in certain state
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., 31}, the result of this check is given in the matrix

To check whether and which faulty configurations can induce im-
pulses in the state variables the condition (A2) must be check for each

if, and only if, no impulse can occur at a switch from configuration g

to the “OFF” configuration forces the currents isw, and isw, to zero
to configuration p.

variables cannot be excluded, in fact, it is easy to see, that a switch
immediately.

7 € {0, m}32*32 given in Figure 2, where Z,,, = 0, p,q € {0, ..

pair p,q € {0,..

31

ENEEEEEEEERREEEROOOO000000O0000000O
BO0O00000000000000
BO0O00000000000000
BO00O000000000000030
BO000000000000000
SHNSEEEEEEEEEEEENEEEEENCE(EEEEN
SHENEEEEEEEEEEEEEC000000000000000
NI LL LI I ml (m [ ] ] (m(wl[]]]]
EEEEEEEEEEEEREEROO00000000000000
SENEEEEEEEEEEEEEROO00000000000000
SENEEEEEEEEEEEEEN(OEECCEEEEEEEEEN
SENEEEEEEEEEEEEEN SN EEEEEEEEEN
BOO00000000000000040
| m] |m] | | 1| [m [m] ] ]]]]
| [mim] | /mimf ] ]| ] ||
CENEEEEEEEEEEEEENEEEEEEEEEEEEEER
SO0000000000000000000000000000000
SO0000000000000000000000000000000
SO0000000000000000000000000000000
SO0000000000000000000000000000000
-00000000000000000000000000000000
Sl (ml [ ][ [m [ J1[][u [w []]][m[ul[]]]]
e00000000000000000000000000000000
tgm| |m| | 1 1| |ml [mf ] V|| Imf jmp | |||l ml|}]]/]/]]|
~00000000000000000000000000000004
c00000000000000000000000000000000
wOOEROJOSSEEEEEEEERC NN EEEEEEEEN
~OO0EEOJOSSSSEEEEEN e EEEEEEEEEn
»>00000000000000000000000000000000
olml Im[ ] ||| [ml [ml | ] 1| Iml [ml|]1]]]/;ml}/]/]]
“O0EECOOSSSEEEEEERC O EEEEEEEEn
cONSEEEEEEEEEEEEN EEEEEEEEEEEEEEE

OHNMHINO-NROANNFIDO=0NO
CHANMFOOEVD A A N AN NN QNN G0

27 28 29 30

., (E31, As1), here

O if, and only if, a switch from configuration g to configuration

p cannot produce impulses.

I‘va
Of special interest is row 12 in Z corresponding to the nominal “ON”

configuration, because it can be seen clearly, which faulty configura-
tions might produce impulses in the solution. For example, when a

Figure 2: Impulse matrix Z for the configurations (Ep, Ag), . .
the switches SW; and SW5 are opened first and switches SW3 and

faulty switch back to the “OFF” configuration occurs in the sense that
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SW, are closed with a small delay (i.e. going from configuration 12
to configuration 3 via the faulty configuration 0), then impulses can
occur. On the other hand if in the same situation switches SW3 and
SW, are closed first and switches SW; and SW5 are opened later (i.e.
going from 12 to 3 via 15) no impulses can occur. Furthermore, the
matrix Z reveals that a short cut of the capacitor Cy (i.e. a switch from
some configuration 0, ...,15 to some configuration 16,...,31) can al-
ways produce impulses.

4.3 Stability of switched DAEs

In this section the stability of the switched DAE (4.1.1) will be studied.
As a first step, it is highlighted that for classical DAEs E4 = Ax asymp-
totic stability is equivalent to the existence of a Lyapunov function. For
a switched DAE (4.1.1) where each DAE E,& = A,z,p € {1,...,N}is
asymptotically stable, sufficient conditions in terms of Lyapunov func-
tions are given which ensure that the switched DAE remains stable
under arbitrary switching or under switching with sufficiently large
enough dwell time.

Different to classical ODEs, the so called consistency space and its
corresponding consistency projectors play a fundamental role in the
stability properties of the switched DAE. To illustrate the different
nature of switched DAEs several examples are given after the basic
definitions and before the formulation of the main results.

4.3.1 Lyapunov functions for classical differential algebraic
equations

Consider the classical DAE
Ei = Az, (4.3.1)

where the matrix pair (E, A) € R™*" xR™*™ is regular, i.e. det(Es— A)
is not the zero polynomial. A (classical) solution of (4.3.1) is any
differentiable function z : R — R"™ such that (4.3.1) is fulfilled.

123



4. Switched DAEs

Definition 4.3.1 (Consistency space)
Let the consistency space of (4.3.1) be given by

with 2(0) = 2°

0 ,, | 3 solution x of (4.3.1)
Q(E,A) = z- € R .

It is well known that for regular matrix pairs each solution of (4.3.1)
is uniquely determined by any consistent initial condition x(0) = 2° €
€(g,a). Since (4.3.1) is time invariant, all solutions x evolve within
the consistency space, i.e. x(t) € € 4) for all t € R. Furthermore, if
(4.3.1) is an ordinary differential equation, i.e. E € R™*™ is an invertible
matrix, then &g 4y = R™.

The following lemma gives a nice characterization of the consistency
space in terms of the matrices F, A.

Lemma 4.3.2 ([OD85])

Consider the DAE (4.3.1) with regular matrix pair (E, A) and let V*
be given as in Lemma 4.2.2. Then € 4y = V*. In particular, ker £ N
Q:(E.,A) = {0} m]

A direct consequence of this result is that for the consistency pro-
jector I g 4) as in Definition 4.2.5 the following relation holds:

imH(E)A) = C(E,A)- (4.3.2)

Definition 4.3.3 (Lyapunov function)
Consider the DAE (4.3.1) with regular matrix pair (E, A) and corres-
ponding consistency space € 4y € R™. Assume there exist a positive

definite matrix P = P € C"*" and a matrix Q= QT € C™*"™ which is
positive definite on € 4) such that the generalized Lyapunov equation

ATPE+E"PA=-Q
is fulfilled. Then
V:R" >R, 2+ (Ezx) PEx
is called a Lyapunov function for the DAE (4.3.1). o
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Note that this definition ensures that V' is not increasing along solu-
tions, i.e., for any solution x : R — R™ and all ¢t € R,

LV (x(t) = —=(t) ' Qz(t) <0

and equality only holds for (t) = 0. Furthermore, the property ker EN
€(g,4) = {0} ensures that V' is positive definite on €(g 4.

With some abuse of terminology, the DAE (4.3.1) is called asymp-
totically stable if, and only if, z(t) — 0 as ¢ — oo for all solutions x
of (4.3.1). Note that attractivity of the zero solution already implies
attractivity and stability in the sense of Lyapunov for all solutions of
(4.3.1), [Ber08]. The following theorem shows the equivalence between
asymptotic stability of (4.3.1) and the existence of a Lyapunov func-
tion.

Theorem 4.3.4 ([OD85, Ber08])

The DAE (4.3.1) with regular matrix pair (E,A) is asymptotically
stable if, and only if, there exists a Lyapunov function V : R" — R_
for (4.3.1). o

Remark 4.3.5

The above definition of a Lyapunov function might seem unsatisfact-
ory because it is not clear how the definition can be generalized to
switched DAEs (4.1.1) or non-linear differential algebraic equations.
One can say that Definition 4.3.3 is just a “sufficient” definition. Fur-
thermore, a “common Lyapunov function” will be constructed in the
proof of Theorem 4.3.9, but it will not precisely be defined what a
Lyapunov function for (4.1.1) is. It should be possible to formulate a
more general definition of a Lyapunov function for (switched) DAEs
and similar results as formulated in the next section will hold, but it
would get more technical without adding more insight. o

Remark 4.3.6

Assume the invertible matrices S,T € R"*™ put the regular matrix
pair (E, A) into a Quasi Weierstraf} form (4.2.1). It is then easy to
see that the classical DAE (4.3.1) is asymptotically stable if, and only
if, the underlying ODE © = Jv is asymptotically stable, in fact, all

solutions of (4.3.1) are given by x(¢t) = T (elgvo), teR, v e R™,
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n1 € N. Hence knowledge of the underlying ODE & = Jx and the first
n1 columns of T' are sufficient to know everything about the solutions
of the classical DAE (4.3.1) and, in particular, its stability properties.q

4.3.2 Switched DAEs: motivating examples

For switched ODEs there exist several well known examples of destabil-
izing switching. Of course, these are also destabilizing examples for
switched DAEs (because every ODE is a special DAE), but in the fol-
lowing, examples are given which are specific to switched DAEs. For
the examples, a switching signal o : R — {1, 2} with a constant interval
At > 0 between switching times as illustrated in Figure 3 is considered.

o(t)

2At

At

Figure 3: Switching signal o : R — {1, 2} with constant interval At > 0 between
switches.

Example la

Let
e (1 1)
e ()

The solutions of the corresponding switched DAE (4.1.1) are shown in
Figure 4.
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T2 T2 T2

n N .
. RS \x/
-\-->—--V ___‘_‘__’,_
. Y R
-y .
k\ v \"R/

Tl z x

Figure 4: Solutions for Example 1 for different switching signals (dashed lines
mean jumps induced by the switching), left: At < %ln 2, all non-

trivial solutions grow unbounded; middle: At = %ln 2, all solutions
are periodic on [0, 00); right: At > % In 2, all solution tend to zero.

For small enough At all solutions grow unboundedly and for large
enough At the solutions converge to zero. Furthermore, there exists a
value of At for which all solutions are periodic.

The consistency spaces €, := &g, a,), p = 1,2 are given by

€1:im |}:|7 ngim |:(1):|

Furthermore, the matrices Ty := [V;, W;] and Ty := [V, Wy] as in

Theorem 4.2.4 are
1 1 0 1
r=[i o] m=[i

and the corresponding consistency projectors are

0 1 00
mefo o] e
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Note that
1 0 -1 0
(ElTlaAlTQ) = <|:O O:| ’ |: 0 1:|) = (E2T27A2T2)7

hence both DAEs are governed by the same underlying scalar ODE
4y = —y; in particular, both DAEs are asymptotically stable.
Furthermore, it is easy to see that
V:RQHRZO, T x
restricted to the corresponding consistency space is a Lyapunov func-
tion for both subsystems. In spite of this, the switched system is not
stable under arbitrary switching.

Example 1b
Let

man=( [0 )
ean=([o 3o )

The matrix pair (Fj, A1) is the same as in Example la and for the
matrix pair (Es, A3) the consistency space is the same as in Example
la, furthermore the matrix Vo = [?] is the same as in Example 1a.

