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Control Task
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Controller

Goal: Output tracking

without
@ exact knowledge of system model
@ knowledge of reference signal (only error e is available for controller)

@ asymptotic convergence (but arbitrarily small error)
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High-gain-Feedback: linear case

x = Ax + bu
' >y

= X

<
<
)
O
o
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Assumptions:
o Relative degree r =1 << ~:=cb# 0, in particular:

y = any +apz+yu
System <& 7
z = any + Axz

@ positive high frequency gain < v >0

@ stable zero-dynamics (minimum phase) < Ay Hurwitz
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High-gain-Feedback: linear case

x = Ax + bu
' >y

u LN
Ty=cx
e yl
é\ 0
Theorem (High-Gain Feedback)

cb > 0 and stable zero-dynamics
= dko>0Vk > ky: Closed loop is asymptotically stable

Problem: How to find kg7
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High-gain-Feedback: linear case

x = Ax + bu
' >y
y = cx

<
(0]
O—
o

AN

u=—k(t)e

Idea: Make gain k time varying

Theorem (Adaptive High-Gain Feedback, BYRNES & WILLEMS 1984)

cb > 0 and stable zero-dynamics =
k(t) = e(t)? makes closed loop asymptotically stable

and k(-) remains bounded

Problem: Disturbances or yef # 0 lead to unbounded k(-)!
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High-gain-Feedback: linear case

x = Ax + bu
. 4

u
AN
L4
y =cx
e
\‘h( —Yref

u=—k(t)e

AN

Solution: Aim for practical stability, i.e. [e(t)] < A for t >> 0 and some small A >0

Then the closed loop is practically stable.
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Remaining problems of \-tracker

Problems:
@ No guarantees when |e(t)] < A

@ No bounds on transient behaviour
= Measurement noise unnecessarily amplified

e Monotonically growing k()
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The Funnel Controller
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The funnel as time-varying error bound

F=F(p)={(te) | p(t)le] <1}

/(1)

f
—1/(t)

Idea:  k(t) large & Distance of e(t) to funnel boundary small
1

k(t) = ——F————

1— (1) e(1)|
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Der lineare SISO Fall

x = Ax + bu
' >y

u
AN
L4
y =cx
e
\‘h( — Vref

Theorem (Funnel Control,ILCHMANN, RYAN, SANGWIN 2002)
Let cb > 0, Ay Hurwitz, yiet, Yref, @, ¢ bounded, liminf;_, ©(t) > 0 and e(0)x(0) < 1. Then

1
K= T 0T

<
I
|
-
—
~
~
(0]
A~

remains bounded in the closed loop, i.e. e(t) remains within funnel.
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Proof idea: Reinterpretation of system

— Vref

x = Ax + bu y
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Proof idea: Reinterpretation of system

— Vref

= any + awz+yu y
z = axy + Axz

<
W
<~r
R 4
0]
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Proof idea: Reinterpretation of system

z = Apz+ any
W = aip»z
— VYref
w
. y . .
u N y=auy+tw+u > > e
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Proof idea: Reinterpretation of system

z=Apz+any N
W = aip»z
w —— Vref
u > é:all(e+yref)+wf)}ref+ryu > €
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Proof idea: Reinterpretation of system

y
w = T{y(")} ’\tﬂ- )
w Yref
u N eé= ﬂ’ref(e7 W) — Yref + g}/ref(e’ W) nu > €
Assumptions:
Iwll < &(llyl)

@ T is causal BIBO operator, i.e. Ix(-):

e f,. and g, continuous and g, >0

@ Vief and Y,ef bounded
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Proof idea: Reinterpretation of system

Sy

y
w=T{()) f\i+ )
w Yref
u ¥ e = ﬂ’ref(e7 W) — Vref + g}/ref(e’ W) “u > €

Proof idea: Consider maximal solution e : [0,w) — R, it remains to show w = .
@ e(t) within funnel = e bounded = y bounded = w bounded

e = f, (e, w) bounded, g, (e, w) bounded away from zero
@ Hence é(t) < M+ ~u(t)if u(t) <0 and é(t) > —M +~u(t) if u(t) >0
o In particular, u(t) <<0 = é(t)<<0 and u(t)>>0 = é(t)>>0
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Proof idea: Funnel invariant

Sy

Assumptions: € < A/2, 1/p(t) > X, &(1/p(t)) > -V
o o(t) = 5p — & = k(1) = =wrm = woe

o = u(t) = —k(t)e(t) < 72%

o = é(t) < M+u(t) < M— %
~ )2
@ Hence ¢ < m implies that é(t) < —W < & (1/y(t))
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Proof idea: Funnel invariant

