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Abstract— A wide class of linear switched systems (LSS) can
be represented by a sequence of modes each one described by a
set of differential algebraic equations (DAEs). LSS can exhibit
discontinuities in the state evolution, also called jumps, when the
state at the end of a mode is not consistent with the DAEs of the
successive mode. Then the problem of defining a proper state
jump rule arises when an inconsistent initial condition is given.
Regularity and passivity conditions provide two conceptually
different jump maps respectively. In this paper, after proving
some preliminary result on the jump analysis within the
regularity framework, it is shown the equivalence of regularity-
based and passivity-based jump rules. A switched capacitor
electrical circuit is used to numerically confirm the theoretical
result.

Index Terms— Switched systems, Passivity-based jump rule,
Regularity, Wong sequences, Inconsistent initial conditions.

I. INTRODUCTION

When modeling electrical circuits which exhibit sudden
structural changes (e.g. component faults or opening/closing
of ideal switches) an interesting question is how the state
variables jump in order to satisfy the new algebraic con-
straints. A good overview of the different jump-rules is
given in [1]. A quite general modeling framework for linear
switched systems are switched differential algebraic equa-
tions (switched DAEs) [2] given as follows

B,y £(t) = Agr) £(2) )

where ¢ : R — {1,..., P} is the switching signal and
E,, A, € R " determine the dynamics (and algebraic
constraints) in each mode p € {1,..., P} of the system.

A global solution is constructed by concatenating these
single modes whose solutions can be obtained separately as
solutions of

Epé(t) = Apé(t)
£07) =€ e R

A classic solution exists only when the initial condition (2b)
fulfills the algebraic constraints which arise in the current
mode.

When modeling electrical circuits with ideal switches only,
a more economic way of modeling is via a standard state-
space system with constant matrices and virtual inputs and
outputs, which are complementary and encode the mode of
the position of the switches [1], i.e. open circuit or short
circuit. In particular, in each switching configuration some

t€[0,00) (2a)
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of the “outputs” are set to zero leading to a DAE. In this
framework the following principles are used to derive a jump
rule in response to an inconsistent initial value:

1) Minimization of the energy.
2) Conservation of the charge/flux.
3) The Laplace transform approach.

In [1] it was shown that under a certain passivity assumption
these three approaches lead to equivalent jump rules, which
we will call passivity-based jump rule in the following.

Under a certain regularity assumption one can prove
[2] that for any switching signal and any initial condition
the switched DAE (1) (or equivalently (2)) has a unique
solution (but within a distributional solution framework). In
particular, the regularity assumption implies unique jumps
at the switching times. The jump rule based on regularity
was not studied in [1] while passivity was not considered
in [2]; but, of course, electrical circuits which are passive
and regular play an important role and the question arises
whether the passivity-based jump rule is equivalent to the
regularity-based jump rule. The answer is yes and is our
main result (Theorem 6) we would like to present.

The paper is structured as follows. In Section II we present
our system class of linear switched systems and how each
mode can be rewritten as a DAE. The passivity-based jump
rule is introduced in Section III and afterwards the regularity-
based jump rule is introduced. Our main result is given in
Section V. We illustrate the theoretical results with a basic
switched capacitor electrical circuit example.

We use the following notation: For x € R”, u € R™ we let
col(z,u) € R™™™ be the vector which results in stacking
over u. For a matrix M € RP*? and a subspace S C R? the
subspace MS C RP denotes the image space of S under M,
ie. MS:={ MseRP | s€ S };forS C RP the subspace
M~1(S) C R? denotes the preimage of S under M, i.e.
M=YS8)={xeRY | Mz €S8 }. For v € R" and a set
of integers N' C {1,2,...,n}, with vy we refer to the vector
obtained from v by considering only the components in the
set V. Similarly, if M € R™*"2 is a matrix, with M,
we refer to the matrix obtained from M by considering only
the rows in the set A7 C {1,2,...,n;} and the columns in
the set A5 C {1,2,...,na}. The symbol e stands for the
whole set of rows or columns.

II. LINEAR SWITCHED SYSTEMS AND DAES
A linear switched system (LSS) within a linear comple-
mentarity framework can be described as follows [1], [3]
#(t) = Ax(t) + Bz(t) (3a)
w(t) = Cx(t) + Dz(t) (3b)



together with the complementarity condition
zi(w;(t) =0 Vi=1,2,...,qVteR 4)

where A, B,C,D are matrices of suitable dimensions,
z(t) € R™ is called semi-state and the vectors z(t) € R?
and w(t) € R? are ideal switch variables satisfying (4),
i.e. at each time instant either the component z; or the
corresponding component w; must be zero.