In view of Remark 4.3.6 it therefore follows that the DAEs E,& =
Apx, p =1,2, from Example la and 1b have exactly the same solutions.

Nevertheless, the corresponding switched DAEs (4.1.1) are not identi-
cal, in fact, they even have opposite stability properties: It was already
shown that for Example la any switching signal ¢ as in Figure 3 with
sufficiently small At destabilizes the switched DAE (4.1.1), on the other
hand it is easy to see that the switched DAE 4.1.1 for Example 1b re-
mains asymptotically stable for arbitrary switching, see Figure 5 where
the different consistency projectors are illustrated. The consistency
projector for (Fs, As) is given by

0 0
m= .
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T2

Figure 5:

Left: Example la,

€2

&

Right:

(4.1.1) remains asymptotically stable.

Example 2
Let
(1 0 0] [-1
(E1, Ay) = 0 1 0], %77
0 0 1] [0
(0 4 0] [—4n
(Ea, Ag) = 1 0 0f,[| -1
0 0 0 | -1
The consistency spaces are
0
¢, =R3 ¢y=im|1
1

and the matrices T and T» (as in Definition 4.

10 0 0
o, =1
1 1

T, = |0
0

1
0

4
0
1

2.
4
0
1

€

Different jumping behaviour (dashed lines) for Examples la and 1b.
Example 1b, clearly, the switched DAE

5) are
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With S, = i[ the underlying two dimensional ODE of subsystem 2 is
given by
-1 A

Selecting At = 1/4 together with a suitable initial condition ensures
that the switching only occurs at that moment when the solution is
located in the intersection of the consistency spaces (i.e. in €3). Hence
the solution of the switched DAE exhibits no jumps. The asymptot-
ically stable solutions of the unswitched DAEs are shown in the left
part of Figure 6 and the unstable solutions of the switched DAE are
illustrated in the right part of Figure 6.

T3 €3

7

x T

Figure 6: Solutions for the Example 2. Left: Without switching, red: solution
of subsystem 1, a three dimensional spiral converging to zero, blue:
solution of subsystem 2, a two dimensional spiral converging to zero,
Right: with switching, the solutions grow unbounded and exhibit no
jumps.

This example illustrates that even in the absence of jumps it is not
enough to just study the intersection of the consistency spaces, the
unstable behaviour of the switched DAE is basically induced by the
solution behaviour of the first subsystem outside the intersection of the
consistency spaces. However, there does not exists Lyapunov functions
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V1 and V5 for the two subsystems such that V3 and V5 coincide on the
intersection of the consistency spaces, because this would imply that
all jump free solutions converge to zero (see Corollary 4.3.11).

Example 3
Let
1 0 0] [-1 27 0
(F1, A1) = 01 0],[-2r -1 O ,
0 0 0] | O 0 1
[0 1 0] [4r -1 d4rm
(Fa, Ag) = 1 0 1f{,|-1 = -1
10 0 0] |1 0 0
The consistency spaces are
1 0 0 0
C=im |0 1|, &€ =im |1 O
0 0 0 1

and the matrices T and Ty (as in Definition 4.2.5) are
0 00 1
o, m=1[1 0 o0
1 01 -1

o~ O

1

T = |0

0

The corresponding consistency projectors are then given by
1 00 0 0 O
Ih,=10 1 0, II,=|0 1 0
0 0 0 1 0 1

The underlying ODE for the first DAE can be read off directly from
the matrix pair (F1, A1), the underlying ODE for the second DAE is

given by
. | =1 4nm
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T3
T2

T

Figure 7: Solutions for the Example 3. Left: Solutions of the individual subsys-
tems, Right: Solutions of the switched system (dashed lines are jumps
induced by the switches), the solutions grow unbounded.

The solutions of the unswitched subsystems are illustrated in the left
part of Figure 7.

For At = 1/2 and an initial value at ¢ = 0 which is located on the x4
axis, the switching does not induce jumps and all solutions converge to
zero. However, the choice At = 1/4 induces jumps and destabilizes the
system, see the right part of Figure 7.

Note that V(z) = 2" is a common Lyapunov function on the in-
tersection of the consistency spaces. Hence, this example shows that
the existence of a common Lyapunov function on the intersection of
the consistency space is not sufficient for stability of the switched DAE
(4.1.1) under arbitrary switching.

4.3.3 Sufficient conditions for stability of switched DAEs

Definition 4.3.7 (Asymptotic stability)

The switched DAE (4.1.1) is called asymptotically stable if, and only if,
all distributional solutions are impulse free and each solution zp given
by : R — R” fulfills 2(t) — 0 as t — oo. o

What is the relationship of this definition to the classical definition
of asymptotic stability (attractivity and stability in the sense of Lya-
punov)?
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First observe that the impulse freeness assumption is motivated by
the stability property, because impulses can be interpreted as peaks
with an unbounded height. If there exists a solution with an impulse,
then one can scale this solution such that x(0—) gets arbitrarily small,
nevertheless, the impulse will remain in the solution, i.e. the solution
cannot be interpreted as stable in the classical sense.

Furthermore, linearity implies that it suffices to study the stability
properties of the zero solution and the following proposition shows that
attractivity of the zero solution implies stability of the zero solution,
hence Definition 4.3.7 is justified.

Proposition 4.3.8 (Attractivity implies stability)

Consider the switched DAE (4.1.1) satisfying Assumptions (S1) and
(S2). Assume that all solutions of (4.1.1) are impulse free and tend to
zero for t — co. Then for all € > 0, tyg € R and all switching signals o
there exists 6 = 6(g, tg, o) > 0 such that the following implication holds

x solves (4.1.1) A ||lz(0=)||<d = Vt>to: |z(t+)| <e,

where || - || : R" — R is some norm. o

Proof. For tg € R let
¢, = { 2° € R" | I solution z of (4.1.1) with z(to—) = 2" },

then it is obvious that €, is a linear subspace of R™ with some dimen-
sion d < n. If d = 0, then nothing is to show, because in this case
Theorem 3.5.2 implies that any solution of(4.1.1) is identical to the
trivial solution on the interval [tg, 00).

Hence assume d > 0 and choose a basis by,bs,...,bs € R" of & .
From Theorem 3.5.2 it follows that there exist unique solutions z', 22,
oy 2% € (Dpye=)™ of the switched DAE (4.1.1) such that 2% (tp—) = b,
1=1,...,d, and, by assumption, they all converge to zero for { — cc.

Furthermore, every solution x of (4.1.1) can be written as a unique
linear combination of z!,...,z% By assumption each solution is im-
pulse free, hence 2* can be represented by a piecewise-smooth function
and, by convergence to zero, z* is bounded on [ty, 00) for alli = 1,...,d.
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Hence there exists M; > 0 such that ||z%(t+)|| < M; for all t > to and
i=1,....d

For b € €, there exist unique o, ...,aq € R such that b =", a;b;,
furthermore, the corresponding mapping b — «a; =: «;(b) is linear and
not identically zero, hence there exists @; > 0 such that

s (b)| < @||bl| for allie {1,...,d}.

Now choose -

S @M,

then for every solution x of (4.1.1) with ||z(tp — || < J it follows for all
t>to

5:

)

|z (t+)]

d d
Z Ht+) SZa —

In addition to the standard assumptions (S1) and (S2) from Sec-
tion 4.1, throughout this section the Assumption (A2) from Section 4.2.3
is assumed. This ensures that all (consistent) solutions of the switched
DAE (4.1.1) are uniquely determined by their past and have no im-
pulses, therefore, all distributional solutions correspond to piecewise-
smooth functions.

To simplify the notation in this section, all distributional solutions
will be identified with the corresponding piecewise-smooth function.

But it is important to keep in mind that only the distributional
framework as introduced in the previous sections allows to speak of
solutions of the switched DAE (4.1.1), in fact, even in the absence of
impulses in the solution z, there may be impulses in &, hence (4.1.1)
makes no sense without the distributional framework.

qed

Theorem 4.3.9 (Stability under arbitrary switching)

Consider the switched DAE (4.1.1) satisfying Assumptions (S1), (S2)
and (A2). Let IT, :=Il(g, 4,) € R"*" and €, := imII, be the consist-
ency projectors and spaces corresponding to the matrix pairs (E,, 4,)
as in Definition 4.2.5. Assume the classical DAE E,& = A,z is, for
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every p = 1,..., N, asymptotically stable with Lyapunov function
Vp R = R, If

Vp,ge{l,..., N} Ve e, : V,(Il,z) < V,(x), (4.3.3)

then the switched DAE (4.1.1) is asymptotically stable for every switch-
ing signal. o

Proof. Theorem 4.2.13 already shows that all (distributional) solutions
of (4.1.1) are impulse free, hence it remains to show the convergence
to zero.

Step 1: Definition of a common Lyapunov function candidate.
If z € ¢, N ¢, for some p,q € {1,..., N}, then x = I,z = I, hence
(4.3.3) implies V,(z) = V,(z), therefore

VIR” —>R, T — Vp(x)a T e QtP’
0, otherwise

is well defined.

Step 2: V(z(t)) — 0 as t — oo.
For p € {1,...,N}, let P,,Q, € C™™ be the matrices as in Defini-
tion 4.3.3 corresponding to the DAE E,& = A,z. Let furthermore

— a2t Qur g
Ap = xercril\l%{o} V(@) = ;Iellgi z Qpr >0,
Vp(z)=1

where positivity follows from positive definiteness of V,, and @, on &,.
Consider a solution z : R — R™ of (4.1.1), then from Lemma 4.2.6
it follows that on each open interval (s,¢) which does not contain a
switching time of ¢ the function x is smooth and a local solution of
E,i = Ayx, where p = o(7), 7 € (s,t). From z(r) € €, for all

€ (s,t) it follows that V(z(7)) = V,(«(7)) for all T € (s,t) and

AV, (a(1)) = 2(1) T Qpa(r) < — AV (a(7)).
Let t € R be a jump of o, then z(t) = I, ;)z(t—) and z(t—) € €y,
hence, by (4.3.3),

V(@(t)) = Vo (2(1) = Voo (Moma(t-))
< Voo (2(t=)) = V(a(t-))
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For A := miny, A, it therefore follows
Vi tg € Rwith t >to:  V(z(t)) < e M0V (2(ty)),

which implies that V (z(t)) — 0 for all solutions z of (4.1.1).
Step 3: Solutions tend to zero.

