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IF YOU HAVE ANY QUESTIONS CONCERNING THIS MATERIAL (IN PARTICULAR, SPECIFIC POINTERS TO
LITERATURE), PLEASE DON’T HESITATE TO CONTACT ME VIA EMAIL: trenn@mathematik.uni-k1.de

1 Motivation: Modeling of electrical circuits

u|(]

Basic elements:
e Resistors: vp(t) = Rig(t)
e Capacitor: C4vo(t) = ic(t)
o Coil: LLis(t) =vr(t)
e Voltage source: vg(t) = u(t)

All components have the same form:

[Bé = Av + Bu| E,A€R™" BeR™™

Resistor: x = (?R), E=FER:=10,0], A=A :=[-1,R], B=]]
R

Capacitor: x = (jg), E=FEc:=[C,0l, A=Ac:=[0,1], B=]]

Inductor: x = (Z.JC), E=F;:=[0,L], A= AL :=[1,0], B =]
C

e Voltage source x = <;JS>, E = FEg:=10,0], Ag := [-1,0], B = [1]
S
o .
R =C
O ®

Connecting components: Component equations remain unchanged!
+ Kirchhoff’s voltage law:
vp+vo =0
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Results again in Ft = Ax + Bu with = = (vg, ig, vc,ic) and

E = Egrc

A= Agc

R

E

Connecting the inductor adds additional constraint:

i, =1r +1cC,
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external current = i, external voltage = vy + vg

resulting in F@ = Az + Bu with = (vg,ig,vc,ic,vr, i) given by

Erc

]

0

Putting all together results in square DAE Ei = Ax + Bu with © = (vg,ig,vc,ic, v, i1, vs,is) and

[0 0

2 DAEs: Differences to ODEs

Recall properties of ODEs

e Initial values: arbitrary

e Solution uniquely determined by f and x(0)

e No inhomogeneity constraints

DAE example:

no restriction on xs

To=1x1+ f1

0=/f3
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Observations:

e For fixed inhomogeneity, initial values cannot be chosen arbitrarily (z1(0) = —f1(0) — f2(0),

22(0) = f2(0))
e For fixed inhomogeneity, solution not uniquely determined by initial value (z3 free)

e Inhomogeneity constraints
- structural restrictions (f3 = 0)

- differentiability restrictions (f» must be well defined)

3 Special DAE-cases

a) ODEs v/
b) nilpotent DAEs:
0
1 T=x+f
1 0
= 0:$1+f1 — wlz—fl
T1 =22+ fo — xy=—f2— f1
go=a3+f3 — a3=—f3—fo—fi
n .
Tp-1 =Tn+ fn — Ln = _Zfi(nﬂ)
i=1

In general:
Nt =x+ f with N nilpotent, i.e. N* =0

d
N = . .
L N2 =Ni+Nf=z+f+Nf

d
N+ .
& N3y = N23 + N2 f =2+ f+ Nf+ N2f

N

SRS

S——’

n—1
Nzl =34y N0
=0 =0

n—1
S a= Y N0
=0

is unique solution of N = x + f
e Initial values: fixed by inhomogeneity
e Solution uniquely determined by f
e Inhomogeneity constraints:
- no structural constraints

- differentiability constraints: E?:_Ol Nif() needs to be well defined
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c¢) underdetermined DAEs

1 0 i 0 1
n—1 T = x*’f
1 0] 0 1
. [0 1 0
1 . x1 )
& = +1 | +f
. | 0
Tn—1 Tn—1
0 Tn

< ODE with additional “input” z,

e Initial values: arbitrary
e Solution not uniquely determined by z(0) and f

e Inhomogeneity constraints: none

d) overdetermined DAEs

_0 - _1 -
1 0
n+1 oo B = o |t f
0 1
0
fi
1 ) .
= r=x+ : A JM/::fn+1
Lo In
N
n—1 o n ) \
sr=-Y NfO A==
1=0 i=1
n+1

e Initial valus: fixed by inhomogeneity
e Solution uniquely determined by f

e Inhomogeneity constraints

- structural constraint: 37"H! i(nH*i) =0
n+1—1i)

- differentiability constraint: fi( needs to be well defined

We will see: There are no other cases!
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