Such description is not to be confused with the switched
linear system model as in [4] given by & = A,x; in par-
ticular, the latter does not contain any algebraic constraints,
hence the problem of inconsistent initial values is not present.

The solution of an LSS can be obtained by cascading
the solutions of the models corresponding to the different
modes. In that sense one can restrict the state jump analysis
occurrence at the time instant when a generic mode is
activated. Then without loss of generality in what follows
the state jump at the initial time instant is considered and the
indication of the subscript ‘p’ denoting the specific mode is
omitted.

In order to select a mode of the system it is necessary
to define a switch configuration through the subset m C

{1,2,...,q}. Say m is the size of the index set m. When
7 is active the complementarity condition (4) becomes
w; =0 ifien (5a)
z; =0 if i € 7€, (5b)

where 7¢ = {1,2,...,q} \ 7. By combining (3) and (5) we
obtain for each switch configuration 7 a simplified structure:

& = Az + BexZx (6a)
0= 677055 + Eﬂ'ﬂ'zﬂ' (6b)
Zpe =0 (6¢)
Wge = 671—6..%'. (6d)
The model (6a)—(6b) can be simply rearranged into
t=Kzx+ Lu (7a)
0=Mx+ Nu (7b)

wherew = 2., K = A, L = Bex, M = Cre,and N = D ..

The model (7) can be rewritten in the form of a DAE.
Let us define the state vector as col(z,u). Then (7) can be
written as the following DAE

(Q)a()

where E, A € R(+m)x(n+m) are square matrices given by

I 0 K L
E:[o o}’ A:{M N} ®)

where [ is the identity matrix of order n. Note that the special
structure of the matrix pair (E, A) as in (9) is no restriction
of generality as any matrix pair can be brought into this form
via suitable coordinate transformations. However, in order to
apply the passivity based analysis the special structure of (7)
is necessary.

III. STATE JUMPS

In order to define a solution for (7), or equivalently for (8)—
(9), one must fix an initial condition, say col(xo,ug). It
can be proved that for any initial condition there exists a
solution of (8) in the distributional framework [2, Thm 6.5.1]
provided the matrix pair (E, A) is regular (see Section IV).
The occurrence of a state jump can be formalized by means
of the consistency concept.

Definition 1: An initial condition col(zg,ug) is called
consistent for the DAE (8) if, and only if, there exists an
absolutely continuous solution col(z(-),u(-)) of (8) such
that col(x(0),u(0)) = col(xg,up). Otherwise the initial
condition is called inconsistent.

Definition 2: The consistency space &g 4 is the set of
all vectors col(xg,up) which represent a consistent initial
condition for a given DAE.

A. Projection Matrix

Switching between different DAEs each given by (8) in
general leads to inconsistent initial values because the consis-
tency space need not to coincide. In order to obtain a solution
the state must clearly jump to a consistent initial value
first. In order to correctly define this state re-initialization
a jump rule must be chosen which unambiguously maps
an inconsistent initial value into a consistent one. Since we
are in a linear framework, this jump rule must be linear
and also should map consistent initial values on themselves,
i.e. the jump rule is given by a projection matrix II €
R(n+m)><(n+m)

(10)

Definition 3: We define the jump space Jr as the set of
all vectors which represent a valid re-initialization for the
jump rule taken into account, i.e.

3, = { A € R™HT ’ 3(2@) :H(Zi) - (zi) YN }
According to (10), since OH is an i?iempoten% matrix, it
results

(11a)
(11b)

with € g 4)®JIn = R™*™_ Therefore, for a given projection
matrix II, any initial condition col(zg ,ug ) € R™*™ can be
uniquely decomposed as follows

(@)-() @

with col(zd,ug) € €(g,4) and col(A;, Ay) € Jm.

(12)

B. PFassivity-based Jump Rule

A common re-initialization strategy [1] is based on the
passivity-based jump rule. In order to apply such a rule
the passivity concept must be introduced, which can be
characterized as follows.



Definition 4: [1, Prop IV.3] A quadruple (A4, B,C, D) is
passive if, and only if, the following linear matrix inequality

A'0+Q4A QB-C'

_ s _ <0.
B'Q-C —(D+D")

(13)

has a positive semi-definite solution Q = Q" > 0. We call
(A, B,C, D) stritly passive if (13) has a positive definite
solution @ = QT > 0.