Seeking a contradiction, assume x(f) # 0. Then there exists ¢ >
0 and a sequence (s;)iey € RY with s; — 00 as i — oo such that
|z(s;)|| > e for all i € N. There is at least one p € {1,..., N} such that
the set {7 €N | o(s;) =p } has infinitely many elements, therefore
assume that o(s;) = p for some p and all ¢ € N. Then z(s;) € €, \
{€e, ||&]| <e } for all i € N and since V,, is positive definite on
¢, there exists § > 0 such that V(x(s;)) > 6 for all i € N. This is
a contradiction to V(z(t)) — 0 as t — oco. Therefore z(t) — 0 as
t — o0. qed

Remark 4.3.10 (Alternative condition)
Condition (4.3.3) is equivalent to the condition

Vp,ge{l,...,N} Ve e R":  V,(I[,II,z) < V (Il x)
which might be easier to check. o

Condition (4.3.3) implies that any two Lyapunov functions V,, and
Vg coincide on the intersection €, N €,, hence Theorem 4.3.9 is a gen-
eralization of the switched ODE case where the existence of a com-
mon Lyapunov function is sufficient to ensure stability under arbitrary
switching. However, the existence of a common Lyapunov function is
not enough in the DAE case, as becomes clear from Example la in
Section 4.3.2. Under arbitrary switching, solutions will in general ex-
hibit jumps; these jumps are described by the consistency projectors,
and these projectors must “fit together” with the Lyapunov functions
in the sense of (4.3.3) to ensure stability of the switched DAE under
arbitrary switching.

In Example 1b the projectors do not fit together with the Lyapunov
function V(x) = 2"z, but for the common Lyapunov function

V(w1,22) = 21% — 2172 + 227
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the condition (4.3.3) is fulfilled.

If one assumes that the switching signal is chosen in such a way that
no jumps occur, then the conditions on the consistency projectors are
not needed and the following corollary holds.

Corollary 4.3.11

Consider the switched DAE (4.1.1) satisfying (S1), (S2), (A2) and as-
sume each DAE E,z = Ay,z, p = 1,..., N, is asymptotically stable
with Lyapunov function V,, and consistency spaces €,. Let, for to € R
and z° € R",

o fulfills (A1) and 3 solution
Vite,z0) =9 0 :R—={1,...,N} | of (4.1.1) with z(to) = z°

and z has no jumps

If
Vp,gq=1,...,NVx e €,NE&,: Vy(x)="V,(x), (4.3.4)

then, for o € X, 40), 2° € R™, all solutions z of (4.1.1) with z(t¢) =
20 € R? converge to zero as t — 0. o

Note that actually it is not necessary to impose Assumptions (S1),
(S2) and (A2) explicitly in the above corollary: (S1) is already induced
by the definition of X, 40y, (S2) follows from the assumption that
each DAE E,i = Ap,x is asymptotically stable [Ber08], and (A2) is not
needed any more, because the assumption that no jumps occur also
implies that no impulses can occur, see Remark 4.2.12.

Example 3 from Section 4.3.2 fulfills the assumptions of Corollary
4.3.11, hence if no jumps occur all solutions tend to zero. In fact, the
corresponding Lyapunov functions are

Vi(z) = 212 4 22,
VQ(Z‘) = l‘22 + 4.1332,

which clearly coincide on the intersection €; N &€, which is the zs-axis.
For every 2° = (29,29,29)7 € R™ with 2§ # 0 and 2§ # 0 it follows
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that 20 ¢ €; U €5 hence no jump free solution with z(to) = 2 exists,

Le. Y00y = 0. If 2° € €; or 2% € €y, then there clearly exists a
unique minimal 7, .y such that any solution x with x(to) = 20 fulfills
x(to + T(to,a:U)) € ¢ Ne&y and

V switching times t of 0 Ik € Z :
Y(to,e)=93 0 :R—{1,...,N} )

t =1ty + T(to,z0) + %

In contrast to this, in Example la and 1b the condition (4.3.4) is
trivially fulfilled because €;N€y = {0}, but only the constant switching
signals yield non-jumping non-trivial solutions, i.e. the set ¥, oy is
practically always empty. Hence Corollary 4.3.11 is not very useful in
this case. For Example 2 it is not possible to find Lyapunov functions
for both subsystems such that condition (4.3.4) is fulfilled.

For switched ODEs it is well known that switching between stable
subsystems always yields a stable system provided the so-called dwell
time is large enough. Consider therefore the following set of switching
signals parametrized by a dwell time 74 > 0:

tig1 — 1 > 7q

V switching times t; e R,i € Z :
Yi:=¢o0:R—-{1,...,N} .

Theorem 4.3.12 (Large dwell time ensures stability)

Consider the switched DAE (4.1.1) satisfying (S1), (S2), (A2) and as-
sume that each DAE E,& = A,z,p=1,..., N, is asymptotically stable
with Lyapunov functions V,, and corresponding matrices @, € C"*™.

Let "
A:=min min T Qpr
p zee,\{0} Vp(z)

Let © > 1 be such that
Vp,g=1,...,NVzx e €;: V,(I,z) < uV,(z). (4.3.5)

Then the switched DAE (4.1.1) with o € ¥ is asymptotically stable

whenever
S Inp
T, —_—
7N
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a

Proof. First note that all solutions of (4.1.1) are impulse free by The-
orem 4.2.13. Fix a solution x € R — R”™ of (4.1.1) with a fixed switch-
ing signal o € ¥7. If ¢ has only finitely many switching times, then
asymptotic stability of (4.1.1) is obvious, therefore assume that the set
of switching times { t; € R | i € Z } of o is infinite.

Let v:R—=R_, t = Vo (m(t)) and 0 < € :=714 — ln—“ Then as in
the proof of Theorem 4.3.9 it follows that

U(ti+1_) < e_)‘(tiJrl_ti)rU(ti) <

Furthermore, condition (4.3.5) yields
0(ti) = Voo, Moz (ti—)) < uVou,—) (x(ti—)) = po(ti—).
All together this yields for all i € Z,
(tip1—) < e u(ti—)

hence v(t;—) — 0 as i — co. Since v(t) < e *ty(t;) < pv(t;—) for
all t € [t;,ti11), © € Z, it also follows that v( ) —0ast— oco. Asin
the proof of Theorem 4.3.9 it now follows that z(¢) — 0 as t — 0. [qeq]

Remark 4.3.13 (Large enough dwell time always possible)
Since each Lyapunov function V;, ¢ € {1,..., N}, is a quadratic func-
tion which is positive definite on €4, it follows that for all p,q €

{1,...,N}
Vo (1)
= i —_— Y = i V H > O,
10 = By V) et )

hence (4.3.5) is always fulfilled for p > maxg, ptqp. Therefore, The-
orem 4.3.12 states that switching between asymptotically stable subsys-
tems yields asymptotic stability provided the dwell time of the switch-
ing signal is large enough. o

For Example la from Section 4.3.2, condition (4.3.5) is fulfilled for
the (common) Lyapunov function x — V(z) = 2"z with A = 2 and
@ = 2. Hence for dwell times larger than %an the switched system
(4.1.1) is asymptotically stable, see also Figure 4.
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5 Controllability and observability for
distributional DAEs

5.1 Controllability

For classical DAEs there exist the two concepts of controllability: R-
controllability and impulse controllability which in some sense are com-
plementary [Dai89]. While R-controllability considers the reachability
of any consistent state in some finite time, impulse-controllability is
related to the reachability of certain impulsive parts. The latter con-
trollability is based on instantaneous control, i.e. the value of the input
and its derivatives (9 (t4), i € N, determines the impulsive part z[t].
Although R-controllability is not defined as instantaneous control, it is
well known that the “control interval” can be chosen arbitrarily small.
In the limit, an instantaneous control results which is impulsive, so it
is natural to generalize R-controllability as the ability to choose w][t]
such that all consistent values and derivatives 2(?)(t+), i € N, can be
reached. Since this controls the jump from 2 (t—) to 2(9) (t+) the term
“jump-controllability” will be used in the following.

For classical time-varying systems, controllability and reachability
are two different concept, in the first concept the control is applied in
the future, while in the second concept the control is applied in the past.
However, by shrinking the control-interval to length zero both concepts
get indistinguishable. The same arguments yield that the two different
concepts initial observability and final observability get conceptually
identically when the observed interval shrinks to length zero.

For notational convenience let, for D € Dy ¢~ and ¢t € R,

DY (t+) := (D(t+), D'(t+),..., DD (t+),...) € RN,

i.e. D) (t+) is the sequence of all right-sided derivatives.

Definition 5.1.1 (Jump- and impulse-controllability)
Consider a distributional DAE with an input

Ei = Az + Bu (5.1.1)
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where B, A € (Dpwes)™*", B € (Dpwee)"*?, m,n,p € N. Let

BE"E’A’B) be the set of all ITP solutions of (5.1.1) with initial time
to € R, i.e.
BEOEA,B) = { (x,u) € (]DprOC)n+p | (Ej:)[to,oo) = (Al‘ + BU)[to,oo) },

then (5.1.1) is called jump-controllable at to € R if, and only if,

V(xo,uo), (ml,ul) € BEOE’AB) Az, u) € BEOE,A,B) :

(2, 1) (—oorte) = (2°,4°) (—oo,te) A (z,u) P (to+) = (&, uh) ) (to+).
The distributional DAE (5.1.1) is called impulse-controllable at to € R
if, and only if,

V(20 u0), (2!, ut) € BEUE’A’B) Iz, u) € BE"E’A’B) :

(2,1) (—o0,t0) = (xo,uo)(_ooﬁto) A (z,u)[to] = (', ul)[to]. o
Remark 5.1.2 (Distributional behaviours)
For the definition of jump- and impulse-controllability, it is not assumed

that the matrix pair (F,A) in (5.1.1) is DAE-regular. In fact, the
definition can be easily generalized to distributional behaviours

B={we Dpwc=)? | R(E)(w)=0 },

where R(0) € (Dpwee)"*9]0] is a matrix polynomial, and the corres-
ponding initial trajectory distributional behaviour

Biy = { w € Dpue=)" | R(F) (@)oo =0 }-

The generalization of the behavioural approach as introduced by Willems
(see e.g. [Wil07] for an survey) to distributional behaviours seems an
interesting research topic, in particular for the study of DAEs which
are not DAE-regular. o

Let f to - Dpweee — Dpwee be the antiderivative operator as in Pro-
position 2.1.18, then

olto] = wlty) & VieN.,: ((/O)iz))(to—i—):((/O>iw>(to—|—),
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hence jump- and impulse-observability are complementary in the fol-
lowing sense: jump-controllability is defined as the ability to match all
derivatives of any trajectories while impulse-controllability is defined
to match all antiderivatives of any trajectory.

The next proposition shows that it suffices to consider “controllability
to zero”.

