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Tracking control: Closed Loop
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funnel

reference signal yier : R>o — R sufficiently smooth
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The funnel

Control goal

Error e := y — y,ef remains within funnel

={(te) | o (t) <e<p¥(t) }

F=F(e~,¢")

where ¢4 : R>o — R sufficiently smooth

@ time-varying error bound
o (1) @ transient behavior
@ practical convergence
t (Je(t)] < A for t >> 0)
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Introduction
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The bang-bang funnel controller

Continuous funnel controller: Introduced by lichmann et al. 2002

New approach
Achieve Control objectives with bang-bang control, i.e. u(t) € {U~,UT}

switching e
logi —Yref
ogic

I

funnel
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Relative degree one
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Relative degree one /:
Definition (relative degree one)
>0
. . —
x=Flu)  _  y=fly.2)+gly,2)u
y =H(x) z=h(y,z)

@ structural assumption
e f, g, h unknown to controller

o feasibility assumptions (later) formulated in terms of f, g, h

Crucial property

u(t)<<0 = y(t)<<0
u(t) >>0 = y(t)>>0
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Relative degree one
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Switching logic: illustration
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Relative degree one
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Switching logic: formal definition

Too simple?
= feasibility assumptions
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Relative degree one
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Feasibility assumptions

Yo €R

y="f(y,z) +gly,z)u,
zo € Zy C R"!

z=h(y,z),
. [0, t] = R" ! solves z = h(y, z) for a

e Zyandforay:[0,t] =R

Zy =1 z(t _ - N
with @™ (1) < y(7) = Yrer(7) < 07 (7)
V71 € [0, t]

Feasibility assumptions

U- < £ () reil(t) — fyrei(t) + 7 (), 2)

Vt>0Vz € Z; B gierl) + 07(1). 2)
B Ut > O (t) + Yrer(t) — (yref(t)+99 (t),z)

- E(Yrer(t) + ¢ (1), 2¢)
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Relative degree one
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Main result for relative-degree-one case

Sy

Theorem (Bang-bang funnel controller, Liberzon & T. 2010)

relative degree one & funnel & simple switching logic & feasibility
=
bang-bang funnel controller works:

@ existence and uniqueness of a global solution
@ error remains within the funnel

@ no zeno behavior

Necessary system knowledge
o for controller implementation
o relative degree one
e signals: error e(t) and funnel boundaries *(t)
@ to check feasibility assumptions:
e bounds for zero dynamics
e bounds for f and g
o bounds for yef and yref
e bounds for funnel boundaries
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Higher relative degree
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Relative degree two I/

Definition (relative degree two)

>0

x=F(xu) y="fy,y,2) +gly,y,2)u

y = H(x) z=h(y,y,2)

Crucial property

u(t) <<0 = J(t)<<0
u(t) >>0 = jy(t)>>0
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Higher relative degree
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Tracking control: Closed loop

N

[ .
q switching | € € X
— " D

logic

[

funnels
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Higher relative degree
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Switching logic

e(t)
3 oo (t)
— pi )
7 S e ==
W o (0
d
&) e e / N
Yo(t)>< (1)
Fi A—

Stephan Trenn

decrease e

-
N\

é(t) < oy (1)

é(t) > g7 (t)

~
J

o

(t) <o (t)+e*

e(t) > ¢ (1) — "

-
N

&(t) = i (1)

é(t) < ¢ (1)

~
J

increase e
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Higher relative degree
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Relative degree r I/

Definition (relative degree r)

>0

X = F(X,U) y(r) = (ya)./w--ay(r_1)7z)+g(y7-~-ay(r_1)az)u

f
ZII h(y7.)-/7"'7y(r71)7z)

Crucial property

u(t) <<0 = y(t)<<0
u(t) >>0 = yO()>>0
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Higher relative degree
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Tracking control: Closed loop

/ ; ; ; (r-1)
E q switching |e €& ..., e ¥
O+ ¢ — Yref

logic

|

r funnels
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&(t) > min{@(6),—A; } — =

G4 () %S ()2
&6) > ot () - o

+{&—() foIxew S ()2

[}

decrease é

g

increase é

\ &(t) > min{ g (8),~AT} - of
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decrease e
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Higher relative degree