Assume that the quadruple (A4, B, C, D) associated to the
LSS (3) is strictly passive with a positive definite solution
@ > 0 of (13) and consider the system (7) resulting for a
generic mode. It can be shown that the passivity-based jump
rule for the semi-state x is independent of w and can be
obtained by solving the following quadratic program with

respect to xg [1, Thm VI1]:
minimize 1 (z§ —2;)  Q(zd —zy)
subject to Mz € im N.

(14a)
(14b)

In particular, (14) has a unique solution which can be
written as

+ _ 117 —
zg = Iz

(15)
with

e, =1-Q 'M"PT(PMQ 'M"PT)IPM

(16)

where } refers to the pseudoinverse matrix and P is a matrix
such that ker P = im N.

Moreover, under the strict passivity condition, it is also
proved in [1] that

im 1%, = M~ '(im N)

pas
kerII* = Lker N

pas

(17a)
(17b)

in particular, M ~!(im N) is the consistency space for the
semi-state « and

M~'(im N) @ Lker N = R™. (18)

IV. REGULARITY AND WONG SEQUENCES

An alternative way for defining a jump rule is based on
the DAE representation (8) and on the concept of regularity.

Definition 5: A matrix pair (E, A) is regular if det(sE —
A) is not the zero polynomial.

The regularity property allows to obtain an explicit solu-
tion formula for (7) by employing the quasi-Weierstrass form
as described below.

Theorem 1 ([5]): Given a regular matrix pair (E, A) there
exist invertible matrices S, T" such that (F, A) is transformed
into a quasi-Weierstrass form

(SET,SAT) = <[é %H ?D

where J is some matrix and Z is a nilpotent matrix.
In view of [6] we call (19) quasi-Weierstrass form because
we do not assume that J and Z are in Jordan canonical form.
A convenient method to find the transformation matrices
S, T is to employ the so called Wong sequences:

19)

Definition 6 ([7]): Consider a matrix pair (E, A), then the
following subspace sequences are called Wong sequences:

Vi+1 = A71<EVZ)
Wis1 = E7H(AW))

with Vo = R*"*™ W, = {0}.
Theorem 2: [6, Prep 2.4] If the matrix pair (E,A) is
regular then the Wong sequences get stationary after finitely
many steps. Denote V* and W* the limits, and choose full

rank matrices V, W such that V* =im V and W* =im W
then

(20a)
(20b)

T =[V.W]
S =[EV,AW]™*

(21a)
(21b)

yield the quasi-Weierstrass form (19).

It is easily seen that with the help of the quasi-Weierstrass
form a unique jump rule based on the regularity assumption
follows. In fact, in [2, Thm 6.5.1] it is proved that the
consistency projector is given by

HregT{I O}Tl

00 (22)

with the matrix 7" given by (21a). Note that this projection
maps onto V* along W*, thus it holds

Q:(E,A) =im Hreg = V*,
JHreg = ker Hreg = W*

(23a)
(23b)

Since the matrix E is assumed to have the special struc-
ture (9), in what follows some original preliminary results
are obtained.

Firstly it can be proved that, similarly to the passivity-
based jump rule, the vector uy does not influence re-
initialization of the semi-state x.

Theorem 3: Consider the DAE (8) with the matrix F
given by (9) and assume the matrix pair (E, A) is regular.
By using the Wong sequences define the spaces V* =im V
and W* = im W and the regularity projector (22). Then the
following condition holds

Zo ZTo
eq (Uo) = g ( 0) . (24)
for all xp € R™ and up € R™.
Proof: First notice that
{0} =Wo CWy C - CW; =W = W™ (25)

Moreover

W = [68}71 ([]Ié ][\J/']WO) = ker[ég] cwr :kerHreg-

Then 0 Io
(u) € ker {0 0] C ker Il

which with simple algebraic manipulations implies (24):

e ()1 )+ ()] -2 ).

(26)

27)

O



Since we are only interested in the semi-state x, in what
follows we seek a restriction of the jump map. First we
define the restriction of the spaces V* and W* relative to
the variable x.

Theorem 4: Consider the DAE (8) with the matrix E
given by (9) and assume the matrix pair (E, A) is regular.
Let V* and W* be the spaces which terminate the Wong
sequences. Define the projector

IL,=[10]. (28)
Then the spaces V; = I, V* and W} = II,W* fulfil
VieWw: =R" (29)

Proof: In the first part of the proof it is demonstrated
that
Vinw; = {0}.