Proposition 5.1.3 (Controllability to zero)
The distributional DAE (5.1.1) is jump-controllable at ¢ty € R if, and
only if|
V(2% u0) € BE%,AB) A(z,u) € BEOE’A)B) :
(x’u)(*oo,to) = (3707“0)(*00’750) N (m7u>(*)(t0+) =0 (5.1.2)

and (5.1.1) is impulse-controllable at ¢y if, and only if,

V(z,u)’ € By, 3(z,u) € Bé"E,A’B) :

(7, 1) (—o0,t0) = (a:o,uo)(,oo’to) A (z,u)[to] =0. (5.1.3)

[m]

Proof. For notational convenience write w := (z, u).
Let (5.1.1) be controllable at ¢t and let w® € BE% A,p be arbitrary.
For w! := 2u° € BI(E?‘E,AyB) and w? := w’ choose W € BEOE,A,B) such

that E(,Oo’tot) = w00 1) and W (tg+) = (w?)*)(to+). Then w :=
w—w’ € B(OE7A,B) fulfills W(—oo,ty) = (w1 — wo)(,oo’to) = wo(,oo’to)
and w™*) (to+) = (w? — w®)*)(tp+) = 0. Hence “jump-controllability
to zero” is shown.

Assume now that (5.1.2) holds and let w!, w? € BEOE7A,B) be arbitrary.
For w® := w! —w? choose W € BEOE,A,B) such that W 1) = wo(,oo,to)

and W™ (to+) = 0. Then w := W+ w? € BEOE,A’B) fulfills w(ao,t) =
(@ + w)(cootg) = W (—ooy) and w(tot) = (@ + w?) P (to+) =
(w?)™) (to+), hence (5.1.1) is controllable at to.

An analogous argumentation shows that (5.1.1) is impulse-controlla-
ble if, and only if, (5.1.3) holds. ged
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The following results show that the above defined controllability con-
cepts generalize the well known controllability concepts of classical reg-
ular DAEs EFx = Ax + Bu with constant matrices £, A € R™*" and
B e R»*m™,

Proposition 5.1.4 (Generalization of classical controllability)
For A € R™™"™ B € R"™ ™, ty € R and a nilpotent matrix N € R"*"
the following holds.

(i) The (distributional) ODE & = Ax + Bu is jump-controllable (at
any tg) if, and only if, rk[B, AB, ..., A" ' B] = n, i.e. the classical
ODE & = Az + Bu is controllable [Kal60].

(ii) The (distributional) ODE & = Ax + Bu is always impulse-con-
trollable.

(iii) The (distributional) pure DAE Ni = z 4+ Bu is always jump-
controllable.

(iv) The (distributional) pure DAE N& = z+ Bu is impulse-controlla-
ble (at any to) if, and only if, im N = im[NB, N?B,..., N""1B],
i.e. the classical pure DAE Ni = x + Bu is impulse controllable
in the classical sense ([Cob84, Dai89)]). o

Proof. In the following, the characterizations (5.1.2) and (5.1.3) will be
used.

First observe that in all cases the condition (z°,u°%) € BZ%’A’B) puts

no restriction on (2°,u")_ s 4,) because the matrix pairs (I, A) and

(N, I) are DAE-regular.

(i) For each 2° € (Dpwee)™ and u € (Dpyee)™ there exists a unique
solution = € (Dpwee)™ of the corresponding ITP. In particular,
by evaluating the impulsive part of the equation £ = Az + Bu at
tOv

(z(to+) — 2°(to—))d¢, + x[to)’ = Az[to] + Bulto].

The ansatz xz[tg] = Zf:o a6y, and ultg] = Zé‘:o ;6;, for some
k,l € R with k < and aq,...,ar € R™, By,...,3 € R™ yields
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zlto]) = Zz o @i0; 1" and therefore

0o+ x(tot) — 2°(to—) = Aag + Bl

Ot : ap = Aay + Bp
(Slg(]j) : Ap—1 = Aak _|_ Bﬁk
(5£k:+1) : ap = BBri1
AR Y 0= BBys2=...= B,

If # = Az + Bu is jump-controllable, then there exists k € N and
B0, -+, Br+1 such that z(to+) = 0 and

Bo
—2%(tp—) = [B, AB,..., A" B] ﬂ,l
61:.—&-1

Since 2°(tp—) € R™ can be arbitrary, jump-controllability im-
plies that there exists k € N such that rk[B, AB, ..., A¥*1B] =
n, by the Cayley-Hamilton-Theorem the latter is equivalent to
tk[B,AB,..., A" 1B] = n.

If tk[B, AB, ..., A" B] = n, then u[tg] can be chosen such that
the above ansatz yields (z(to+) — 2°(tg—)) = —z°(to—) which
implies x(tg+) = 0. Furthermore, (3.3.4) together with u, o) =
0 implies that z(¢, ) = 0 and, in particular, 2 (tg+) = 0 for all
i € N, hence By 4 p) is jump-controllable.

(ii) It must be shown that for every input u € (Dpweee)™ with ufty] =
0, to € R, the solution z € (Dpyeo)™ of the ITP & = Ax+Bu with
arbitrary initial trajectory 29 € (Dpwce)™ and initial time to € R
fulfills x[tg] = 0. Making again the ansatz x[tg] = Zf:o ai(S,g:))
for some k € N and ap, ..., ar € R™, the equation &[tg] = (Az +
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(iii)

(iv)

Bu)tg] implies

22(tg+) —2%(to—) = Aag, g = Aay, ..., ax_1 = Aag, o =0,
hence 0 = a = ap—1 = ... = a1 = ay, i.e. z[ty] = 0.

In Lemma 4.2.6 it was already shown that the local solution of

Ni = x + Bu on (tg,00) with ug, ) = 0 fulfills 2¢;, o) = 0,
hence (5.1.2) holds.

Let 2° € (Dpwe=)™ be some arbitrary initial trajectory and let
u € (Dpwee)™ be some input with uftg] = 0. By Corollary 3.4.4
the unique solution of the corresponding ITP is explicitly given
by

n—1
r=- Z(N[tovoo)%))z(Bu(to,OO) - x(()—oo,to))'
i=0
First observe that, fori =1,...,n— 1,

(Nito,00) )" (BU(tg,00) = T(—cc,t0))
i—1
+NBY ult e

Jj=0

= N'2%(ty—)6\ " + N Bul?

i
(tO 700)
hence

n—1 n—2
zlto) = = Y N [ 2%(to—) + Y N BuD(to+) | o5V
i=1 =0

A necessary condition for z[tg] = 0 is that at least the coefficient
of d;, is zero, i.e.
n—2
Vzg € R™ Jug, ..., Up_o € R™: O:Nxo+NZNjuj,
§=0
or, in other words, im N = im[NB, N?B,...,N""1B].
This condition is also sufficient for impulse controllability because
choosing u such that u?)(tg+) = u; as above yields x[to] = 0.
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Corollary 5.1.5

The classical DAE Ei = Az + Bu with regular matrix pair (E, A) €
R™*™ x R"*™ and B € R"*™ is R-controllable (in the sense of [Dai89])
if, and only if, the corresponding distributional DAE 5.1.1 is jump-
controllable (at any tg € R); it is impulse controllable (in the sense of
[Dai89] or [Cob&4]) if, and only if, (5.1.1) is impulse-controllable (at
any tog € R). o

Proof. Clearly, Bt = Ax + Bu is jump- or impulse-controllable if, and
only if, SET%® = SATxz + SBu for some constant invertible matri-
ces S,T € R™™ is jump- or impulse-controllable, respectively. Now
the claim follows immediately from [Dai89, Thm. 2-2.2] and [Dai89,
Thm. 2-2.3] e

5.2 Observability

Consider now (5.1.1) with an output, i.e.

Ei = Az + Bu,

5.2.1
y = Cx + Du, ( )

where C' € (Dpweoe)?*™ and D € (Dpyes )P, g € N.

Both, the input and the output, can be viewed as external signals
while the variable x is an internal signal. It is an important property
of a system as to whether it is possible to deduce the internal signals
from the knowledge of the external signals.

For classical linear ODEs, observability is defined just in this way
where it is assumed that the external signals are known on some inter-
val. It is well known that for this definition of observability the length of
the “observed” interval can be arbitrarily small, therefore, analogously
as in the controllability definition, it is natural to only consider the fam-
ily of all derivatives of the external signal at some time ¢y, and check
whether it is possible to deduce the internal signals from this informa-
tion, this motivates the forthcoming definition of “jump-observability”.
For distributional DAEs the external and internal signals also exhibit
impulsive parts, the observability of those parts is captured by the
definition of “impulse-observability”.
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Definition 5.2.1 (Jump-observability and impulse-observability)
For (5.2.1) and tg € R let

(E2)ty,00) = (AZ 4+ Bu)[1y,00) }

Bto = (x,u,y) € (]D) WCOO)
(EABeD) { ’ Ylto,00) = (C + D) ty,00)

The distributional DAE (5.2.1) is called jump-observable at tq if, and
only if,

v(l'ovuo,yo), (Il,ula yl) € BEOEyAvB,cyD) :
W, ") H (to+) = (W, y") Do) = @)W (te+) = (1) (to+).

The distributional DAE (5.2.1) is called impulse-observable at t, if, and
only if|

V(»TO»UO»ZJO)» (xlvulayl) € BEOE,A,B,C,D) :

(u®,y)to] = (u',y")[te] = a°[to] = z'[to]. ©

Remark 5.2.2 (The feed-through term Du)

The feed-through term Duw in (5.2.1) is in most situation not needed
explicitly because it can be incorporated into the system by adding an
additional state variable z and the algebraic condition 0 = z — Du and
rewriting the output equation as y = [C, I](z/z). If D[] = 0, then it is
easy to see that this will not change the observability and controllability
properties. In the general case, i.e. D[tg] # 0 for some ¢ty € R, the
impulse-controllability-property might be changed, because then it is
possible that z[tg] # 0 independently of u*) (ty+) and although u[tg] =
0. o

Remark 5.2.3 (Distributional behaviours)

Remark 5.1.2 for distributional behaviours also applies for the observ-
ability definition. However there is a significant difference: (jump-
or impulse-)controllability is a property of the behaviour itself, it is
not necessary to explicitly define an input, whilst for observability
it is necessary to first define “external signals” from which the in-
ternal signals should be observed. Formally, for a given behaviour

148



S. Trenn: Distributional DAEs

B = ker R(%) C (Dpweee)? as in Remark 5.1.2 let the “external beha-
viour” be given as

Bext = { v € (Dpwe=)™ | IweB: v= M($)(w) }
= M(%)B - (Dpwc"")mv

where M(0) € (Dpyweee [5‘])qu is some polynomial matrix.

For a distributional DAE (5.2.1) let the behaviour B be the set of all
trajectories (x,u), then the corresponding external behaviour consists
of all trajectories (u,y), i.e. Bexe = [ 5] B. o

Similar as for controllability it is first shown that observability is
characterized by observability of zero.