Consequence: For sufficiently small ¢ > 0,
Fe={(t,e) [ e(t)] <1/p(t) —e }

is positively invariant, hence

(0,e(0)) e F. = (t,e(t) e F.Vt>0

and finite escape time is not possible!
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The Funnel Controller
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Summary of original Funnel Controller

w=T{y(")}

w

u 5
y:f(y,W)+g(y,W)U !
— yl € J
O
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Input saturations

u physically bounded: u(t) € [-U, U] for U > 0

Analysis of proof gives

v+ M
U> s = Funnel Controller works

~

/

where
o L(1/p(t)) > —w
° |f(y W) 7)-/ref| S M
e g(y,w)>y>0

Reminder
Yref bounded A e within funnel = y bounded = w bounded

cf.: ILCHMANN & TRENN 2004; HOPFE, ILCHMANN, RyaN 2010
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MIMO /

System class: MIMO systems

System with m inputs and m outputs:
}-/:f(y,W7U), W:T{y}
with T a causal BIBO-operator and

(u, y, w, u))

— oo for ||ul] = oo.
[[ull

Theorem (ILCHMANN, RYAN, SANGWIN 2002)

Funnel Controller

works, i.e. |le(t)|| < 1/¢(t).

Proof idea: Instead of é consider & (|le(t)|?)
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Higher relative degree

System class: Systems with well defined relative degree r > 1

x1=x+ fi(w,y)
oot () v =Ti)

y=x

).<r - h(X17X27"~7Xf)+ ﬁ(W,y)+7U

Theorem (ILCHMANN, RYAN, TOWNSEND 2006, 2007)

Funnel Control
1

u(t) = = (k(t), e(t), &(t)), k(t) = 1= (022

with suitable ~,(-) and &(-) (Backstepping) works.
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Example for relative degree two

Sy

For relative degree two systems the Funnel Controller is given by (simplified):

u(t) = —k(t)e(t) — ([le(t)|* + k(£)*)k(t)* (1 + [E(0)]7)(E(t) + k(t)e(t))
k(t) = 1/(1 = o(t)*le(1)]?)

E(t) = —€(t) + u(t)

1 3
;;;Eiﬁ: el M\Jﬁ(/) /J\}H\ /\MW
60 0 6
o5
=)
oY - 1 ~—
g 2 B

Taken from: ILCHMANN, RyAN, TOWNSEND 2007, SICON

AG Technomathematik, Technische Universitit Kaiserslautern

Stephan Trenn
The Funnel Controller: More than a decade of adaptation




Adaptations of the Funnel Controller
O000@0000000000000

Alternative Approach for relative degree two

Use two funnels, one for error and one for derivative of error

Simple Control Law

u(t) = —ko(t)e(t) — ki(t)é(t)

System class: () = F(pe(t), Tely, y}(£)) + &(pg(t), Tely, yH(E))u(t)

Theorem (HACKL, HOPFE, ILCHMANN, MUELLER, TRENN 2012)

The above Funnel Controller for relative-degree-two-systems works (under mild assumptions on

o and 7).
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Experimental verification

Sy

Drive

x1: angle of rotating machine

X = x1: angular velocity

ug: unknown load

T :C(R>o = R) = L2 (R>o — R) friction operator
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Tracking control in experiment
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35 40

1
15 20 25 30
time ¢ [s]

- - - reference angle y,ef(t) in rad
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Experiment: Error, gains, input

30 1

25 9

20 9

15 9

10 9

time ¢ [s]

e(t)inrad, --- 1/po(t) —— ko(t)in Nm kg (t) in Nms

2 4 6 8 10 [ 1 2 3 4 5 6 7 8 9 10
time ¢ [s] time ¢[s

é(t)inrad/s, --- 1/p1(t) —— u(t) in Nm, --- u/(t)in Nm
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Bang-Bang Funnel Control, Liserzon, Treny 2010

switching e, e _
logic O Ve
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/

Bang-Bang Funnel Control, Liserzon, Treny 2010

Drive

A0 [0

)

| U- | | Uol | U+ | Funnels
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Bang-Bang-Funnel-Controller for arbitrary high relative degree

q switching e, & ..., el
— |OgiC (—<:)(_ —Yref

|

r funnels

LiBERZON & TRENN 2013, IEEE TAC
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Explicit switching logic for r = 3

e(t) S (1) +59

q1 = true

ns of the Funnel Controller

Sy

q1 = false

. , B\ .

