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Synchronization of heterogenous agents
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Problem statement

Sy

Given e

o N Agents with individual scalar dynamics: °

xi = fi(t,x;) + u; e @

@ undirected connected coupling-graph G = (V. E)

@ agents know average of neighbor states Xy 1= %(X2 +x3)
= _ 1

S TR
Control design for practical synchronization 1

X3 1= g(xl + x2 + xq)

X1 "X R ...~ Xp -
X4 1= X3
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Synchronization of heterogenous agents
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A , high-gain” result

Let N;:={jeV |(j,i)€E }and d :=|N|.
Diffusive coupling
—k Z = Xj = —kd,'(X,' = Y,’)

JEN;
Theorem (Practical synchronization, Kim et al. 2013)
Assumptions: G connected, (t,a)— f;(t,a) bounded in t and global Lipschitz in a, all solutions

of average dynamics
N
1
= 5 DAl s(1)
i=1

remain bounded. Then Ve > 0 94K > 0 Yk > K: Diffusive coupling results in

lim sup [xi(t) — x;(t)| <e Vi,jeV

t—o0

Technomathematics group, University of Kaiserslautern, Germany

Stephan Trenn

Funnel synchronization for m ent systems




Synchronization of heterogenous agents
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Remarks on high-gain result /

Common trajectory

It even holds that

limsup |x;(t) — s(t)| < &/2,

t—o0
where s(+) is the solution of
1 & 1 &
(t) = 1 D it (1), 5(0) = 1 > x
i=1 i=1

Independent of coupling structure and amplification k.

Error feedback

With e; := x; — X; diffusive coupling has the form
ui = —kie;

Attention: e; # x; — s, in particular, agents do not know ,, limit trajectory” t — s(t)
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High-gain and funnel control
[ 1]

Reminder Funnel Controller

7
y(t) = h(t, y(t)) + u(t) y(t) e(t)
o(t)
f £+
F -
u(t) = k(1) e(t) |2 o) e
Theorem (Practical tracking, lichmann et al. 2002)
Funnel Control .
k(t) =
=0T
works.
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High-gain and funnel control
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Funnel synchronization

Reminder diffusive coupling: u; = —k;e; with ¢; = x; — X;.

Combine diffusive coupling with Funnel Controller
1

i) = —bEale) wle BE= o o
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Simulations
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Example

Simulations in the following for N = 5 agents with dynamics

fi(t,x;) = (=1 + 6;)x; + 10sin t + 10m; sin(0.1t + 0}) + 10m? sin(10t + 67),

with randomly chosen parameters §;, m}, m} € R and 0},6? € [0, 27].

Parameters identical in all following simulations, in particular , > 1, hence agent 2 has

unstable dynamics (without coupling).
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Simulations
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Simulation with constant k

ui = —k e with k =10
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Observations for funnel synchronization from simulations /
Funnel synchronization seems to work

@ errors remain within funnel
@ practical synchronizations is achieved
@ limit trajectory does not coincide with solution s(-) of

$(6) = 3 D flt (1), (0) = 5 Y%

What determines the new limiting trajectory?

@ Coupling graph?
@ Funnel shape?
@ Gain function?
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Simulations
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Funnel synchronization, directed graph

I:

Ui(t) = _ki(t)ei(t) 120 F j i T ]
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Simulations
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Funnel synchronization, complete graph
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Simulations
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Funnel synchronization with bigger funnel

I:
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Simulations
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Funnel synchronization with additional amplification
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Weakly centralized Funnel synchronization
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Decentralized and weakly centralized Funnel synchronization

For fully decentralized Funnel synchronization

u(t) = —ki()eilt) mit k() = vy

no theoretical results available yet.

Weakly centralized Funnel synchronization

Analogously as for diffusive coupling, all agents use the same gain:
1

(1) = —kmax(£) dy (1) - with - kmax(£) 1= max sy
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Weakly centralized Funnel synchronization
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First theoretical result

Assumption:
e No ,finite escape time“ of x;
@ The graph is connected, undirected and d-regular with

N
d>2
~ 2

e Funnel boundary ¢ : [0,00) — [, @] is differentiable, non-increasing and

le(0)] < p(0), Vi=1,2,...,N.

Then weakly centralized funnel synchronization works.
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Weakly centralized Funnel synchronization
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Key arguments of the proof

Sy

Error dynamics for e; := x; — Xy:
él(t) = fl(tvxl) - kmax(t)dlel(t) - ?1(1')

. 1
= fi(t,x) — kmax(t)dier (t) + y > kmax(t)diei(t)
JEM

We need implication
o(t) — |er(t)| small = é(t) large (with opposite sign as e;(t))

Because kmax(t) > m we indeed have

o(t) —|er(t)] small = kmax(t) large
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Weakly centralized Funnel synchronization
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Key arguments of the proof

d-regularity assumption

éu(t) = A(t,x) — kmax(t) | der(t) = D gi(t)

JEN;

Consequence of property of the Laplacian matrix:

E € = —6 — E €

JEN; J#AN;U{1}

with
AU} =N—d—1

Hence, invoking ei(t) > ej(t) for all j € V,

é1(t) < A(t,x) — kmax(t)(2d — N + 2)ey(t).
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Weakly centralized Funnel synchronization
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Simulation weakly centralized Funnel synchronization

I:

~ V() — e
o(t) =+ (7 —p)e ™

I\

$=20,p=1 =1 Yy
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Weakly centralized Funnel synchronization
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Summary /

Combining diffusive coupling with funnel control leads to funnel synchronization
@ local error feedback
time-varying gain

°
@ guaranteed transient behavior
@ simulations look promising

°

theoretical proof for weakly centralized funnel synchronization

Open questions

o limit trajectory
@ weakly centralized case: non-regular graph or d small

@ decentralized case
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