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10 Switched DAEs

10.1 Motivation and solutions

Recall example from Lecture 3:

0/

TONEP

l

Switch — Different DAE models (=modes) depending on (time-varying) position of switch

Switching signal o : R — {1,...,N} picks mode number o(t¢) at each time ¢ € R:

E,)®(t) = Ay (t) + Bypyu(t)
y(t) = Coy(t) + Dygyu(t)

or short

E,t = A,z + Byu

y = Cox + Dyu (swDAE)

Each mode might have different consistency spaces
= inconsistent initial values at each switch
= distributional solutions

In (swDAE) multiplication of piecewise-constant function with distribution appears.

Lemma 1 (Multiplication of distributions).
o Leta € C® and D € D, then a- D € D where

(- D)(¢) :== D(a - p)

o Leta=3 ., Qift; ti41) € Cow and D € Dpyeoo, then o= D € Dpyeoo where
a-D:= Z - Di g0y
1€Z
in particular, 1) -6 = 0.

Remarks 1.

a) It is not possible to define commutative multiplication F' % G neither for general F,G € D nor for
F.G € Dpyee (— Exercise)

b) A noncommutative mutliplication F' - G for F,G € Dpyc~ can be defined, in particular,
0-6=0

(because § - § = ]1’[0700) 0= (Tjg00) - 0) = Ljgo0) - 0" = 0" = 8" = 0)
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Corollary 1 (from Lecture 3). Let

Yo = { o:R—={l,...,N} | o is piecewise constant and 0’(700 s constant } .

0)
Consider (swDAE) with regular (Ep,Ap) Vp € {1,...,N}. Then for all u € Dif - and all 0 € X
exists solution x € D o of (swDAE) and x(0—) uniquely determines x.

10.2 Impulse-freeness

Question: When are all solutions of homogenous (swDAE) E,i = Asx impulse free, i.e. z[t] := x4y =
0VvteR?
(jumps are OK)

Lemma 2 (Sufficient conditions).

e (E,,Ap) all have index one (i.e. N, =0 in QWF)
= (swDAE) impulse free

e all consistency spaces of (Ep,Ap) coincide (i.e. Wong limits V; are identical)
= (swDAFE) impulse free

Proof:

e Index-1-case: Consider nilpotent DAE-ITP:

(N)[0,00) = W[0,00)
=0= w[()’oo)
= w[0] =0

Hence an inconsistent initial value does not induce Dirac-impulse

e Same consistency space for all modes
= no inconsistent initial values at switch
= no Dirac-impulse

Theorem 1. The switched DAE E,& = A,z is impulse free Vo € ¥
& E,(I-1)I,=0 VYpge{l,...,N}

where I, := Il 4,), p € {1,...,N} is the consistency projector.

2
Proof: It suffices to consider c = — 1
0 t
i.e. (swDAE) reads as
(Eli")(—ooﬂ) = (Alx)(—oo,O) (E2$)[O,OO) = (A2:L')[O,oo) (*)

Choose S2,T5 invertible such that (SoFEoTs, SoAoTs) is in QWF, then (x) is equivalent to

(E12)(<000) = (A12) (—o0.0) ([I N] Z>[Opo) B <[J I] Z> [0,00)

where z = TQ_lx and (El,;ﬁ) = (S2F1T3,52A1T5). Note that z(0—) = T2_1x(0—) € T2_1imH1. Let
z= (Z}) then (x) is impulse free
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& ITP for N = w is impulse free for all | w(0—) € [0, I]T, “mIT; |

Since w[0] = — 72 N+ (0-)5®) we have
(x) is impulse free < N0, 1T, HmlT; Vi € {0,1,...,n — 2}
& N[0T, I =0

I 0 0], 1
o [ e

(1 1, [0 0] o
& %ﬂ AQW%OJQT—O
<~ EQ(I — Hg)Hl =0

Remarks 2.
a) Index 1 & E,(I —1II,) =0 Vp

b) Consistency spaces equal < (I —1II,)II, = 0 Vp,q

10.3 Stability

Definition 1. E,i = A,z is called (asymptotically) stable (for given o)
=

1) all solutions are impulse free

2) z(t£) > 0ast — o0
Question: When is E,& = A,x stable Vo?

Attention: Stability of each mode E,& = Apx is necessary but not sufficient, ODE-example:

Mode 1 Mode 2 Switched

@ 4

For switched DAEs jumps play also important role:

_

Ezamples 1.
0 0 1 -1
@&_klym_k—J
0 0 -1 0
e R
non-switched switched
) €2 .
\:‘ k\
Vv --:*:)--:‘-\7
+E2 ).:\
TN
K
) I ) il
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— jumps destabilize

00 -1 0
b) (E;,A;) as above, Ey = {0 1], A = { 0 _1]

non-switched behavior exactly the same as above, but switched behavior now stable:

Proposition 1. Ei = Ax asymptotically stable for reqular (E,A)
& generalized Lyapunov equation

ATPE+E"PA=—-Q (%)

has solution (P,Q) with P = P' > 0 (positiv definite) and Q = Q' positiv definite on consistency
space.

In particular, Ex = Ax asymptotically stable

< 3 Lyapunov Function

V(z) = (Ezx)" PEx
where P is solution of (x) for some Q.

Note that
LV (2(t)) = (Ex(t)) " PEx(t) + (E2(t))  PEx(t)

=z(t)"ETPAz(t) + x(t)AT PEx(t)
=—z(t)Qz(t) <0

Theorem 2. E,i = A,z is asymptotically stable Vo if
1) E (I — I )IL, =0 Vp,q (impulse freeness)
2) 3 Lyapunov Function Vy(x) = (Epz)" P,E,x Vp (each mode asymptotically stable)

3) Vp,g € {1,... N}Vz € imll,:
Vo(gz) < V() ()

Note that for all x € II,, N I,:
Vy(z) = Vy(lgz) < Vy(z) = V,(ILx) < V()

= Vy(x) = Vp(x) on intersection of consistency space
= (xx) generalizes the well-known “common Lyapunov function” condition of switched ODEs.

Remark 3. Result also holds for nonlinear switched DAEs:

E,(z)t = f,(z).
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