Proposition 5.2.4 (Observability of zero)
The distributional DAE (5.2.1) is impulse-observable at ¢y if, and only
if,

V(z,u,y) € BZOE’A’B,C’D) : (u,y)(*)(to+) =0 = x(*)(to—i—) =0.
(5.2.2)
The distributional DAE (5.2.1) is impulse-observable at tg if, and only
if,

V(z,u,y) € Bf%,A,B,C,D) ¢ (u,y)[te) =0 = wlteg] =0.  (5.2.3)

(]

Proof. Tf (5.2.1) is jump-observable (or impulse-observable) at ¢y the
property (5.2.2) (or (5.2.3)) follows easily by considering (z!,u!,y!) =
0. For the converse just consider the difference (20 — zt, u® — ut, y° —

yh). o

For the next results, classical DAEs with inputs and outputs are
considered:

FEi = Az + Bu,
y = Cu,
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where E; A € R™ ™ are such that the matrix pair (E,A) is regular,
B € R™™ and C € R**". As mentioned in Remark 5.2.2 it is not a
restriction of the general case to set D = 0 in (5.2.1) for the constant
coefficient case.

Proposition 5.2.5 (Generalization of classical observability)

For A € R™*" B € R™™™ (C € R**" t; € R and a nilpotent matrix
N € R™*™ the following holds.

(i) The (distributional) ODE & = Az + Bu, y = Cz, is jump-
observable (at any o) if, and only if, tk[C/CA/--- JCA" 1] = n,
i.e. the classical ODE & = Ax+ Bu, y = Cx is observable [Kal60].

(ii) The (distributional) ODE & = Az + Bu, y = Cu, is always
impulse-observable.

(iii) The (distributional) pure DAE Ni = x + Bu, y = Cxz, is always
jump-observable.

(iv) The (distributional) pure DAE N& = 2+ Bu, y = Cx, is impulse-
observable if, and only if, ker N = ker[CN,CN?,... CN"1],
i.e. the classical pure DAE Ni& = = + Bu, y = Cz is impulse
observable in the classical sense ([Cob84, Dai89]).

Proof. In the following the characterizations (5.2.2) and (5.2.3) for
jump- and impulse-observability will be used.

(i) For the initial trajectory 20 € (Dpwe)" let z € (Dpwe=)" be
the unique solution of the corresponding ITP for u = 0. It then
follows that

y(tot) = Ca(tot), y'(tot) = Ca'(to+) = CAz(to+),
Yy = CA'z(to+).
Corollary 3.3.9 yields that x(tp+) = z(to—) = 2°(tp—) hence

z(top+) € R™ can be arbitrary. Hence, by the Cayleigh-Hamilton

Theorem, jump-observability is equivalent to the full rank condi-
tion rk[C,CA,...,CA" 1] = n.
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(i)

(iii)

As in the proof of Proposition 5.1.4, u[tg] = 0 implies that all
ITP solutions of & = Az + Bu fulfill z[tg] = 0, hence impulse-
observability holds.

Let 20 € (Dpwe=)™ be any initial trajectory and let u € (Dpyweoe)™
be some input signal. By Corollary 3.4.4 the unique solution of
the corresponding ITP is explicitly given by

n—1
r=- Z(N[to,oo)%)z(Bu(tmOO) - x(()—oo,to))»
=0

therefore
T(ty+,00) = Z NlB“(ti %)

In particular, u*)(ty4) = 0 always implies 2*) (to+) = 0, hence
B(n,1,B) is jump-observable (independently from the actual out-
put).

Let 2° € (Dpwe==)™ be some arbitrary initial trajectory and let
u € (Dpwee=)™ be some input with uftg] = 0. As in the proof
of Proposition 5.1.4 it follows that the unique solution = of the
corresponding ITP fulfills

n—1 n—2
—ZNi 2% (to +ZN]BU )(to+) 6%71)
=1 3=0

and
ylto] Cxto——ZCNZ 2°(to +ZNJBu (to+) | 057"

Since z(tp—) € R™ is arbitrary, the implication y[tg] = 0 =
z[to] = 0 holds if, and only if,

ker[CN/CN?/--. /ON™ '] = ker[N/N?/--- /JN""!] = ker N.

qed
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Corollary 5.2.6

The classical DAE Ei = Ax + Bu, y = Cz, with regular matrix pair
(E,A) e RM*" x R™*™ B € R™"™ and C' € RP*" is R-observable (in
the sense of [Dai89]) if, and only if, the corresponding distributional
behaviour B(g, 4, p) is jump-observable (at any tg € R) and it is impulse-
observable (in the sense of [Dai89] or [Cob84]) if, and only if, Bz, 4,p)
is impulse-observable (at any ¢y € R). o

Proof. This follows immediately from [Dai89, Thm. 2-3.3] and [Dai89,
Thm. 2-3.4].

5.3 A normal form for pure DAEs

The previous sections showed that for regular DAEs with constant coef-
ficients the controllability and observability properties are complement-
ary in the sense that jump-controllability and -observability are prop-
erties solely given by the underlying ODE and impulse-controllability
and -observability are properties of the underlying pure DAE. For ODEs
there are several normal forms incorporating the input and output. The
Byrnes-Isidori normal form (which focuses on the relative degree [Isi95,
p. 165], see also [IRT07, Lem. 3.5]) and the Kalman-decomposition
(which focuses on controllable and observable substates [Kal62]) are
examples of such normal forms.

The aim of this section is to find similar normal forms for time-
invariant pure DAEs. It will turn out that there exists a normal
form which actually combines the properties of the above mentioned
normal forms for ODEs. In fact, the state space is separated into
impulse-controllable and -observable sub-states and, simultaneously,
the so called relative degree determines the structure of the normal
form, see Theorem 5.3.12. Compared to a similar decomposition pro-
posed in [Dai89, p. 52] (without proof) the normal form from The-
orem 5.3.10 is more specific and allows for a better analysis.

There are already results on normal or condensed forms of DAEs
available, e.g. [VLK81], [LOMK91], [Rat97], [KM06], but they do not
focus on the relative degree or on impulse-controllable and -observable
states. In addition, they partly use a different concept of equivalence
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which leads to other normal forms.
The considered equivalence relation used to obtain the normal form
is given in the following.

Definition 5.3.1 (Equivalence of DAEs)
Identify each DAE

Ei = Az + bu,

Yy =cr,

(5.3.1)

with the corresponding tuple (¢, E, A, b) € RIX™ x R™X" x RMX" x R™
and size mxn. Two DAEs (c¢1, E1, A1,b1) and (c2, Fa, Aa, be) are called
equivalent, or short

(Cla E17A17 bl) = (627 E27 A27 b2)7

if, and only if, they have the same size m x n and there exist invertible
matrices S € R™*™, T € R™*™ such that

(027E2,A2762) = (ClT, SE‘1717 SAlT, Sbl) O

Remark 5.3.2 (Equivalence and solutions)
With the notation as in Definition 5.3.1 the following equivalence holds
for all (y, z,u) € Dpweoe X (Dpweoe )™ X Dpyeoe:

(y,z,u) solves (c1, By, A1,by) < (y, T 'z, u) solves (cz, By, Ag, by),

[m}

in particular, the inputs and outputs remain “unchanged”. The same

is true also for ITP problems, provided the initial trajectories zj and
23 fulfill 2} = T2 (compare also Remark 3.1.6).

Definition 5.3.3 (Pure DAEsS)
A DAE (¢, E, A, b) with size n x n is called pure DAF if, and only if,
there exists a nilpotent matrix N € R™*" such that

-~

(¢, E,A,b) ~ (¢, N, 1,b),

with corresponding ET,E € R™. A pure DAE (¢, E, A,b) is called in
standard form if, and only if, A = 1. O
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Remark 5.3.4 (Pure DAEs are pure distributional DAESs)

Clearly, (¢, E, A,b) is a pure DAE if, and only if, A is invertible and
A~'E (or, equivalently, EA~!) is nilpotent. Hence the definition is
consistent with Definition 3.4.1. o

From the theory of linear ODEs it is well known, that the controllabi-
lity- and observability-matrices play an important role for controllabil-
ity and observability as well as for the construction of normal forms. It
is possible to define analogous matrices for DAEs, which play similar
roles. Furthermore one can define impulse-controllability- and impulse-
observability-indices which are invariants with respect to equivalence
transformations. This is important for the normal form and can be
used for characterizations of impulse-controllability and -observability.

Definition 5.3.5 (Impulse-controllability /observability-index)
Consider a pure DAE (¢, E, A,b) with size n X n.
The impulse-controllability-matriz of (¢, E, A,b) is

Bimp := [b, Npb, No®b, ..., Ny" '], where Ny, := EA™".
The impulse-controllability-indez of (c, E, A,b) is

dy = 1k By

The impulse-observability-matriz of (¢, E, A,b) is

Cimp = [c/cNC/cNCQ/ .. /ch”_l]7 where N, := A7'E.
The impulse-observability-index of (¢, E, A,b) is

de := 1kCipp. o

Proposition 5.3.6 (Invariance)
Impulse-controllability and -observability as well as the corresponding
indices are invariant under equivalence transformations. O
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Proof. 1t follows from Remark 5.3.2 that an equivalence transformation
does not change the property of a system to be impulse-controllable or
-observable.

Let (Cl, El,Al, bl) ~ (CQ, EQ,AQ, bg) via S,T € R™ ™ and let %imp717
Cimp,15 Bimp,2, and iy 2 be the corresponding impulse-controllable-
and impulse-observable-matrices. From the definition it follows that

%imp,Z = S%imp,ly

hence the corresponding impulse-controllability-indices are equal. Ana-
logously,
€imp,2 = ¢imp,ljj

which shows that the impulse-observability-index is invariant. aod

Proposition 5.3.7 (Special structure of Binp, and Cimp)

Consider a pure DAE in standard form (¢, N, I, b) with size n x n and
with impulse-controllability- and impulse-observability-indices dy, d. €
N, respectively. Then

Bimp = [b, Nb,...,N®~1p,0,...,0]

and
Cimp = [c/cN/.../cNdc*l/O/.../O]. O

Proof. Let d € N be the smallest number such that N%b = 0 (which
exists since N is nilpotent). In terms of [Lan70, XIL.7] the vector b
is N-cyclic with period d. Now [Lan70, Lemma XIIL.7.1] states that
[b, ND, ..., N%~1b] has full rank which yields

dy = rkBimnp = 1k[b, Nb, ..., N91b,0,...,0] =d,

this is the assertion of the proposition. The same argument applied to
NT and c¢" shows the analogous property for €y qed

Definition 5.3.8 (Negative relative degree)
Consider a pure DAE (¢, E, A,b) with corresponding standard form

-~

(¢, N, I,b). The negative relative degree r € N is given by
= EN'b # 0},
r I?GE%X{C # 0}
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If SN = 0 for all i € N, let r := —cc. o

Note that the negative relative degree is invariant under equivalence
transformations.