Let z € V; N W;, then v € V*, w € W* such that

(30)

z=1Iv A (31)

Tz =1, w.
Then it follows

I0

00

Therefore since w € W™ it is also true that v € WW*. Finally
since v € V* N W* = {0} we obtain

U—wekerﬂx:ker[ } c w*. (32b)

7 =TM,v=0. (33)

Choose x € R" and consider the vector col(z, 0) € R**™,
then there must exist a unique pair v € V* and w € W* such

that
) = +
g) =vtw

It follows x = II,v + I, w € V; + W, and thus the claim.

|

Thus, in analogy of (12), any inconsistent initial value x
can be decomposed as follows

(34)

Ty = xér + A, (35)

with unique & € V¥ and A, € Wz. In particular, the
jump-rule is given by a projector with image V) and kernel
W;, i.e. the regularity-based projector is given by choosing
any two full rank matrices V,, W, such that V; = im V,
W =im W, and

I0

Hreg = [V$7 WE] |: O O

} Vi, W]t (36)

The following lemma shows that the regularity-based
projector for the semi-state x can also be calculated directly
with the help of the consistency projector Il., and the
canonical projector I, = [I,0].

Lemma 1: Consider the DAE (8) with the matrix F given
by (9) and assume the matrix pair (£, A) is regular. Say Il;,
the corresponding consistency projector. Then

I, = I, e IT7.

reg

(37

TABLE I
CONSISTENCY AND JUMP SPACES

Regularity Passivity
Consistency space % M~lim N
Jump space Wi Lker N

Relevant spaces for the re-initialization of the semi-state x.

The (surprisingly technical) proof is carried out in the
Appendix.

The spaces V; and W} can also be obtained as the result
of subspace iterations as the following result shows.

Theorem 5: Consider the DAE (8) with the matrix E
given by (9) and assume the matrix pair (F, A) is regular.
Then the following algorithm provides the space V; and W
after finitely many steps.

i " m  Kr+Lue Vi~t

Vz—{xeR EIUGR’M:U—FNu:O }(38a)
i Nl ZEWTY 2= Kz+ Lu

W‘C_{ZGR ueR™ 7 O:M:C—&-Nu} (380)

with V2 = R™ and W? = {0}.
The proof is carried out in the Appendix.

V. EQUIVALENCE RESULT

In this section we prove the main result of the paper, i.e.
the equivalence between regularity- and passivity-based jump
rules. Therefore, we first assume that both regularity and
strict passivity are satisfied by the system under study. Table I
compares the fundamental spaces related to the z-restriction
for both the aforementioned theories.

Theorem 6 (Equivalence between jump rules): Consider
the DAE (8)-(9) and assume the matrix pair (E,A)
is regular and (K,L,M,N) is strictly passive. Let the
regularity-based jump projector I, be given as in Lemma 1
and let the the passivity-based jump-projector 117, be given
by (16), then

e = - (39)
Proof: The first crucial observation is that we have two
expressions for the consistency space for the semi-state x.
One is given by the canonical projection V;; of the limit of
the first Wong sequence V* and the second one as the image
of the passivity-jump projector, i.e.
Vi=M""im N.

x

A more careful analysis of the formula for V} reveals

V;:{xER”

Ju € R™, MerNu:O}
:{ggeR” MxeimN}
=M 'im N =V}

Hence we can conclude that the V:-sequence ends after
just one step.
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Fig. 1. Two capacitors connected in parallel by a switch.

Similarly, the calculation of W; reveals

_ m T =1Lu
wER™ O Na

To prove the equality of the two jump-rules it remains to be
shown that W} = W1
From (18) it follows that

R" = M~ '(im N)® Lker N =V} @ W1

Wiz{xeR"

} = Lker N.

Invoking (29) this implies
dim W} = dim W

and together with W1 C W we can conclude Lker N =
Wl =wz. O

VI. EXAMPLE

In this section we deploy a canonical switched system,
consisting of an electrical network with two capacitors
connected together via an ideal switch (Fig. 1).

We first evaluate the projection maps II7, and II7, and
then we compare them in order to show numerically the
equivalence of the jump rules.

A straightforward analysis of the network lead us to

i) _[00] [z e
E)=100) )+ o] ww
w1=[1—1]<2>+[0]21 (40b)

with either w; = 0 or z; = 0.

The system has two different modes depending on the state
of the switch S;. When it is open the network current z; is
forced to be null, vice versa when it is closed the voltage
w1y 1S zero.

Taking this into account, we consider the following sce-
nario. Initially the switch is open and therefore the voltages
across the capacitors remain constant to a certain value
xo = col(xpr,xo2). At the time ¢ = ¢y the switch closes
and the semi-state variables might receive a jump towards a
value that is consistent for the new DAE.