Hierarchical switching logic

d d
dt ) dt
e
a l Q@
Bo | B .
~ Ul ~ W
1 1
1 1
1 1 ﬁr
@1 (
qi = true = Goal:
g; = false = Goal:
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e(i)(t) < min{;(t)
el (t) > max{wi(t), \'}

[e] lele]e}

r dr-1
—_— >
— - >

Yr—2 Yr—1

Ve (1)
-/—_.r72
V;r (®)

2
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Desired behavior of block ‘B;

q,-(t) = true q,-(t) = false q,-(t‘) = true

Stephan Trenn AG Technomathematik, TU Kaiserslautern

The Bang Bang Funnel Controller



Higher relative degree
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Sy

Definition of switching logic

e
= Goal: e < min{t;, —\;"}

qi
—_—

gi+1 g; = true '
‘B = Goal: el > max{¢;, AT}

q; = false

!
Y Y
Di = Jit1 St e 1\ (f
1 where ); € {90,-,1, 2 P (‘Po )(')}
F e, eher, ALAT
q; = true q; = false
eO(t) < max{yhi(t), A} + ¢

giy1 = true gi+1 = false

gi+1 = false

gi+1 = true

Yit1 = ¥ Yir1 = ;.

e(t) > min{yi(t), A7} —&f
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Higher relative degree
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lllustration of switching logic of block B;

<A

min{t;(t), X\,

qit1(t) = f% Qiﬁ-‘ q,A1‘ Gi+1(t) = true ‘

q,-(t) = true

q,-(t) = false
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Higher relative degree
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Feasibility assumptions (F1)-(F8) /

»Ingredients“ for bang-bang funnel controller

@ Existence and knowledge of relative degree

@ Error e and its derivatives (up to (r — 1)-st)

o Funnel boundaries ¢ and its derivatives

e Safety distances El:-t and minimal change rates )\?E
°

For analysis: Settling times Aii

Feasibility assumption (F1): Relative degree r

>0
x = F(x, u) ~ y(’) = f(y,y,...,y(r’l),z) —O—g(y,...,y(r*l),z)u
y = H(x) z=hly,y,....y"V.2), z€Z CR""

and no finite escape of zero dynamics
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Higher relative degree
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Feasibility assumptions (F1)-(F8) /

»Ingredients* for bang-bang funnel controller

o Existence and knowledge of relative degree

@ Error e and its derivatives (up to (r — 1)-st)

o Funnel boundaries ¢ and its derivatives

e Safety distances El:-t and minimal change rates )\?E
°

For analysis: Settling times Aii

Feasibility assumption (F2): reference signal

Yref is r times (weakly) differentiable

Because of relative-degree assumption: y is by definition r times (weakly)
differentiable, hence e = y — yef is also r times (weakly) differentiable.
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Higher relative degree
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Feasibility assumptions (F1)-(F8) /

»Ingredients* for bang-bang funnel controller

o Existence and knowledge of relative degree

@ Error e and its derivatives (up to (r — 1)-st)

o Funnel boundaries ¢ and its derivatives

e Safety distances El:-t and minimal change rates )\?E
°

For analysis: Settling times Aii

Feasibility assumption (F3): Initial error

e(0) € [¢; (0) + &7, ¢ (0) —&/]
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Higher relative degree
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Feasibility assumptions (F1)-(F8) /

»Ingredients* for bang-bang funnel controller

o Existence and knowledge of relative degree

Error e and its derivatives (up to (r — 1)-st)
Funnel boundaries ¢,i and its derivatives
Safety distances El:-t and minimal change rates )\?E

For analysis: Settling times Aii

Feasibility assumption (F4): Funnel boundaries

o o are r — i times (weakly) differentiable

° goii and its derivates are bounded
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Higher relative degree
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Feasibility assumptions (F1)-(F8) /

»Ingredients“ for bang-bang funnel controller

o Existence and knowledge of relative degree

@ Error e and its derivatives (up to (r — 1)-st)

@ Funnel boundaries gi and its derivatives

@ Safety distances 5,7: and minimal change rates )\?E
°

For analysis: Settling times Aii

Feasibility assumption (F5): Funnels suitable

o wi(t)—ed >y (t)+e5

e For ¢t € {cpipc,b?{z,...,(gooi)(")} and i=1,2,...,r—1:
o 9i(t) —ef > max{y(£), A} + 7
o min{Y*(t), A7} —&f > (t) +e;
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Higher relative degree
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Feasibility assumptions (F1)-(F8) /