Remark 5.3.9 (Classical relative degree)

Let g(s) := c(Es — A)7'b € R(s) be the so called transfer function of
the DAE (¢, E, A,b); if (¢, E, A,b) is an ODE, i.e. E is invertible, then
the (classical) relative degree g is defined as

o = degq(s) — degp(s),

where p,q € R[s] are such that g(s) = p(s)/q(s). It is not difficult to
see that for pure DAEs the transfer function g(s) is a polynomial and

r=degg(s) = —o,

therefore Definition 5.3.8 is consistent with the classical definition. g

It is now possible to formulate the main result of this section. With
the proposed normal form, the influence of the input on the states and
the influence of states on the output can easily be seen.

Theorem 5.3.10 (Normalform for pure DAEs)

Consider a pure DAE (¢, E, A,b) with size n, negative relative de-
gree r > 0, impulse-controllability- and impulse-observability-indices
dy, d. € N, respectively.
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-~

Then (¢, F, A,b) is equivalent to (¢, N, 1T, ), where

N0 o 0 | }a-r

10

} n—de—dp+r+1

(an)
(an)

E1 N1

E2 E3 A O* }db—’r—l

0, | 0 0 \ }r+1

I 0
1 0
I= , b= |—|,
1 0
-
L i
L . L 0

where v := cA" (EA™) b= c(A"'E)"A"'b # 0,

* * 1 >1k 1
0 s O*: 0 | 5 I*: \ )
*

Kok ]

0" =

and Ny € R(?—de—dptrtl)x(n—de=dp+r+1) ig 5 pilpotent matrix (in Jor-
dan canonical form). o

Proof. Without loss of generality, assume that the DAE is in standard
form, i.e. (¢, E, A,b) = (¢, N, I,b) for some nilpotent matrix N. In this
case v =cN"b # 0.

The proof consists of two main steps. The first step is the con-
struction of the transformation matrices S and T, in particular the
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construction must ensure that S and T are invertible. In the second
step it is shown that indeed (¢, N, I,b) ~ (¢, N,I,b) via S and T.

Step 1: Construction of S and T
The construction is based on the five matrices £ € R?*(de=r=1) 7 ¢
Rnx(nfdcfderrJrl)’ B e Rnx(dy,fr71)7 B e Rnx(rJrl)7 and T € Rnxn
which define the transformation matrix S and T' by

S:=~ [£,Z,B,B] ",

T?%MZEﬂf

Step 1a: The matriz T.

Let
P [ eme
where
1
I := € RIr+1)x(r+1), (5.3.2)
cbeNb  eN™'b 1
v -y

Obviously, T is invertible.
Step 1b: The matrices B and B.
Let
B:= [b,Nb,...,N"b] € R"*(+1)

and
C:=[cN"/.../cN/c|] € RUFxn

Since ¢cN*b = 0 for all k> r and ¢N"b # 0 it follows that

c¢N"b
cN"™1'p
CB= , \ e RUFUX(r+1) (5.3.3)
c¢b ... cN"'b cN"b
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is invertible and hence B and C must have full rank. In particular this
implies d, > r+ 1 and d. > r + 1. Let

B:= [N""'b,N""2p,... N®1p] e R (dmr=),

then by the definition of d the matrix @, B] has full column rank.
Step 1c: The matriz L.
If d. =7+ 1, then £ is the empty matrix. Otherwise let

C:= [cNdC_l/cNdc_Q/ e /ch'H] € R(de—r=1)xn

Then ker [C/C] is an (n — d.)-dimensional subspace of kerC (where
dimker C = n—r—1), i.e. there exists a full rank matrix L € R?*(de=r=1)
such that im L @ ker [C/C| = kerC. In particular im L NkerC = {0}
and im L C kerC. Let

£:=~L(CL)™".

It remains to show that, firstly, £ is well defined, i.e. that CL is an
invertible matrix, and, secondly, that [£, B, B] has full rank (otherwise
the matrix S is not well defined). Assume that CLm = 0 for some
m € R". Then Lm € im L NkerC = {0}, hence CL has only a trivial
kernel which implies invertibility. To show that [£, B, B] has full rank,
observe that im £ = im L and, by the definition of the relative degree,
im [B, B] C kerC. Hence {0} =im L NkerC 2 im £ Nim [B, B], which
implies that [£, B, B] has full rank.

Step 1d: The matriz L.

If d, = r+1, then £ is the empty matrix. Otherwise choose, analogously
as in the previous step, a full rank matrix K € R(%="=1x" gych that
im KT @ ker [E, B] " = kerBT. Again the matrix B' KT is invertible.
Let

K = (KB) 'K,

with an analogous argument as in Step 1c it can be shown that [K/C/C]

has full rank, hence it is possible to choose a full rank matrix £ €
R7* (n—de=dptr+1) guch that

im £ = ker [K/C/C].
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It remains to show that [C,Z, B, B] has full rank (i.e. is invertible).
To show this, first observe that, by the definition of the relative degree,
imBNkerC = {0} and recall that im £ NkerC = {0} and analogously

imKT NkerB' = {0}, the latter is equivalent to im B Nker K = {0}.
Altogether this yields
ker [K/C/C] Nnim [L, B, B] = {0},
L,

{

which implies that the square matrix [£, £, B, B| has full rank which
completes the first step of the proof.

Step 2: The normal form is obtained by the transformation matrices
S and T.
It will now be shown that the products ST, Sb, ¢I' and SNT have the
desired form. R

Step 2a: ST =1. _
By definition ST = I.

Step 2b: Sb=1b. R
Let e, = [0,...,0,1,0,...,0]" € R", then Sb = b = ~e, if, and only if,

—

b= ~S5"le,. The latter is fulfilled since
vS~' = [L,L,B,b,Nb,...,N"b].
—_—

=B

Step 2¢: ¢TI =¢. B
Choose a full rank matrix K € R(n—de—dvtr+1)xn gych that

imK' = ker [L,B, B]T.
It can be shown analogously as in Step 1d that the square matrix € :=

[@/E//C/C} has full rank (i.e. is invertible). Writing B := [£, L, B, B]

the matrix T can clearly be written as
T =¢ 'y teBl.
Since c€~t =[0,...,0,1] it remains to show that

[0,...,0,1y'eBI =0,...,0,1] =74,
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or, equivalently, that the last row of the product €% equals the last
row of vI~ 1. Tt is easy to see that the last row of vI~1 is

[0,...,0,¢b,cNb,...,cN"b].

Observe that B -

CL CL CB (B
KL KL KB KB
KL KL KB KB
CL CL CB (B

B = (5.3.4)

The matrices £ and £ are such that im £ and im £ are both subspaces
of ker C, hence CL = 0 and CL = 0. From the definition of the relative
degree it follows that CB = 0. Together with (5.3.3) this shows that
the last row of €B is [0,...,0,¢b,cNb,...,cN"b|.

Step 2d: SNT = N.
Invoking the notation of Step 2c write

SNT = (¢B) '¢NBI.
Note that the product €8 in (5.3.4) can further be simplified by the fol-

lowing observations, CL = vI, C[L,B,B] =0, K[£,B,B] =0, K[, B] =
0, and KB =1I:

NI 0 0 0

| 0o KZ o o

B=lxe o0 1 0

0 0 0 CB

Hence
AT 0O 0 0
. 0 KL)™* 0 0
(€B) KL 0 T 0
0 0 0 (B!
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furthermore CNB = CB [5\ } ,ICNB =0 and CNZ = 0, hence

~ F\m] 0 0 0
KNL KNLC 0 0
NB=1 eNe KNT [5\10] KNB
CNL 0 0 CB F\J
Therefore,
[?\IJ 0 0 0
SNT = (¢B) '¢NBI = B, ]E = 0
Es Es {\} KNBI,

(CB)"'CNL 0 0 [?\w] I

where By = (KL)"'KNL, N, = (KL)"'KNL, Es = —KL [‘f\] +
KNL, Es = KNZ, and I, is given by (5.3.2). Note that

eNTHL yeNTHL(CL) ™!
N 0 0—01
CNL = L= =7 0 ,
cN? 0
cN 0

hence (CB)"1CNL = 0., and

KKNB = K[Nb, N*b,...,N"b, N"*1p] 1
0

=[0,0,...,0,(KB)"'KN" "= | 0 ,
0

hence KNBI, = 0*.
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0, 0, —
Clearly, [1\} I, = [1\ ] and it remains to show that Ny is nilpo-
10, 10.

tent. This follows from the fact that SNTI~! = SNS—1 is nilpotent
and because of the special block structure this implies that N7 must
also be nilpotent. Without changing the block structure it is possible

to transform N; to Jordan form N, this changes E; and E3 to F; and
Eg. qged

Remark 5.3.11 (Explicit calculation of normal form)

The proof of Theorem 5.3.10 is constructive. In fact, for a given pure
DAE in standard form (¢, N, I,b) with negative relative degree r > 0
and impulse-controllability- and impulse-observability-indices dp, d. €
N, respectively, the specific matrices in the normal form are given as
follows:

By = J YKL)'KNL € R demdvral)x(dy=r=1),
By = KNL - KL [N, | € RO DX,
10

ES — ICNZJ c R(db—r—l)x(n—dc—db+r+1),
Nl — J_l(ﬁ>_1KNZJ c R(n—dc—db-i-’l'-f—l)X(n—dc—db-‘r’!‘-‘rl)7

cb  eNb . eN"'b g
R -y
0* — € R(db—r—l)x(r-‘rl)
0 )
1
0
0, = (CB)_l’y 0 c IR(T—&—l)X(dC—r—l)7

o

. \ e RO+ (r+1)
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where

B:=[b,Nb,... N'b], B:=[N"*lb N*2p . Nb-1p]

Ci= [eN%=1/eN%=2/ ... JeN"'], C:=[eN"/...[eN/e],
k=101 ([87/B"] [Bﬁ])_l [57/B7] & Ritr-1xn
L= WET’CT] ([é/c] [aT’CTD_l [1/0] € R (de=r=1),

K7 e Rrx(—de=dotr+1) i5 3 basis of ker [ET/ET/BT},
L e R (nmde=dotr41) g 5 hagis of ker [K/c/cl,

and J € R(n—de—dptr+l)x(n—de—dy+r+1) i5 5 hasis transformation such
that V7 is in Jordan normal form.