The DAEs (8) which describe the system when the switch
is closed are given by (40) with w; =0 and v = z;.

The consistency and jump spaces are

M~ tim N =ker M = span{(})}

1
Lker N =im L = span{<_{7é )}

The consistency projector relative to the x variable can be
easily derived

SISy

cy c, 41
— [ Ci1+C2 C1+C2 ] )

C1 Co
C14+C>

C1+C>

In order to evaluate the passivity-based projector we need
to solve the LMI problem in (13). To this end, Matlab LMI
toolbox comes in handy by assigning numerical values to the
network parameters. We chose: C; = 1 uF and Cy = 2 uF'.

We find then a solution matrix

0= 0.006051 0.012101
~ 1 0.012101 0.024203 |’

and choosing a matrix P = [ 1 | we can finally evaluate the
projector in (15)

v (42)

e — 0.3333 0.6667
~ 1 0.3333 0.6667 |-

A straightforward substitution of the numerical values
in (41) leads to the same matrix of (42).

VII. CONCLUSIONS

State jumps is an interesting phenomenon which occurs
in linear switched systems due to the presence of mode-
dependent algebraic constraints. The practical interest of this
problem is demonstrated by the wide literature dedicated to
the analysis of state jumps in electrical circuits. Different
rules can be defined to re-initialize the state at a value
which is consistent with the differential algebraic equations
of the active mode. In this paper we have shown that
the regularity based jump rule derived purely mathematical
coincides with a jump rule based on physical considerations
(energy minimization).

APPENDIX

A. Proof Lemma 1
Define II* = HzHreng.
. MIM"'e=2 & x€V;
Consider z € V7, it results
Mz = HeregHgl' = Tl (§)
and using Theorem 3
Hwaeg (8> = Hereg (i) Yu € R™.

Choose now @ : col(z, @) € V*, it follows

Me =M, (5) =11, (3) ==



2.im II* = V}.
im IT* = im IT,ITe,IT
- {HzHrEgHTx ’ zeR"}

T, g (2 ‘xeR"}

{
Mol (2) | (2) € R4
{1
{

)ev*}
z | i:ev*} V.

3. ker II* = W;.
(13 2 7

ker IT* = ker IT, ITeo IT2 D ker e 117
but

ke Tl,eg 17 Mg 11 & = 0

Hreg(g) :0}
e (7) =0, ‘v’ueRm}

(7) € ker I, Vu € Rm}
= I, ker e = IL,W* =W,
13 g ”
choose = € ker IT* = ker Hereng,
HxHregnz =0 = HxHreg (6) =0
= I I () =0, Yu € R™
=1I,(Z)=0 = =0

it results

where col(Z,u) = col(0, )

(%) eker[}

= Il col(z, u). Now note that
0] CW* = ker Il
therefore

reg () € ker e,
:>Hreg Hreg (u) =0,

Yu € R™

and since Il is a projector

IT; (I):Hreg( )—O

reg

Finally for all v € R™, col(z,u) € ker T, and
z € I, ker Iy = IL,W* = W5

B. Proof Theorem 5

Let us apply the Wong sequences algorithm to the specific
matrix pair in (7)
1
Vi=[3 5] ([§81Vie1)-
Considering now the definition of pre-image we obtain
Vi={(5)eR"™™ | [{ K1) eli]Via }
={ (%) | Kx+Luell,V,_1, M+ Nu=0 }

If we restrict this space to z by defining Vi = II,V; we

finally have

Véz{meR" u e R™,

K:erLuGV;fl
Mz + Nu=0 ’

Similar calculations for WV space sequence lead to

={(er™ |3(D) e Wiy,
81 = k12D

={(5) eR™™ | 3(L) e Wi,
x=KZz+La, 0=MZz+ Na}.
=11, W;

zeWl z=Kz+ La,
ueW-l 0= Mz+ Nu

Define now the restriction Wg’c

Wiz{xe]R”
where Wi = [0 I
i _J {0}

Wu_{ R™

} W, has the following property
ifi =0

ifi >0

Moreover

Wi =TI,W, =, ker (}9) = {0}

and thus, we can redefine the algorithm as it follows

TeWl x=Kz+ La,
aeR™  0=Mz+Nu

Wiz{meR”

with W? = {0}.

In such way it turns out that W; = 1, W;y1. The two
algorithms defining the Vi and W¢ must converge after
finitely many steps since they are defined to be just the
projection of the full spaces V; and W, which in turn
converge.

O
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