&(t) < o1 (1) + 1

q» = false

(3)2
dpxew S (2)2

INA
A

N

“+ ()
v—(2)

<
¥

() > p3(t) =3
Za+{

decrease & \_/ increase &
&(t) > min{gg (1), =2y} —&f )
S / N
decrease e

Stephan Trenn

&(t) < max{§ (1), A} +e1

qo = true qo = false

a2
&
IA

2 o
~ W g
~ I %
IN — -~
S )
5 = S
N +o =1
— S ~
S o)
¥ A 1
o S et
i T '3
T

i3

decrease é increase é

N

&t > of (1) —=f |

increase e
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Recursive switching logic

/

e
|o
[ ] ll'

[0))
(=N
=

|o

a
~+

elr=1
dr-1 . J’
% ver
. (1) .
rU

gi = true = Goal: e (t) < min{y;(t), =\ }

g; = false = Goal: e(i)(t) > max{y;(t), A }
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lllustration of switching logic of block B;
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gi+1(t) = true ‘ gi+1(t) ﬁ qil giv1(t) = f% q,# leu‘ gi+1(t) = true‘
‘ q,-(t) = false q,-(t) = true

q,-(t) = true
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Bang-Bang-Funnel-Controller main result

Sy

F(x,u)
y El 4
= H(x) B — %
. (r-1)
switching [&,....e"" % y
logic N ref
el g; = true qi = false
! () < g7 (1) + () < max{i(). A1}
qi Gis1
B; =
»i Yiy1
ot ST e(6) > min{i(), A7} — & (1) 2 9 (1)

Theorem (LIBERZON & TRENN 2013)
e Feasibility (F1)-(F9) = bang-bang funnel controller works
e Almost arbitrary Joy + BIBO zero dynamics + boundedness of y,.t
= Feasibility holds with sufficiently large U™ and U~
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Simulation for r = 4

Sy

Example (academic), finite escape time for y possible:
yW =2y + e, y(0) = y(0), i=0,1,2,3,
z=z(a—z)(z+ b) —cy, z(0) =0,
Vref(t) = 5sin(t)

controller parameter (constant funnels):

o5 =—py =1, cg =¢5 =09, A =0y = o0,

o = —p7 = 0.5, ef =7 =01, M=) =0, Af = A7 =AF/2 = oo,

03 =—p, =05, ey =&, =01, A=)\, =02, A=A, =04,

03 = —p3 =45, e =5 =01, M =2y =4, A7 =A; =01,
A=), =102, Af = A, =0.0001.
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Simulation results, reference tracking
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27

o
Al
N
N =
3
BlW
3
3
Al
3
Nlw
3
R RN

Switching frequency: up to 1000 Hz
Total number of switchings: ca. 2200
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Simulation results, error plots /:

e(t) 1 1 1 1 1 1 1
S L A A A A A A A A A A A A e A A A A L L A A A A L A A R R AW AW
E? AVATAVAVAVA!SERVATAVATAVRATAVAVATATATAVATAIANA L_[},\l AVAVATATAVAVATAVATAVATAVATATATAIAVAIEERIAVATATATATA I
u(t) 0 i 3 i w i i i 2m g(t)
Gal | 1 - 1 ] I | =
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Historical Summary
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@ before 2002: High-gain-adaptive control
o k =|ly||* (MORSE 83; BYRNES & WILLEMS 84; MAREELS 84)
o A-tracking, (ILCHMANN, RYAN 94, further results until 2002)
@ 1991: The Miller-Davison- “Funnel”
e only two error bounds: overshoot bound and final accuracy
o k(t) piecewise constant, monotonically increasing
o frequency domain analysis
e works for arbitrary relative degree
@ since 2002: The Funnel Controller
o Relative degree 1, nonlinear, MIMO (ILCHMANN, RYAN, SANGWIN 2002)
e Input Constraints, Relativgrad 1, SISO+MIMO (ILCHMANN, TRENN 2004; HOPFE,

ILCHMANN, RYAN 2010)

o Higher relative degree, MIMO, via Backstepping (ILCHMANN, RYAN, TOWNSEND 2006,
2007)

e Input constraints, Relativgrad 2, SISO (LIBERZON, TRENN 2010 (BANG-BANG); HACKL,

HoPFE, ILCHMANN, MUELLER, TRENN 2012)
e Bang-Bang, arbitrary relative degree, SISO (LIBERZON, TRENN 2013)
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