»Ingredients“ for bang-bang funnel controller

o Existence and knowledge of relative degree

Error e and its derivatives (up to (r — 1)-st)
Funnel boundaries gi and its derivatives
Safety distances El:-t and minimal change rates )\?E

For analysis: Settling times Aii

Feasibility assumption (F6): Settling times
Fori=0,1,...,r—1 and A;—L > 0 exists A,-i with

o lloo + Nl llo
+
/\i+1

AF > A%+

“restrictive” condition only together with the following assumption ...
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Higher relative degree
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Feasibility assumptions (F1)-(F8) /

»Ingredients“ for bang-bang funnel controller

o Existence and knowledge of relative degree

@ Error e and its derivatives (up to (r — 1)-st)

@ Funnel boundaries gi and its derivatives

@ Safety distances 5,7: and minimal change rates )\?E
°

For analysis: Settling times Aii

Feasibility assumption (F7): Safety distance
Fori=0,1,...,r —2and ¢* € {gof,gb?:_l,...,(gog)(")}

] 3£
(“¢i||oo + 90,‘+1H00)2

D,

& LA &+
g > Am\lwi — ¥iialleo +

Remark: A is additional parameter for analysis and satisfies ...
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Higher relative degree
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Feasibility assumptions (F1)-(F8) /

»Ingredients* for bang-bang funnel controller

o Existence and knowledge of relative degree

@ Error e and its derivatives (up to (r — 1)-st)

@ Funnel boundaries ¢,i and its derivatives

e Safety distances El:-t and minimal change rates )\?E
°

For analysis: Settling times Aii

Feasibility assumption (F8): Last change rate

A > max {@7 4, B7l -+, (95) 0}
—A; < min {S’b:r—p AP (@g)(r)}
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Higher relative degree
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Feasibility assumptions (F1)-(F8) /

»Ingredients* for bang-bang funnel controller

o Existence and knowledge of relative degree

@ Error e and its derivatives (up to (r — 1)-st)

o Funnel boundaries ¢ and its derivatives

e Safety distances el-i and minimal change rates )\?E
°

For analysis: Settling times Aii

Remarks:
@ Assumptions (F1)-(F8) independent of U™ and U~
@ Also independent of system parameters

@ For (almost) arbitrary given funnel Fy the remaining funnels can be
constructed such that (F3)-(F8) are satisfied
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Higher relative degree
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Feasibility assumption (F9) I:

A+ y0Q@) - FO0, vy 2)

=
+
v

1vzt)

gy vyt .oy
A YD) — FOR v,y 2)
g(ytoaytlv e 7ytr_1vzt)

forall t >0, (yO,yt, ...,y 1) € &L, z, € ZV

U- <

by = { (Yos -+, ¥r-1) ‘Vi: Yi—y2(t) € o7 (t), 91 ()] }

zsolves z = h(y,y,...,y" 1, 2),2(0) = z € Z,

27— ) 2(1) Vo¥s-ony ),2(0) = 20 € 2o
y e C Y with (y(7),...,y" (1)) e ¥, 7 €0, 1]
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Higher relative degree
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Main result

Yref

Gi+1

qi

Theorem (Liberzon & T. 2013)
e Feasibility (F1)-(F9) = bang-bang funnel controller works

e Almost arbitrary Jo + BIBO zero dynamics + boundedness of y,.t

= Feasibility holds with sufficiently large U™ and U~
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Simulation
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Simulation for r = 4 /

Example (academic), finite escape time for y possible:
YW =zy% 4 e, y(0) = y(0), i=0,1,2,3,
z=2z(a—z)(z+ b)—cy, z(0) =0,
Yref(t) = 5sin(t)

controller parameter (constant funnels):

of = —¢p =1, e =€y =0.9, Af =10y = o0,
of =—p;1 =05, & =e7 =01, N =)\ =0, Af = A7 = AF /2= o0,
03 = —p5 =0.5, ey =, =0.1, A=) =02, Ay =A; =04,
o3 = —p; =45, e =5 =01, N =X =4, Ay =A; =01,

Af =), =102, Af=A; =0.0001.

Ut =—U" =254
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Simulation
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Simulation results, reference tracking

27

N
3
N
3
Hlw
3
Al

Switching frequency: up to 1000 Hz
Total number of switchings: ca. 2200
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Simulation results, error plots
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