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A simple example

Capacitor equation: Cuc(t) =ic(t), t € R
u(t) — Ric(t), te0,1)

Kirchhoff's law: wu.(t) = .
0, otherwise

Stephan Trenn Institut fiir Mathematik, Technische Universitat limenau

Linear differential-algebraic equations with piecewise smooth coefficients



Linear time-varying DAE

Definition (Linear time-varying DAE)

E()x = A()x + f

Example: x3 = u¢, xo0 = i

E(t):[g 8] At) =

(o) — {u(t), te[0,1)

0, otherwise
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Solution of example
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Solution theory of DAEs needs distributional solutions.
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Basic properties of distributions

Distributions - informal

@ Generalized functions

@ Arbitrarily often differentiable
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Basic properties of distributions

Distributions - informal

@ Generalized functions

@ Arbitrarily often differentiable

Definition (Test functions)

®:={¢p:R—R | pissmooth with bounded support }

Definition (Distributions)
D:={D:®—R | D is linear und continuous } = ¢’

Definition (Support of distribution)
suppD = (U{ M CR | Vo € d: suppp € M = D(y) =0 })©
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Basic properties of distributions

Definition (Regular distributions)

felio(R—=R): fy:® =R, o [po(t)f(t)dt

Dirac impulse at t € R

6t:¢_>R7 ‘P'_’So(t)

Definition (Derivative of distributions)
D'(¢) = =D(¢")

Definition (Multiplication with smooth function a: R — R)
(aD)(¢) := D(ay)
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Distributional DAEs

Definition (Distributional DAE)

E()X' = A()X +fp, X eD"
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Distributional DAEs

Definition (Distributional DAE)

E()X' = A()X +fp, X eD"

Only well defined if E and A are constant or smooth!

= Multiplication aD for non-smooth a: R — R must be studied.
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Multiplication with non-smooth functions

Is it possible to define aD for non-smooth a and arbitrary D € D?
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Multiplication with non-smooth functions

Is it possible to define aD for non-smooth a and arbitrary D € D?

Answer: NO (already for piecewise constant functions a)
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Multiplication with non-smooth functions

Question
Is it possible to define aD for non-smooth a and arbitrary D € D?

Answer: NO (already for piecewise constant functions a)
Therefore, consider a subset of D

Definition (Piecewise W™ distributions)

DEDPWWn :<:>D:fD—|—Z,-D,'
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Multiplication with non-smooth functions

Question
Is it possible to define aD for non-smooth a and arbitrary D € D?

Answer: NO (already for piecewise constant functions a)
Therefore, consider a subset of D

Definition (Piecewise W™ distributions)
D e Dpr" = D=fp+ Zi D;, where

o fe Whhw(R—R)C Ljjc(R — R), i.e. piecewise n-times
weakly differentiable
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Multiplication with non-smooth functions

Question
Is it possible to define aD for non-smooth a and arbitrary D € D?

Answer: NO (already for piecewise constant functions a)
Therefore, consider a subset of D

Definition (Piecewise W™ distributions)
D e Dpr" = D=fp+ Zi D;, where

o fe Whhw(R—R)C Ljjc(R — R), i.e. piecewise n-times
weakly differentiable

e D; €D, i € Z, are distributions with point support {t;}
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Multiplication with non-smooth functions

Question
Is it possible to define aD for non-smooth a and arbitrary D € D?

Answer: NO (already for piecewise constant functions a)
Therefore, consider a subset of D

Definition (Piecewise W™ distributions)
D € Dpwwe i< D = fy + ) ; D;, where
o fe Whhw(R—R)C Ljjc(R — R), i.e. piecewise n-times
weakly differentiable
e D; €D, i € Z, are distributions with point support {t;}

@ the support of all D; has no accumulation points
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Properties of piecewise W" distributions

Piecewise regular distributions
Wow(@® — R) C WO (R — R) = Ly 10c(R — R)
Dpw := Dpwwo - piecewise regular distributions

Stephan Trenn Institut fiir Mathematik, Technische Universitat llmenau

Linear differential-algebraic equations with piecewise smooth coefficients



Properties of piecewise W" distributions

Piecewise regular distributions

Wow(@® — R) C WO (R — R) = Ly 10c(R — R)
Dpw := Dpwwo - piecewise regular distributions

Lemma

D e Dpyyrn = D' € Dpuwn.
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Properties of piecewise W" distributions

Piecewise regular distributions

Wow(@® — R) C WO (R — R) = Ly 10c(R — R)
Dpw := Dpwwo - piecewise regular distributions

Lemma
D e Dpyyrn = D' € Dpuwn.

