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Observability notions System class Observability characterization

The observability problem

Switched Systeminput  output y

initial condition 0

switching signal σ

Observability questions

› Is there a unique 0 for any given σ, , y? → observability Ø
› Is there a unique (0, σ) for any given  and y?
→ (, σ)-observability

› Is there a unique σ for any given , y and unknown 0?
→ σ-observability
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Observability notions System class Observability characterization

(, σ)-observability vs. σ-observability

First (surprising?) result for linear systems

(, σ)-observability ⇐⇒ σ-observability

=⇒ is clear.
Main argument for ⇐=:
Choose initial values 10 6= 

2
0 with the same input-output behavior

→ 0 := 10 − 
2
0 6= 0 gives y ≡ 0

→ y ≡ 0 also results from 0 = 0 and any σ

Corollary for linear systems

σ-observability =⇒ each individual mode observable
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Weaker observability notion

̇ =
�

0 0
0 1

�



y = Cσ

with

C1 = [1,0]
C2 = [0,1]

→ not observable

1, 2

tsmode 1 mode 2

mode 2 mode 1

Switch observability (σ1-observability)

Recover  and σ from  and y, if at least one switch occurs
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The simplest case

̇ = Aσ
y = Cσ

Ok :=









Ck
CkAk
CkA2k
...









Theorem (cf. Küsters & Trenn, Automatica 2018)

σ-observability ⇐⇒ ∀ 6= j : rnk[O Oj] = 2n

σ1-observability ⇐⇒ ∀ 6= j, p 6= q, (, j) 6= (p, q) : rnk
�

O Op
Oj Oq

�

= 2n

tS-observability ⇐⇒ ∀ 6= j : rnk[O − Oj] = n
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Adding inputs
̇ = Aσ + Bσ
y = Cσ + Dσ

Input-depending observability

(Aσ , Cσ) σ-observable 6⇔ (Aσ , Bσ , Cσ , Dσ) σ-observable

Example:
̇ =  ̇ = 0 + 
y =  y = 

is σ-observable but not distinguishable for (t) = et and (0) = 1
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Observability notions System class Observability characterization

Adding inputs
̇ = Aσ + Bσ
y = Cσ + Dσ

Input-depending observability

(Aσ , Cσ) σ-observable 6⇔ (Aσ , Bσ , Cσ , Dσ) σ-observable

Strong vs. weak observability

observable for all  6⇔ observable for some/almost all 

Further technicalities
Analytic vs. smooth inputs and equivalent switching signals

All problems resolvable → see our 2018 Automatica paper
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Adding algebraic constraints
Eσ ̇ = Aσ
y = Cσ

Extended solution space

Distributional solution space → Dirac impulses possible

Suitable solution space: Piecewise-smooth distrubutions

ƒD

t−1

Dt−1

t

Dt

t+1

Dt+1
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Impulses important for observability

C L1

1

L2

2

S

y
t

y

1

2

› One capacitor, one switch and two inductors.
› Measure voltage across the second incuctor.

Switch obsv.
open y ≡ 0 for any internal states 7
closed equilibrium 1 = −2 = const → y ≡ 0 7
closing y = 0 jumps to 6= 0 3
opening non-equilibrium: y 6= 0 jumps to zero (+ Imp.) 3

equilibrium: y(t) = 0 ∀t, but with impulse in y 3

The switch-induced impulse is required to determine  and σ.
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System classes

̇ = Aσ
y = Cσ

̇ = Aσ + Bσ
y = Cσ + Dσ

adding input

Eσ ̇ = Aσ
y = Cσ

algebraic
constraints

Eσ ̇ = Aσ + Bσ
y = CσBimp

p = 0
Dp = 0

assumptions
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Solution formula for nonswitched DAEs

Eṗ = Ap + Bp, (0−) = 0
has unique solution on (0,∞)

(t) = e
Adiffp tp0 +

∫ t

0
e
Adiffp (t−s)Bdiffp (s) ds −

n−1
∑

=0

(Eimp
p )Bimp

p ()(t)

Assumption: Bimp
p = 0 → DAE behaves like ̇ = Adiffp  + Bdiffp 

Jumps and Dirac impulses still present at switches

(t+p ) = p(t
−
p )

[tp] = −
n−1
∑

=0

(Eimp
p )+1(t−p )δ

()
tp
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Observability characterizations

Eσ = Aσ + Bσ
y = Cσ

regular with corresponding
p, Adiffp , Bdiffp , Cdiffp ,

Eimp
p , Bimp

p , Cimp
p

Notation:

Ok =









Cdiffk

Cdiffk Adiffk

Cdiffk Adiffk
2

...









, Ok =











Cimp
k Eimp

k

Cimp
k Eimp

k

2

Cimp
k Eimp

k

3

...











, k =













0
Cdiffk Bdiffk 0

Cdiffk Adiffk Bdiffk Cdiffk Bdiffk

...

Cdiffk Adiffk
2
Bdiffk Cdiffk Adiffk Bdiffk

... ...
...

...
... ...
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Observability characterizations

Eσ = Aσ + Bσ
y = Cσ

regular with corresponding
p, Adiffp , Bdiffp , Cdiffp ,

Eimp
p , Bimp

p , Cimp
p

Theorem (Assumption Bimp = 0)

σ-observability ⇐⇒

rnk
�

O Oj  − j
�

= rnk + rnkj + rnk
�

 − j
�

+ technical impulse condition
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Observability characterizations

Eσ = Aσ + Bσ
y = Cσ

regular with corresponding
p, Adiffp , Bdiffp , Cdiffp ,

Eimp
p , Bimp

p , Cimp
p

Theorem (Assumption Bimp = 0)

σ1-observability ⇐⇒

tS-observability +

rnk
� O Op −p
Oj Oqp j−q
Oj Oqp 0

�

= rnk + rnkp + rnk
� −p
j−q

�

− dimM,j,p,q

where M,j,,q = im ∩ kerEj ∩ kerEq and M,j,p,q = {0} for  6= p
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