If the DAE (¢, E, A,b) is not in standard form, then either N and b
in the above formulae must be replaced by A~'E and A~'b, resp., or
N and ¢ must be replaced by EA~! and cA™!, resp. o

The normal form of Theorem 5.3.10 can be viewed as a specialization
of (2-5.4) in [Dai89, p. 52]: it is more explicit and simpler, the size of
the different blocks is explicitly given, and the influence of the input
on the states can be seen more directly as well as the influence of the
states on the output. Furthermore no proof is given in [Dai89].

With the normal form from Theorem 5.3.10 it is now possible to give
characterization of impulse-controllability and -observability.

Theorem 5.3.12 (Impulse-controllability and -observability)
Consider a pure DAE (¢, E, A, b) with negative relative degree r > 0 and
impulse-controllability- and impulse-observability-indices dy, d. € N.

Let Ny € R(r—do—detrtl)x(n—dp—detr+1) he given as in Theorem
5.3.10. Then the following characterizations of impulse-controllability
and -observability hold:

(i) The DAE is impulse-controllable if, and only if, d. = r 4+ 1 and
N1 =0

(ii) The DAE is impulse-observable if, and only if, d, = r + 1 and
N; =0. o
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-~

Proof. Let (/C\,N,f, ) be the normal form of (¢, E,A,b) from The-
orem 5.3.10.

~

(i) It is easily seen that (c, N , f, ) is equivalent to (¢, N i ,g) with

‘1’\10 0 0 0
- |EE N0 0
N = 0

0. 0 %, 0

B, By 00 I\

where the matrices Fi, Fo, F5, N1,0, are the same as in The-
orem 5.3.10 and 0* has the same structure as 0* from Theorem
5.3.10, in particular 0, and 0* have a one in the upper right
corner. The vector b is given by b = [0,...,0,7,0,...,0]" with
v # 0 at the (n — dp + 1)-th position.

By Proposition 5.1.4 the DAE (E,N i 75) is impulse-controllable
if, and only if, im[Nb, N2b,..., N"1p] = im N. It is easily seen

that
0 0
¥, 5%, " = im |5y
— 0,
im[Nb, e, | = im 1§0 0
~ 0,
0",

hence for the given DAE impulse-controllability is equivalent to
the condition

ks 0 0 0
\
El(l N 0 O
. 1 1 Ci
11m O* 0 O 1m 9§0 O
~ 0,
By Es N

A necessary and sufficient condition for this is that the matrix 0,
is not existent (because it has a one in the upper right corner),
i.e. d. =r+ 1, and that Nj is the zero matrix.
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(i)

It is easily seen that (&, N , f,’c\) is equivalent to (¢, N, I ,~) with
N, 0 0 0

N = 0. [?\10} 0
Ey 0 Ny
E, 0* Es '\

where Fy, s, B3, N1, 0" are as in the normal form in Theorem
5.3.10, 0, has the same structure as 0, from Theorem 5.3.10 and

0
1 0
NS =
1 0
x .- % 10
The vector ¢ is given by ¢ = [0,...,0,1,0,...,0] where the one is

at position d..
By Proposition 5.2.5 the DAE (E,N i ,E) is impulse-observable
if, and only if, ker[cN% /eN9~1/ .. /¢N] = ker N. Easy calcula-
tions show that (here it is needed that 0, has a one in the upper
right corner)

9

. N N 0 00
ker[¢N% /cN%~1/ . . JEN] = ker

10

0. [‘1&10} 0 0

Hence impulse-controllability of the DAE is equivalent to the con-
dition
9

N 0 00

10

0. [%,) 0o

ker C ker

E, 0 Ny 0
0, .
By 0 By %\,

Because 0* has a one in the upper right corner the inclusion holds
if, and only if, 0* does not exists, i.e. d, =r+ 1, and N; = 0.[qeq]
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Corollary 5.3.13 (Special normal form)

The pure DAE (¢, E, A,b) is impulse-controllable and -observable if,
and only if, the normal form (’c\,ﬁ ,IA,/I;) from Theorem 5.3.10 reduces
to

PR 00 I 0
&N, I,b)=|[0,...,0,1],| ¢ at .0,...,0,7,0,...,0]"].
( )=l }lol\m] [0 \][ Y |
n—r—1

xmk 1
r

In particular, if the negative relative degree r of a pure DAE (¢, E, A, b)
is maximal, i.e. r =n — 1, then (¢, F, A,b) is impulse-controllable and
-observable. o

Remark 5.3.14 ((Un-)controllable and (un-)observable substates)
For a pure DAE in normal form (¢, N, 1, l;) as in Theorem 5.3.10 divide
the corresponding state variable x into x = (x1/x2/x3/x4) conforming
to the block sizes of the normal form. First observe that the substates
x1 and xo are independently given from the input u, in fact, x; is the
unique solution of the regular DAE (or the corresponding ITP)

0,
N i =m

and w is the unique solution of a regular DAE with inhomogeneity
El,CL'lI
Nl.’tz = T2 — El.’El.

Therefore, z1 and x2 can be called uncontrollable substates. The state
x4 is uniquely given by the regular DAE

0,
[1\ } iy = Layg+[7,0,...,0]Tu— 0,21,

10

and finally the state x3 is the unique solution of the regular DAE
[?§0] i’g = T3 — EQiL’l - E3$2 - O*.T4.

Therefore, the state x4 can be directly controlled by u and the state
x3 can be controlled by u via the state w, hence the states x3 and x4
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can be called (impulse-) controllable substates. In fact, if the states x;
and x5 do not exists, then Proposition 5.3.12 shows that the pure DAE
is impulse-controllable.

The output y is given by y = [0,...,0,1]z4 and since x4 does not
depend on the states x5 and x3, the latter can be called unobservable
substates. If the states x5 and x3 do not exist, then, by Theorem 5.3.12,
the DAE is impulse-observable, hence the states x1 and x4 can be called
(impulse- )observable substates. This relation between the different sub-
states is also illustrated in Figure 8. o

Figure 8: Dependencies of the four substates corresponding to the normal form
from Theorem 5.3.10, see also Remark 5.3.14. The substate z; is
(impulse-) observable but not controllable, 2 is neither controllable
nor observable, z3 is (impulse-) observable but not observable and z4
is both, impulse-controllable and -observable.

With the help of the normal form from Theorem 5.3.10 it is possible
to explicitly define an input w such that, for the impulse-controllable
case, each ITP has a impulse free solution. For the impulse-observable
case it is possible to explicitly calculate the impulses in the states if the
output is known.

Theorem 5.3.15 (Impulse-elimination and -reconstruction)
Consider a pure DAE in standard form (¢, N, I, b) and with the normal

form (¢, ]V, f,/\) as in Theorem 5.3.10.
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(i) Assume (c, N, I,b) is impulse-controllable, i.e. the DAE is equi-
valent to the impulse-controllable normal form

0 0 0
0, AT
0 1\ P=a+ ‘A(i)b u,
E \
3 o, 0 J
_ b Nb -N""'b
y=1[0,...,0, s eNb eNTb g0 (]
where the size of the submatrix ?\10] is dyp X dp. For some initial

trajectory 29 = [29/28] € (Dpwcoc_)("_db)"’db and initial time tq €
R let

0 T
i 0
Az = —23(tg—) — [ ] [ ] 2)(to—) € R,
2 \D B 21
then the input u = up® with

reg(t) 0 ,  t<tp,
u = t—to)* t—tg) (o~
L1t — g, e (dill), 1Az, t>t

ensures that the unique solution z of the corresponding ITP is
impulse free at tg.

(ii) Assume (¢, N, I,b) is impulse-observable, i.e. the DAE is equival-
ent to the impulse-observable normal form

0
0 E; O :
B . 0,
z=z+ cN” u
0 \ eNTp |
Yo :
cb

y:[o’()?""()?]‘]x?

where the size of the submatrix [?\10} is d. x d.. For some ini-

tial time ty € R, assume u* (tp+) = 0 and let z € (Dpweee)™
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be some ITP solution of the above DAE in impulse-observable

normal form. Choose k € N and «y, ..., a, € R such that
r k
ylto] + > eN'bulto] ) =" a7,
i=0 j=0

and decompose z into z = [21/22] € (Dpwee )"+ then

de—2 [9. i Oéd(c)—2 "
ol = 3 \ M
1=0 0. a

1

ag
and
z1[to] = [E1, 0]22[to]". o
Proof. (i) First note that the product 0*I! is a zero matrix with a

single one at the right upper corner and that [9§0} 71 = [(1]§J.
Hence the coordinate transformation = +— I,z and a permutation
of the blocks yields the impulse-controllable normal form. Let
z = [21/22] be the unique solution of the ITP corresponding to
the DAE in impulse-controllable normal form with initial traject-

ory 2% and input u. Then, clearly, z; = 210(700 t)?

z1[to] = 0. The solution formula from Corollary 3.4.4 implies

=1 /1o N g . NS
n==) {\} d <Z2(—007t0)+|: ! ]“
i=0 ol [to,00) 0
0
— |:E3_ Z?(to)(;to) 5

hence

0
cN"bu[to] dp—1 g Jir .
zalte] = — | Nlel | Y7 [\} EO] 22(0-)s5”
. 0 L

eNTbul D [10]

dpy—1 g i
_ : [)(0—)5(i_1).
AN

in particular
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By construction, for i =1,...,dy, — 1,

0,...,0,1,0,...,0]Az 57
——
j—1

eNTbuD[tg] = — Z[
j=1

i
0 i—j
_ Z[o, ...,0,1,0,...,0] {E} z?(to—)cst(o 7)
j=1 — 3
J

i
~3700,...,0,1,0,...,0)23(to )85, 7
—t e —
j=1 .
j—1
and with the observation that the zero matrix in [ EO } cannot
3
vanish (unless E; does not exist at all) it follows that each “row”
of z3[to] is zero.