Definition (Restriction of piecewise regular distributions)
D=fp+) ;DD MCR

Dy = (fu)p + > _ Im(t:)D;

1
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Multiplication with non-smooth functions

Definition (Piecewise smooth functions)

a€C®w(R—-R) = a=3 1.3,
where a; € C*°(R — R) and |; = [tj, tj;1) for j € Z.

Note: Representation is not unique!
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Multiplication with non-smooth functions

Definition (Piecewise smooth functions)

a€C®w(R—-R) = a=3 1.3,
where a; € C*°(R — R) and |; = [tj, tj;1) for j € Z.

Note: Representation is not unique!

Definition (Multiplication with piecewise smooth functions)
D € Dy, a € C®pn(R — R)

ab = Z ajD,j
J
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Properties of multiplication with non-smooth functions

@ aD does not depend on the specific representation of a
@ aD is again a distribution, i.e. linear and continuous

@ aD “behaves” like multiplication, e.g.
(a1 +a2)D=aD+aD, ...

o a(ﬁ]])) = (af)D

Stephan Trenn Institut fiir Mathematik, Technische Universitat llmenau

Linear differential-algebraic equations with piecewise smooth coefficients



Properties of multiplication with non-smooth functions

@ aD does not depend on the specific representation of a
@ aD is again a distribution, i.e. linear and continuous

@ aD “behaves” like multiplication, e.g.
(a1 +a2)D=aD+aD, ...

o a(ﬁ]])) = (af)D

= Distributional DAE
EC)X' =A()X + F

with piecewise smooth coefficients makes sense!
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Distributional solutions

Definition (Distributional solution)

Consider
E()X' = A()X + F, (1)

with E;A € C®(R — R™"), F € Dpuw.
A distributional solution of (1) is

X e Dpwwl

which satisfies (1).
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Distributional solutions

Definition (Distributional solution)

Consider
E()X' = A()X + F, (1)

with E;A € C®(R — R™"), F € Dpuw.
A distributional solution of (1) is

X e Dpwwl

which satisfies (1).

Lemma
If Ex = Ax + f has a classical solution x : R — R", then xp is a
distributional solution of EX' = AX + fp.
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Problems with initial value problems

Problems with IVPs

1. Writing X(t) = xp is not possible.

Stephan Trenn Institut fiir Mathematik, Technische Universitat limenau

algebraic equations with piecewise smooth coef! nts



Problems with initial value problems

Problems with IVPs

1. Writing X(t) = xp is not possible.
2. Inconsistent initial values.

Example for 2.: Ex = Ax with E=0and A=/
has only the trivial solution (also in the distributional sense).
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Problems with initial value problems

Problems with IVPs

1. Writing X(t) = xp is not possible.

2. Inconsistent initial values.

Example for 2.: Ex = Ax with E=0and A=/
has only the trivial solution (also in the distributional sense).

Solution to problem 1
For D € D, w1 the term D(t—) is well defined.

Reason: The regular part f of D = fp + ) . D; is piecewise
continuous.
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Inconsistent initial values

Solution to problem 2

X € Dypr solves the IVP EX' = AX + F, X(to—) = xo

=
X solves Eyyp X' = AyvpX + Fiyp, where

® Evp = 1(_0,1)0 + Ljz9,00) E.
© Ave = L(oot)] + Litg,00) A
[} F|VP = _H(—Oo,to)]D)XO + H[to,OO)F'
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Inconsistent initial values

Solution to problem 2

X € Dypr solves the IVP EX' = AX + F, X(to—) = xo

=
X solves Eyyp X' = AyvpX + Fiyp, where

® Evp = 1(_0,1)0 + Ljz9,00) E.
o Avp = ]l(—oo,to)/ + ]l[to,oo)Ay
© Five = —1(—oo,t)pX0 + Litg,00) F

An IVP is a DAE with non-smooth coefficients!
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Summary

@ DAEs with piecewise coefficients play an important role
o electrical circuits with switches
e systems with possible structural changes
e initial value problems
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Summary

@ DAEs with piecewise coefficients play an important role

o electrical circuits with switches
e systems with possible structural changes
e initial value problems

@ distributional solutions must be considered
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Summary

@ DAEs with piecewise coefficients play an important role
o electrical circuits with switches
e systems with possible structural changes
e initial value problems

@ distributional solutions must be considered

@ new distributional subspaces were introduced, which
o generalize existing approaches
e allow for multiplication with non-smooth coefficients
o allow for distributional IVPs
e can deal with inconsistent initial values
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Multiplication not well-defined

Counterexample

(=1)"
D=>"dibg, € D\Dpw, dp:= .
ieN
a=1jg ) € Cm(R — R)

Product is not well-defined

aD = Z (51/2k ¢ D, because
keN

(aD)(y) = ngl/2k

keN

for p € ® with p(0) # 0.
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