(ii) With the notation of Remark 5.3.11 it follows that %CBO* is a zero
matrix with a single one at the right upper corner and its easy to
see that 1B |y, | (1¢BL) ™" = [ | and [0,...,0,1)(LeBL) ™"
= [0,...,0,1], hence together with a permutation of the blocks
it is already shown that any impulse-observable pure DAE can
be put into the impulse-observable normal form. Let yy be the
unique output of the corresponding ITP with zero initial traject-
ory and input u with «(*) (tg4) = 0, then it follows by the solution
formula from Corollary 3.4.4 that yo[to] = — >_;_, cNbulte]?,
hence, by linearity, the term y[to] + Si_, cNbulto]® is just
the impulsive part of the output of the pure DAE with an in-
put signal w with u[tg] = 0. Therefore, it suffices to consider
ufto] = 0 in the following. In this case the unique ITP solution
2 = [21/22] € (Dpwee )P4 Fde of the pure DAE with some ini-
tial trajectory [2{/29] fulfills

de—1 .

al) == 3 [\] Ao

=1

z1[to] = [E1, 0]z [to]’,
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Since

K
> ™ =ylto] = [0,...,0, 1]25to]
i=0

d.—2
== 300,...,0,1,0,...,0]28(to— )41,
i=0 ~
1+1
it follows by Remark 2.1.14 that ag,—1 = ... = ax = 0 and
0 g
X —2
: = — [\‘| Zg(to—),
1 10

@0

hence the claim is shown.

qed
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List of symbols and abbreviations

1 :=1g, the constant unity function

1 indicator function of set M C R, 18

D the direct sum (of two linear subspace)

/ uf The Lebesgue integral of the measurable function 1, f :
R — R for some measurable M C R

fto D the unique antiderivative of D € Dpyee with (ffo D)(to—)
=0, 41

C,C subset, proper subset

U, L.J disjoint union

DBimp impulse-controllability-matrix of a pure DAE, 154

BEOE,A,B) the set of all ITP solutions (z,u) of F& = Az + Bu with

initial time ty € R, 142

the set of all ITP solutions (z,u,y) of Ex = Ax + Bu,
y = Cx + Bu, with initial time ty € R, 148

C the complex numbers

(g A) consistency space corresponding to the regular matrix
pair (F, A), 124

<, = &g, ,a,), the consistency space of subsystem (Ej, A;)
of the switched DAE (4.1.1), 134

&, consistency space at to of switched DAE (4.1.1), 133

Cimp impulse-observability-matrix of a pure DAE, 154

Cc*> the space of smooth (arbitrarily often differential) func-

tions f: R — R, 21
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List of symbols and abbreviations

¢

COO

pw

cl M

Das

Dpweos
Dpwreg
Dreg
D'.D
DM
D) (t4)

the space of test functions, i.e. smooth functions with
bounded support, 21

the space of piecewise-smooth functions, 36
the closure of a set M C R

the space of distributions, i.e. the space of all linear and
continuous operators D : C§° — R, 21

the space of distributions with support contained in M C
R, 24

the space of piecewise-smooth distributions, 38

the space of piecewise-regular distributions, 31

the space of regular distributions, 22

the derivative of a distribution D € I, 23

the n-th derivative of a distribution D € D, n € N, 23

= (D(t+),D'(t+),...,DD(t+),...), the sequence of
right-sided derivatives of D € Dpyc~ at t € R, 141

convergence of the sequence (D,,)n—o of distribution
with the limit D € D., 23

:= D — D[], the regular part of D € Dpyreg, 34

€ L1 1oc, the function which induces the regular part D;.eq
of D € Dpwreg, 1.€. Dyeg = (D™®)p, 34

impulsive part of D € Dpyreg, 34

right sided evaluation of a piecewise-smooth distribution
D € Dpywe~ at t € R, 39

left sided evaluation of a piecewise-smooth distribution
D € Dpywe~ at t € R, 39
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dp

dt

dt
DAE

dy

5,6
A{D}

/o
Y

im M
ITP
ker M
L1 j0c

ODE

(5,4

the distributional derivative operator % : D — D, 4D

— D', 23 dt At
the derivative operator for differentiable functions

= differential algebraic equation
impulse-controllability-index of a pure DAE, 154
impulse-observability-index of a pure DAE, 154

(n-th derivative of) the Dirac impulse at ¢ € R, 25

:= D(t+) — D(t—), the jump of a piecewise-smooth dis-
tribution D € Dyye at t € R, 39

the regular distribution induced by f € Lj joc, 22

:= 1 f, restriction of functions f : R — R to the set
MCR

identity matrix in (Dpwee )™ ™, (Coe)" " or R™*", 52
the image of a matrix M € R™*" 19

= initial trajectory problem, 55

kernel of some matrix M € R™*™ 19

the space of locally integrable functions, 22
:=1{0,1,2,...,}, the natural numbers

= ordinary differential equation, 74

consistency projector of the regular matrix pair (F, A),
109

:=1(g,, A,), the consistency projector of subsystem
(Ep, Ap) of the switched DAE (4.1.1), 111

the real numbers
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List of symbols and abbreviations

>07 >0

me’ﬂ

2 (t0,20)

37d
supp D

supp f
Td

Viv W’L

12N 4%

positive, non-negative real numbers
switching signal, 101
system class for distributional DAEs, (3.1.1), 55

space of switching signals which guarantee solutions with-
out jumps, 137

space of switching signals with dwell time 7; > 0, 138
support of D € D, 24

support of function f: R — R, 21

dwell time of a switching signal, 138

i-th element of Wong sequences for regular matrix pair
(E,A), 103

limit of the Wong sequences of a regular matrix pair
(E,A), 105

={...,-2,-1,0,1,2,...}, the integers
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Index

analytical
real-, 98
solvability, 17, 98
antiderivative
distributional-, 28
unique distributional-, 41
Assumptions
(A1)-(A3), 113
(M1)-(M3), 43
(M4), 47
(S1) and (S2), 101
asymptotic stability
for classical DAEs, 125
for switched DAEs, 132
for switching with dwell time,
138
attractivity, see asymptotic sta-
bility

behavioural approach, 142

classical
DAE, 123
solution, 123
complete regularity, 17
consistency
projector, 109
space, 124
consistent solution
of distributional DAE, 55
of distributional ODE, 80
of pure distributional DAE,
92

controllability
impulse-, 142
impulse- (classical), 144
in the classical sense, 144
jump-, 142
R~, 141
to zero, 143
convergence
of distributions, 23
of test functions, 21
weak*-, 23

DAE, see differential algebraic
equation
DAE-regularity, 56
necessary conditions, 70
of distributional ODEs, 83
square coefficient matrices,
62
sufficient conditions, 66
d-Function, see Dirac impulse
derivative
and restrictions, 40
higher, n-th-, 23
of distributions, 23
of piecewise-smooth distri-
bution, 40
derivative array, 70
differential algebraic equation
distributional-, 55
introduction, 13
dimension of solution space
for distributional ODEs, 85
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for pure distributional DAE,
93
Dirac impulse, 24
linear independence of-, 25
square of-, 48
distributional behaviour, 142
distributional DAE, 55
introduction, 16
pure-, 88
solution
consistent- or global-, 55
ITP-, 55
local-, 55
system class, 55
with an input, 142
with input and output, 147
distributional ODE, 74
dimension of solution space,
85
solution formula
consistent solution, 80
ITP solution, 84
standard form, 74
unique trivial solution, 76
distributional restriction, see re-
striction
distributions, 21
almost bounded-, 43
impulsive-smooth-, 14
piecewise-continuous-, 14
piecewise-regular-, 31
piecewise-smooth-, see piece-
wise-smooth distribu-
tions
regular-, 22

dwell time, 138

equivalence of DAEs, 153
external signals, 147

feed-through term, 148
Fuchssteiner multiplication, 48

anticausal, 47

causal, 47

properties, 49
function

smooth-, 21

test-, 21

topology for test-, 21
fundamental solution, 75

generalized functions, see dis-
tributions

generalized Weierstrafl form, 95

global solution, 55

Heaviside function, 25

image of a matrix, 19
impulse
-controllable, 142
impulse array, 71
impulse free
distribution, 34
solution, 113, 115
impulse-controllability
-index, 154
-matrix, 154
impulse-observability
-index, 154
-matrix, 154
impulsive part, 34
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for piecewise-continuous dis-
tributions, 14
impulsive systems, 16
index
for classical DAEs, 114
impulse-controllability-, 154
impulse-observability-, 154
initial trajectory problem, 55
and impulsive smooth dis-
tributions, 14
initial time, 55
initial trajectory, 55
initial trajectory problems
as switched DAE, 60
integral (Lebesgue-), 19
invertibility
of €35 -matrices, 53
of Dpweee-matrices, 51
ITP, see initial trajectory prob-
lem
ITP solution, 55
of distributional ODE, 84

jump
-controllability, 142
-observability, 148
of a piecewise-smooth dis-
tribution, 39
jump free solution, 116

kernel of a matrix, 19

local solution, 55

locally finite set, 31

locally integrable functions, 22
lower triangular matrix, 89

Lyapunov equation, generalized-
, 124
Lyapunov function, 124
common-, 135
for classical DAEs, 124

multiplication of distributions
and restrictions, 50
Fuchssteiner multiplication,
48
with piecewise-smooth dis-
tributions
causal and anticausal, 47
existence and character-
ization, 43
properties (M1)-(M3), 43
uniqueness by (M4), 47
with piecewise-smooth func-
tions, 36
with smooth functions, 23

negative relative degree, 155
nilpotency
of N2, 89
of constant matrix N, 19
Quasi-Weierstraf} form, 103
normal form
impulse-controllable-, 169
impulse-observable-, 169
Kronecker-, 15
Weierstraf3-, 15

observability
impulse-, 148
impulse- (classical), 150
in the classical sense, 150
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jump-, 148
of zero, 149

piecewise-smooth distributions,
38
compared to other
approaches, 15
derivative, 40
jump, 39
multiplication, 43
right and left sided evalu-
ation, 39
unique antiderivative, 41
piecewise-smooth functions, 36
product rule of differentiation
for mulitplication with
smooth functions, 24
for multiplication of piece-
wise-smooth distribu-
tions, 43
properly stated leading term, 13
pure DAE, 153
pure distributional DAE, 88
dimension of solution space,
93
solution formula
consistent solutions, 92
ITP solutions, 93
standard form, 88

Quasi-Weierstraf3-form, 106

real analytical, 98

regular part, 34

regularity
complete-, 17

DAE-, 56

in the classical sense, 96,
101, 123

of distributional ODEs, 83

of distributions, 22

of pure distributional DAEs,
93

relative degree, 152
negative-, 155
restriction

and derivatives, 40

for piecewise-continuous dis-
tributions, 14

impossible for general dis-
tributions, 29

of distributions (desired prop-
erties), 28

of functions, 28

of piecewise-regular distri-
butions, 33

support of, 29

to open interval, 34

versus multiplication, 38

smooth functions, 21
stability, see asymptotic stablility
standard form
for distributional ODE, 74
for pure distributional
DAE, 88
support
of a distributional restric-
tion, 29
of Dirac impulse, 25
of distributions, 24
of functions, 21
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point-, 25
switched DAE, 101
Assumptions (S1) and (S2),
101
switching signal, 101

test functions, 21
as topological space, 21

underlying ODE, 125

weak* convergence of distribu-
tions, 23
Weierstrafl normal form, 96
generalized-, 95
Wong sequences, 103
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